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EXCERPTS FROM THE PREFACES TO THE 
FIRST AND SECOND EDITIONS 


Tus book is devoted to the presentation of the theory of the electromagnetic and gravitational 
fields, i.e. electrodynamics and general relativity. A complete, logically connected theory of 
the electromagnetic field includes the special theory of relativity, so the latter has been taken 
as the basis of the presentation. As the starting point of the derivation of the fundamental 
relations we take the variational principles, which make possible the attainment of maximum 
generality, unity and simplicity of presentation. 

In accordance with the overall plan of our Course of Theoretical Physics (of which this 
book is a part), we have not considered questions concerning the electrodynamics of continuous 
media, but restricted the discussion to “microscopic electrodynamics”—the electrodynamics 
of point charges in vacuo. 

The reader is assumed to be familiar with electromagnetic phenomena as discussed in 
general physics courses. A knowledge of vector analysis is also necessary. The reader is not 
assumed to have any previous knowledge of tensor analysis, which is presented in parallel 
with the development of the theory of gravitational fields. 


Moscow, December 1939 
Moscow, June 1947 L. LANDAU, E. LIFSHITZ 


PREFACE TO THE FOURTH ENGLISH EDITION 


THE first edition of this book appeared more than thirty years ago. In the course of reissues 
over these decades the book has been revised and expanded; its volume has almost doubled 
since the first edition. But at no time has there been any need to change the method proposed 
by Landau for developing the theory, or his style of presentation, whose main feature was 
a striving for clarity and simplicity. I have made every effort to preserve this style in the 
revisions that I have had to make on my own. 

As compared with the preceding edition, the first nine chapters, devoted to electrodynamics, 
have remained almost without changes. The chapters concerning the theory of the gravitational 
field have been revised and expanded. The material in these chapters has increased from 
edition to edition, and it was finally necessary to redistribute and rearrange it. 

I should like to express here my deep gratitude to all of my helpers in this work—too 
many to be enumerated—who, by their comments and advice, helped me to eliminate errors 
and introduce improvements. Without their advice, without the willingness to help which 
has met all my requests, the work to continue the editions of this course would have been 
much more difficult. A special debt of gratitude is due to L. P. Pitaevskii, with whom I have 
constantly discussed all the vexing questions. 

The English translation of the book was done from the last Russian edition, which appeared 
in 1973. No further changes in the book have been made. The 1994 corrected reprint 
includes the changes made by E. M. Lifshitz in the Seventh Russian Edition published in 
1987. 

I should also like to use this occasion to sincerely thank Prof. Hamermesh, who has 
translated this book in all its editions, starting with the first English edition in 1951. The 
success of this book among English-speaking readers is to a large extent the result of his 
labour and careful attention. f 


E. M. Lirsuitz 


PUBLISHER’S NOTE 


As with the other volumes in the Course of Theoretical Physics, the authors do not, as a rule, 
give references to original papers, but simply name their authors (with dates). Full bibliographic 
references are only given to works which contain matters not fully expounded in the text. 


EDITOR’S PREFACE TO THE 
SEVENTH RUSSIAN EDITION 


E. M. Lifshitz began to prepare a new edition of Teoria Polia in 1985 and continued his 
work on it even in hospital during the period of his last illness. The changes that he proposed 
are made in the present edition. Of these we should mention some revision of the proof of 
the law of conservation of angular momentum in relativistic mechanics, and also a more 
detailed discussion of the question of symmetry of the Christoffel symbols in the theory of 
gravitation. The sign has been changed in the definition of the electromagnetic field stress 
tensor. (In the present edition this tensor was defined differently than in the other volumes 
of the Course.) 


June 1987 L. P. PITAEVSKII 


NOTATION 


Three-dimensional quantities 


Three-dimensional tensor indices are denoted by Greek letters 
Element of volume, area and length: dV, df, dl 

Momentum and energy of a particle: p and & 

Hamiltonian function: # 

Scalar and vector potentials of the electromagnetic field: @ and A 
Electric and magnetic field intensities: E and H 

Charge and current density: p and j 

Electric dipole moment: d 

Magnetic dipole moment: ~ 


Four-dimensional quantities 


Four-dimensional tensor indices are denoted by Latin letters i, k, l, ... and take on the values 
0,1, 2,3 

We use the metric with signature (+ — — —) 

Rule for raising and lowering indices—see p. 14 

Components of four-vectors are enumerated in the form A! = (A°, A) 

Antisymmetric unit tensor of rank four is eiklm where e°!” = 1 (for the definition, see p. 17) 

Element of four-volume dQ = dx°dx!dx*dx? 

Element of hypersurface dS’ (defined on pp. 20-21) 

Radius four-vector: x! = (ct, r) 

Velocity four-vector: u' = dx'/ds 

Momentum four-vector: p = (é/c, p) 

Current four-vector: jê = (cp, pY) 

Four-potential of the electromagnetic field: A! = (@, A) 

dy aA, 

i k 

F; to the components of E and H, see p. 65) 

Energy-momentum four-tensor T *(for the definition of its components, see p. 83) 


Electromagnetic field four-tensor Fix = (for the relation of the components of 
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CHAPTER 1 


THE PRINCIPLE OF RELATIVITY 


§ 1. Velocity of propagation of interaction 


For the description of processes taking place in nature, one must have a system of reference. 
By a system of reference we understand a system of coordinates serving to indicate the 
position of a particle in space, as well as clocks fixed in this system serving to indicate the 
time. 

There exist systems of reference in which a freely moving body, i.e. a moving body which 
is not acted upon by external forces, proceeds with constant velocity. Such reference systems 
are said to be inertial. 

If two reference systems move uniformly relative to each other, and if one of them is an 
inertial system, then clearly the other is also inertial (in this system too every free motion 
will be linear and uniform). In this way one can obtain arbitrarily many inertial systems of 
reference, moving uniformly relative to one another. 

Experiment shows that the so-called principle of relativity is valid. According to this 
principle all the laws of nature are identical in all inertial systems of reference. In other 
words, the equations expressing the laws of nature are invariant with respect to transformations 
of coordinates and time from one inertial system to another. This means that the equation 
describing any law of nature, when written in terms of coordinates and time in different 
_ inertial reference systems, has one and the same form. 

The interaction of material particles is described in ordinary mechanics by means of a 
potential energy of interaction, which appears as a function of the coordinates of the interacting 
particles. It is easy to see that this manner of describing interactions contains the assumption 
of instantaneous propagation of interactions. For the forces exerted on each of the particles 
by the other particles at a particular instant of time depend, according to this description, 
- only on the positions of the particles at this one instant. A change in the position of any of 
the interacting particles influences the other particles immediately. 

However, experiment shows that instantaneous interactions do not exist in nature. Thus a 
mechanics based on the assumption of instantaneous propagation of interactions contains 
within itself a certain inaccuracy. In actuality, if any change takes place in one of the 
interacting bodies, it will influence the other bodies only after the lapse of a certain interval 
of time. It is only after this time interval that processes caused by the initial change begin 
to take place in the second body. Dividing the distance between the two bodies by this time 
interval, we obtain the velocity of propagation of the interaction. 

We note that this velocity should, strictly speaking, be called the maximum velocity of 
propagation of interaction. It determines only that interval of time after which a change 
occurring in one body begins to manifest itself in another. It is clear that the existence of a 
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maximum velocity of propagation of interactions implies, at the same time, that motions of 
bodies with greater velocity than this are in general impossible in nature. For if such a 
motion could occur, then by means of it one could realize an interaction with a velocity 
exceeding the maximum possible velocity of propagation of interactions. 

Interactions propagating from one particle to another are frequently called “signals”, sent 
out from the first particle and “informing” the second particle of changes which the first has 
experienced. The velocity of propagation of interaction is then referred to as the signal 
velocity. 

From the principle of relativity it follows in particular that the velocity of propagation of 
interactions is the same in all inertial systems of reference. Thus the velocity of propagation 
of interactions is a universal constant. This constant velocity (as we shall show later) is also 
the velocity of light in empty space. The velocity of light is usually designated by the letter 
c, and its numerical value is 


c = 2.998 x 10!'° cm/sec. (1.1) 


The large value of this velocity explains the fact that in practice classical mechanics 
appears to be sufficiently accurate in most cases. The velocities with which we have occasion 
to deal are usually so small compared with the velocity of light that the assumption that the 
latter is infinite does not materially affect the accuracy of the results. 

The combination of the principle of relativity with the finiteness of the velocity of propagation 
of interactions is called the principle of relativity of Einstein (it was formulated by Einstein 
in 1905) in contrast to the principle of relativity of Galileo, which was based on an infinite 
velocity of propagation of interactions. 

The mechanics based on the Einsteinian principle of relativity (we shall usually refer to it 
simply as the principle of relativity) is called relativistic. In the limiting case when the 
velocities of the moving bodies are small compared with the velocity of light we can neglect 
the effect on the motion of the finiteness of the velocity of propagation. Then relativistic 
mechanics goes over into the usual mechanics, based on the assumption of instantaneous 
propagation of interactions; this mechanics is called Newtonian or classical. The limiting 
transition from relativistic to classical mechanics can be produced formally by the transition 
to the limit c —> © in the formulas of relativistic mechanics. 

In classical mechanics distance is already relative, i.e. the spatial relations between different 
events depend on the system of reference in which they are described. The statement that 
two nonsimultaneous events occur at one and the same point in space or, in general, at a 
definite distance from each other, acquires a meaning only when we indicate the system of 
reference which is used. 

On the other hand, time is absolute in classical mechanics; in other words, the properties 
of time are assumed to be independent of the system of reference; there is one time for all 
reference frames. This means that if any two phenomena occur simultaneously for any one 
observer, then they occur simultaneously also for all others. In general, the interval of time 
between two given events must be identical for all systems of reference. 

It is easy to show, however, that the idea of an absolute time is in complete contradiction 
to the Einstein principle of relativity. For this it is suffcient to recall that in classical mechanics, 
based on the concept of an absolute time, a general law of combination of velocities is valid, 
according to which the velocity of a composite motion is simply equal to the (vector) sum 
of the velocities which constitute this motion. This law, being universal, should also be 
applicable to the propagation of interactions. From this it would follow that the velocity of 
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propagation must be different in different inertial systems of reference, in contradiction to 
the principle of relativity. In this matter experiment completely confirms the principle of 
relativity. Measurements first performed by Michelson (1881) showed complete lack of 
dependence of the velocity of light on its direction of propagation; whereas according to 
classical mechanics the velocity of light should be smaller in the direction of the earth’s 
motion than in the opposite direction. 

Thus the principle of relativity leads to the result that time is not absolute. Time elapses 
differently in different systems of reference. Consequently the statement that a definite time 
interval has elapsed between two given events acquires meaning only when the reference 
frame to which this statement applies is indicated. In particular, events which are simultaneous 
in one reference frame will not be simultaneous in other frames. 

To clarify this, it is instructive to consider the following simple example. 

Let us look at two inertial reference systems K and K’ with coordinate axes XYZ and 
X’ Y’ Z’ respectively, where the system K’ moves relative to K along the X(X’) axis (Fig. 1). 


Zz z 


BeA>C 





Fic. 1. 


Suppose signals start out from some point A on the X’ axis in two opposite directions. 
Since the velocity of propagation of a signal in the K’ system, as in all inertial systems, is 
equal (for both directions) to c, the signals will reach points B and C, equidistant from A, at 
one and the same time (in the K’ system) 

But it is easy to see that the same two events (arrival of the signal at B and C) can by no 
means be simultaneous for an observer in the K system. In fact, the velocity of a signal 
relative to the K system has, according to the principle of relativity, the same value c, and 
since the point B moves (relative to the K system) toward the source of its signal, while the 
point C moves in the direction away from the signal (sent from A to C), in the K system the 
signal will reach point B earlier than point C. 

Thus the principle of relativity of Einstein introduces very drastic and fundamental changes 
in basic physical concepts. The notions of space and time derived by us from our daily 
experiences are only approximations linked to the fact that in daily life we happen to deal 
only with velocities which are very small compared with the velocity of light. 


§ 2. Intervals 


In what follows we shall frequently use the concept of an event. An event is described by 
the place where it occurred and the time when it occurred. Thus an event occurring ina 
certain material particle is defined by the three coordinates of that particle and the time when 
the event occurs. 

It is frequently useful for reasons of presentation to use a fictitious four-dimensional 
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space, on the axes of which are marked three space coordinates and the time. In this space 
events are represented by points, called world points. In this fictitious four-dimensional 
space there corresponds to each particle a cetain line, called a world line. The points of this 
line determine the coordinates of the particle at all moments of time. It is easy to show that 
to a particle in uniform rectilinear motion there corresponds a straight world line. 

We now express the principle of the invariance of the velocity of light in mathematical 
form. For this purpose we consider two reference systems K and K’ moving relative to each 
other with constant velocity. We choose the coordinate axes so that the axes X and X’ 
coincide, while the Y and Z axes are parallel to Y and Z’; we designate the time in the 
systems K and K’ by t and f. 

Let the first event consist of sending out a signal, propagating with light velocity, from a 
point having coordinates x,y,z, in the K system, at time f, in this system. We observe the 
propagation of this signal in the K system. Let the second event consist of the arrival of the 
signal at point x, y2Z2 at the moment of time f,. The signal propagates with velocity c; 
the distance covered by it is therefore C(t; — t2). On the other hand, this same distance equals 


[0 -x+ O2- y1)? + (z2 — zı )? ]? - Thus we can write the following relation between the 
coordinates of the two events in the K system: 


a-a) + 02-1) + 2- 1)? — (fy — 1)" = 0. (2.1) 


The same two events, i.e. the propagation of the signal, can be observed from the K’ 
system: 

Let the coordinates of the first event in the K’ system be xjyj{zjtj], and of the second: 
X392Z3t3 . Since the velocity of light is the same in the K and K’ systems, we have, similarly 
to (2.1): 


(x3 = x1)? + (92 — yt)? + (z2 = at)? -e(t - 17)? =0. (2.2) 
If x1 y1Zt and x2y222ħ are the coordinates of any two events, then the quantity 
1 
sn = [eh - HY — 02-11) - G2 -y ~ (a - ay P (2.3) 


is called the interval between these two events. 

Thus it follows from the principle of invariance of the velocity of light that if the interval 
between two events is zero in one coordinate system, then it is equal to zero in all other 
systems. 

If two events are infinitely close to each other, then the interval ds between them is 


ds* = dt” — dx — dy? — dz. , (2.4) 


The form of expressions (2.3) and (2.4) permits us to regard the interval, from the formal 
point of view, as the distance between two points in a fictitious four-dimensional space 
(whose axes are labelled by x, y, z, and the product cf). But there is a basic difference 
between the rule for forming this quantity and the rule in ordinary geometry: in forming the 
square of the interval, the squares of the coordinate differences along the different axes are 
summed, not with the same sign, but rather with varying signs.f l 

As already shown, if ds = 0 in one inertial system, then ds’ = 0 in any other system. On 


+ The four-dimensional geometry described by the quadratic form (2.4) was introduced by H. Minkowski, 
in connection with the theory of relativity. This geometry is called pseudo-euclidean, in contrast to ordinary 
euclidean geometry. 
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the other hand, ds and ds’ are infinitesimals of the same order. From these two conditions 
it follows that ds? and ds’? must be proportional to each other: 


ds* = ads’? 


where the coefficient a can depend only on the absolute value of the relative velocity of the 
two inertial systems. It cannot depend on the coordinates or the time, since then different 
points in space and different moments in time would not be equivalent, which would be in 
contradiction to the homogeneity of space and time. Similarly, it cannot depend on the 
direction of the relative velocity, since that would contradict the isotropy of space. 

Let us consider three reference systems K, K,, K3, and let V, and V, be the velocities of 
systems K, and K, relative to K. We then have: 


ds? =a(V,)ds?, ds? =a(V>)ds?. 
Similarly we can write 
ds? = a(Vi2)ds3, 


where Vj is the absolute value of the velocity of K, relative to Kı. Comparing these 
relations with one another, we find that we must have 


a(V>) 
a(V, ) 


But Vız depends not only on the absolute values of the vectors V, and V>, but also on the 
angle between them. However, this angle does not appear on the left side of formula (2.5). 
It is therefore clear that this formula can be correct only if the function a(V) reduces to a 
constant, which is equal to unity according to this same formula. 

Thus, . 


‘ds? = ds”, (2.6) 


and from the equality of the infinitesimal intervals there follows the equality of finite 
intervals: s = s’. 

Thus we arrive at a very important result: the interval between two events is the same in 
all inertial systems of reference, i.e. it is invariant under transformation from one inertial 
system to any other. This invariance is the mathematical expression of the constancy of the 
velocity of light. 

Again let x,y, Zf; and x2y2Z2f2 be the coordinates of two events in a certain reference ° 
system K. Does there exist a coordinate system K’, in which these two events occur at one 
and the same point in space? 

We introduce the notation 


= a(Vj>). (2.5) 


2 2 2_ 72 
h — t = hp (2 — 4)" + 02> yw" + (2-3) = l}. 
Then the interval between events in the K system is: 
Eo o 40 
Sig = cth -lh 
and in the K’ system 
s2 =en? -13, 


whereupon, because of the invariance of intervals, 
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Ctp- Here =ke 


We want the two events to occur at the same point in the K’ system, that is, we require 
lia = 0. Then 


2 212 


= 12 
s = c?t -lp =t >0. 


Consequently a system of reference with the required property exists if s2, > 0, that is, if the 
interval between the two events is a real number. Real intervals are said to be timelike. 

Thus, if the interval between two events is timelike, then there exists a system of reference 
in which the two events occur at one and the same place. The time which elapses between 
the two events in this system is 


1 2,2 72, _ 3:2 
th => cth -lp = —.- 2.7 
2-7 a Yaa (2.7) 

If two events occur in one and the same body, then the interval between them is always 
timelike, for the distance which the body moves between the two events cannot be greater 
than ct,, since the velocity of the body cannot exceed c. So we have always 


lio < ch}. 


Let us now ask whether or not we can find a system of reference in ve the two events 
occur at one and the same time. As before, we have for the K and K’ systems c71?, — lẹ, = c7t{? 
— 12. We want to have ti, = 0, so that 


Consequently the required system can be found only for the case when the interval sj. 
_ between the two events is an imaginary number. Imaginary intervals are said to be spacelike. 

Thus if the interval between two events is spacelike, there exists a reference system in 
which the two events occur simultaneously. The distance between the points where the 


events occur in this system is 


The division of intervals into space- and timelike intervals is, because of their invariance, 
an absolute concept. This means that the timelike or spacelike character of an interval is 
independent of the reference system. 

Let us take some event O as our origin of time and space coordinates. In other words, in 
the four-dimensional system of coordinates, the axes of which are marked x, y, z, t, the world 
point of the event O is the origin of coordinates. Let us now consider what relation other 
events bear to the given event O. For visualization, we shall consider only one space 
dimension and the time, marking them on two axes (Fig. 2). Uniform rectilinear motion of 
a particle, passing through x = 0 at ¢ = 0, is represented by a straight line going through O 
and inclined to the ż axis at an angle whose tangent is the velocity of the particle. Since the 
maximum possible velocity is c, there is a maximum angle which this line can subtend with 
the ż axis. In Fig. 2 are shown the two lines representing the propagation of two signals (with 
the velocity of light) in opposite directions passing through the event O (i.e. going through 
x = 0 at ż = 0). All lines representing the motion of particles can lie only in the regions aOc 
and dOb. On the lines ab and cd, x = + ct. First consider events whose world points lie 
within the region aOc. It is easy to show that for all the points of this region c’? — x? > 0. 
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In other words, the interval between any event in this region and the event O is timelike. In 
this region ¢ > 0, i.e. all the events in this region occur “after” the event O. But two events 
which are separated by a timelike interval cannot occur simultaneously in any reference 
system. Consequently it is impossible to find a reference system in which any of the events 
in region aOc occurred “before” the event O, i.e. at time ¢ < 0. Thus all the events in region 
aOc are future events relative to O in all reference systems. Therefore this region can be 
called the absolute future relative to O. 


Absolute 
future 







Absolutely Absolutely 


separated 0 separated 





In exactly the same way, all events in the region bOd are in the absolute past relative to 
O; i.e. events in this region occur before the event O in all systems of reference. 

Next consider regions dOa and cOb. The interval between any event in this region and the 
event O is spacelike. These events occur at different points in space in every reference 
system. Therefore these regions can be said to be absolutely remote relative to O. However, 
the concepts “simultaneous”, “earlier”, and “later” are relative for these regions. For any 
event in these regions there exist systems of reference in which it occurs after the event O, 
systems in which it occurs earlier than O, and finally one reference system in which it occurs 
simultaneously with O. 

Note that if we consider all three space coordinates instead of just one, then instead of the 
two intersecting lines of Fig. 2 we would have a “cone” x” + y? + 2 — eP = 0 in the four- 
dimensional coordinate system x, y, z, t, the axis of the cone coinciding with the ¢ axis. (This 
cone is called the light cone.) The regions of absolute future and absolute past are then 
represented by the two interior portions of this cone. 

Two events can be related causally to each other only if the interval between them is 
timelike; this follows immediately from the fact that no interaction can propagate with a 
velocity greater than the velocity of light. As we have just seen, it is precisely for these 
events that the concepts “earlier” and “later” have an absolute significance, which is a 
necessary condition for the concepts of cause and effect to have meaning. 


§ 3. Proper time 


Suppose that in a certain inertial reference system we observe clocks which are moving 
relative to us in an arbitrary manner. At each different moment of time this motion can be 
considered as uniform. Thus at each moment of time we can introduce a coordinate system 
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rigidly linked to the moving clocks, which with the clocks constitutes an inertial reference 
system. 
In the course of an infinitesimal time interval dt (as read by a clock in our rest frame) the 





moving clocks go a distance x dx? + dy? + dz? . Let us ask what time interval dt’ is 
indicated for this period by the moving clocks. In a system of coordinates linked to the 
moving clocks, the latter are at rest, i.e., dx’ = dy’ = dz = 0. Because of the invariance of 
intervals 


ds? = dt? — de - dy’ - d? = cdr”, 





from which 
2 2 2 
dt’ = dt | joe ee 
c’dt 
But 


dx? + dy? + dz? 


dt? HYG 


where vis the velocity of the moving clocks; therefore 


de ge, | (3.1) 
c c 


Integrating this expression, we can obtain the time interval indicated by the moving clocks 
when the elapsed time according to a clock at rest is t — ty: 


t2 
6 -n= fa hı -5 (3.2) 
t 


The time read by a clock moving with a given object is called the proper time for this 
object. Formulas (3.1) and (3.2) express the proper time in terms of the time for a system of 
reference from which the motion is observed. 

As we see from (3.1) or (3.2), the proper time of a moving object is always less than the 
corresponding interval in the rest system. In other words, moving clocks go more slowly 
than those at rest. 

Suppose some clocks are moving in uniform rectilinear motion relative to an inertial 
system K. A reference frame K’ linked to the latter is also inertial. Then from the point of 
view of an observer in the K system the clocks in the K’ system fall behind. And conversely, 
from the point of view of the K’ system, the clocks in K lag. To convince ourselves that there 
is no contradiction, let us note the following. In order to establish that the clocks in the K’ 
system lag behind those in the K system, we must proceed in the following fashion. Suppose 
that at a certain moment the clock in K’ passes by the clock in K, and at that moment the 
readings of the two clocks coincide. To compare the rates of the two clocks in K and K’ we 
must once more compare the readings of the same moving clock in K’ with the clocks in K. 
But now we compare this clock with different clocks in K—with those past which the clock 
in K’ goes at ths new time. Then we find that the clock in K’ lags behind the clocks in K with 
which it is being compared. We see that to compare the rates of clocks in two reference 


; 
; 
3 
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frames we require several clocks in one frame and one in the other, and that therefore this 
process is not symmetric with respect to the two systems. The clock that appears to lag is 
always the one which is being compared with different clocks in the other system. 

If we have two clocks, one of which describes a closed path returning to the starting point 
(the position of the clock which remained at rest), then clearly the moving clock appears to 
lag relative to the one at rest. The converse reasoning, in which the moving clock would be 
considered to be at rest (and vice versa) is now impossible, since the clock describing a 
closed trajectory does not carry out a uniform rectilinear motion, so that a coordinate system 
linked to it will not be inertial. 

Since the laws of nature are the same only for inertial reference frames, the frames linked 
to the clock at rest (inertial frame) and to the moving clock (non-inertial) have different 
properties, and the argument which leads to the result that the clock at rest must lag is not valid. 

The time interval read by a clock is equal to the integral 


b 

1f ds, 

c 

g, à 

taken along the world line of the clock. If the clock is at rest then its world line is clearly a 
line parallel to the ¢ axis; if the clock carries out a nonuniform motion in a closed path and 
returns to its starting point, then its world line will be a curve passing through the two points, 
on the straight world line of a clock at rest, corresponding to the beginning and end of the 


motion. On the other hand, we saw that the clock at rest always indicates a greater time 
interval than the moving one. Thus we arrive at the result that the integral 


b 
Í ds, 


taken between a given pair of world points, has its maximum value if it is taken along the 
straight world line joining these two points. 


§ 4. The Lorentz transformation 


Our purpose is now to obtain the formula of transformation from one inertial reference 
system to another, that is, a formula by means of which, knowing the coordinates x, y, z, t, 
of a certain event in the K system, we can find the coordinates x’, y’, z’, f’ of the same event 
in another inertial system K’. 

In classical mechanics this question is resolved very simply. Because of the absolute 
nature of time we there have t = ?’; if, furthermore, the coordinate axes are chosen as usual 
(axes X, X’ coincident, Y, Z axes parallel to Y’, Z’, motion along X, X’) then the coordinates 
y, z clearly are equal to y’, z’, while the coordinates x and x’ differ by the distance traversed 
by one system relative to the other. If the time origin is chosen as the moment when the two 
coordinate systems coincide, and if the velocity of the K’ system relative to K is V, then this 
distance is Vt. Thus 


+ It is assumed, of course, that the points a and b and the curves joining them are such that all elements 
ds along the curves are timelike. 

This property of the integral is connected with the pseudo-euclidean character of the four-dimensional 
geometry. In euclidean space the integral would, of course, be a minimum along the straight line. 
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x=x+Vt y=y, z=, t=fť. (4.1) 


This formula is called the Galileo transformation. It is easy to verify that this transformation, 
as was to be expected, does not satisfy the requirements of the theory of relativity; it does 
not leave the interval between events invariant. : 

We shall obtain the relativistic transformation precisely as a consequence of the requirement 
that it leaves the interval between events invariant. 

AS we saw in § 2, the interval between events can be looked on as the distance between 
the corresponding pair of world points in a four-dimensional system of coordinates. 
Consequently we may say that the required transformation must leave unchanged all distances 
in the four-dimensional x, y, z, ct, space. But such transformations consist only of parallel 
displacements, and rotations of the coordinate system. Of these the displacement of the 
coordinate system parallel to itself is of no interest, since it leads only to a shift in the origin 
of the space coordinates and a change in the time reference point. Thus the required 
transformation must be expressible mathematically as a rotation of the four-dimensional x, 
Yy, z, ct, coordinate system. 

Every rotation in the four-dimensional space can be resolved into six rotations, in the 
planes xy, zy, xz, tx, ty, tz (just as every rotation in ordinary space can be resolved into three 
rotations in the planes xy, zy and xz). The first three of these rotations transform only the 
space coordinates; they correspond to the usual space rotations. 

Let us consider a rotation in the tx plane; under this, the y and z coordinates do not change. 
In particular, this transformation must leave unchanged the difference (c)? — x”, the square 
of the “distance” of the point (ct, x) from the origin. The relation between the old and the 
new coordinates is given in most general form by the formulas: 


x= x’ cosh y+ cf’ sinh y, ct =.’ sinh y+ ctf’ cosh y, (4.2) 


where y is the “angle of rotation”; a simple check shows that in fact eP — x? = ct? — x”. 


Formula (4.2) differs from the usual formulas for transformation under rotation of the 
coordinate axes in having hyperbolic functions in place of trigonometric functions. This is 
the difference between pseudo-euclidean and euclidean geometry. 

We try to find the formula of transformation from an inertial reference frame K to a system 
K’ moving relative to K with velocity V along the x axis. In this case clearly only the 
coordinate x and the time ż are subject to change. Therefore this transformation must have 
the form (4.2). Now it remains only to determine the angle y, which can depend only on the 
relative velocity V.+ 

Let us consider the motion, in the K system, of the origin of the K’ system. Then x’ = 0 and 
formulas (4.2) take the form: 


x=cť sinh y, ct=ct' cosh y, 
or dividing one by the other, 


x 
— =tanhy. 
ct Yv 


But x/t is clearly the velocity V of the K’ system relative to K. So 


t Note that to avoid confusion we shall always use V to signify the constant relative velocity of two 
inertial systems, and v for the velocity of a moving particle, not necessarily constant. 
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tanh y= K 
From this 
V 
sinh o cosh y= = ; 
1 =: oC ] izi e 
Substituting in (4.2), we find: 
+5 
x=. yay’, 222, te. (4.3) 
I= a 1- = 


This is the required transformation formula. It is called the Lorentz transformation, and is 
of fundamental importance for what follows. 

The inverse formulas, expressing x’, y’, Z’, t in terms of x, y, Z, t, are most easily obtained 
by changing V to —V (since the K system moves with velocity —V relative to the K’ system). 
The same formulas can be obtained directly by solving equations (4.3) for X,Y, Zyta 

It is easy to see from (4.3) that on making the transition to the limit c — œ% and classical 
mechanics, the formula for the Lorentz transformation actually goes over into the Galileo 
transformation. 

For V > c in formula (4.3) the coordinates x, t are imaginary; this corresponds to the fact 
that motion with a velocity greater than the velocity of light is impossible. Moreover, one 
cannot use a reference system moving with the velocity of light—in that case the denominators 
in (4.3) would go to zero. ` 

For velocities V small compared with the velocity of light, we can use in place of (4.3) the 
approximate formulas: 


x=xļ¥+ W, y=y, z=, t=ť+-7x. (4.4) 


Suppose there is a rod at rest in the K system, parallel to the X axis. Let its length, 
measured in this system, be Ax = x2 — xı x2 and x, are the coordinates of the two ends of the 
rod in the K system). We now determine the length of this rod as measured in the K’ system. 
To do this we must find the coordinates of the two ends of the rod (x3 and x;) in this system 
at one and the same time 7’. From (4.3) we find: 


xy + Vt x5+Vt 
c C 


The length of the rod in the K’ system is Ax’ = x} —x/; subtracting x, from x2, we find 


Ax= Ax 


AE apes 
p mae 
c? 


The proper length of a rod is its length in a reference system in Which it is at rest. Let 


Pe ee 
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us denote it by J) = Ax, and the length of the rod in any other reference frame K’ by 1. 
Then 


2 
l=l h sA (4.5) 
C A 


Thus a rod has its greatest length in the reference system in which it is at rest. Its length 
in a system in which it moves with velocity V is decreased by the factor (1 — V?/c? . This 
result of the theory of relativity is called the Lorentz contraction. 

Since the transverse dimensions do not change because of its motion, the volume ” of a 
body decreases according to the similar formula 


v2 
w= % -r (4.6) 


where % is the proper volume of the body. 

From the Lorentz transformation we can obtain anew the results already known to us 
concerning the proper time (§ 3). Suppose a clock to be at rest in the K’ system. We take two 
events occurring at one and the same point x’, y’, z’ in space in the K’ system. The time 
between these events in the K’ system is Af’ = t4 — tf. Now we find the time At which 
elapses between these two events in the K system. From (4.3), we have 


or, subtracting one from the other, 


At’ 


| y2’ 
pzta 
c - 


in complete agreement with (3.1). : . 

Finally we mention another general property of Lorentz transformations which distinguishes 
them from Galilean transformations. The latter have the general property of commutativity, 
i.e. the combined result of two successive Galilean transformations (with different velocities 
V; and V2) does not depend on the order in which the transformations are performed. On the 
other hand, the result of two successive Lorentz transformations does depend, in general, on 
their order. This is already apparent purely mathematically from our formal description of 
these transformations as rotations of the four-dimensional coordinate system: we know that 
the result of two rotations (about different axes) depends on the order in which they are 
carried out. The sole exception is the case of transformations with parallel vectors V and V, 
(which are equivalent to two rotations of the four-dimensional coordinate system about the 
same axis). 


t -t =At= 


§ 5. Transformation of velocities 


In the preceding section we obtained formulas which enable us to find from the coordinates 
of an event in one reference frame, the coordinates of the same event in a second reference 


3 
$ 
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frame. Now we find formulas relating the velocity of a material particle in one reference 
system to its velocity in a second reference system. 

Let us suppose once again that the K’ system moves relative to the K system with velocity 
V along the x axis. Let v, = dx/dt be the component of the particle velocity in the K system 
and V, = dx’/dt’ the velocity component of the same particle in the K’ system. From (4.3), 
we have 


,, Vay 
dt’ + -> dx 
dx’ 4 2 
dx= de Var dy=dy’, dz=dz’, dt= een Awe 
y2 y2 
ar ard 


Dividing the first three equations by the fourth and introducing the velocities 


ya y 
ae? oY de 
we find 
v? v? 
S V, + V . My Va 7 veal c? 
CS yp? 2. Vy? = re et 5.1 
La“ ER AA : ie oy 
Cc c c 


These formulas determine the transformation of velocities. They describe the law of composition 

of velocities in the theory of relativity. In the limiting case of c —> ©, they go over into the 

formulas vV, = V, + V, Vy, = Vy, ¥; = V, of classical mechanics. 

_ In the special case of motion of a particle parallel to the X axis, V = V, W= z= 0. 
Then Vv, = v, = 0, v, = V, So that 


v= et (5.2) 
1 + Va 
Cc 


It is easy to convince oneself that the sum of two velocities each smaller than the velocity 
of light is again not greater than the light velocity. 

For a velocity V significantly smaller than the velocity of light (the velocity v can be 
arbitrary), we have approximately, to terms of order V/c: 





S 

l 
a 
A 
|< 


2 
neevi- E) wey-uMds we 


c? c c 


These three formulas can be written as a single vector formula 
v=vV + v-4 (V vv. (5.3) 
c 


We may point out that in the relativistic-law of addition of velocities (5.1) the two velocities 
v’ and V which are combined enter unsymmetrically (provided they are not both directed 
along the x axis). This fact is related to the noncommutativity of Lorentz transformations 
which we mentioned in the preceding section. 

Let us choose our coordinate axes so that the velocity of the particle at the given moment 
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lies in the XY plane. Then the velocity of the particle in the K system has components v, = 
v cos 0, v,= v sin 0, and in the K’ system v, = V cos 0, v, = V sin @ (Vv, v, 0, 0’ are the 
absolute values and the angles subtended with the X, X’ axes respectively in the K, K’ 
systems), With the help of formula (5.1), we then find 


vV iI -Y sin 6” 
0=— 
vV cos@’+V ` 


This formula describes the change in the direction of the velocity on transforming from 
one reference system to another. 

Let us consider a very important special case of this formula, namely, the deviation of 
light in transforming to a new reference system—a phenomenon known as the aberration of 
light. In this case v = V = c, so that the preceding formula goes over into 


tan (5.4) 


1 V2 
PES 
c 
tan 0 = ———_——_ sin 8’. (5.5) 
m% t cos 80’ 


From the same transformation formulas (5.1) it is easy to obtain for sin @ and cos @: 


2 
jo 


c? cos 6+ ¥ l 
sin 0 = =u sin 0’, cos 0= -y (5.6) 
1+ ~~ cos 6° 1 + ~~ cos 0” 


In case V << c, we find from this formula, correct to terms of order V/c: 
sin 0 — sin 8’ = -¥ sin 8’ cos 8’. 
Introducing the angle A0 = 6’ — @ (the aberration angle), we find to the same order of 
accuracy 
Ao= © sin 6”, (5.7) 


which is the well-known elementary formula for the aberration of light. 


§ 6. Four-vectors 


The coordinates of an event (ct, x, y, z) can be considered as the components of a four- 
dimensional radius vector (or, for short, a four-radius vector) in a four-dimensional space. 
We shall denote its components by x‘, where the index i takes on the values 0, 1, 2, 3, and 


x? = ct, x! =X, x? =y, x = Z. 
The square of the “length” of the radius four-vector is given by 
OY- Gly? -PF — OF 


It does not change under any rotations of the four-dimensional coordinate system, in particular 
under Lorentz transformations. 


j 


§ 6 FOUR-VECTORS 15 


In general a set of four quantities A®, A}, A’, A? which transform like the components of 
the radius four-vector x' under transformations of the four-dimensional coordinate system is 
called a four-dimensional vector (four-vector) A'. Under Lorentz transformations, 


Ao 4 VA"! Ati 4 Varo 
P=, Als — 8, AA, AA. (6.1) 
V V 
1- Gt 1- Ge 


The square magnitude of any four-vector is defined analogously to the square of the radius 
four-vector: 


AP - (Aly - AY - AF. 
For convenience of notation, we introduce two “types” of components of four-vectors, 


denoting them by the symbols A’ and A; with superscripts and subscripts. These are related 
by 


A =A, A =-A!, A,=-A’, A3=-A’. (6.2) 


The quantities A! are called the contravariant, and the A; the covariant components of the 
four-vector. The square of the four-vector then appears in the form 


3 
Z A'A; = A" Ao + A'A; +A? A, + A? A3. 


Such sums are customarily written simply as A'A; omitting the summation sign. One 
agrees that one sums over any repeated index, and omits the summation sign. Of the pair of 
indices, one must be a superscript and the other a subscript. This convention for summation 
over “dummy” indices is very convenient and considerably simplifies the writing of formulas. 

We shall use Latin letters i, k, l, ... , for four-dimensional indices, taking on the values 0, 
1, 2, 3. 

In analogy to the square of a four-vector, one forms the scalar product of two different 
four-vectors: 


A'B; = A°Bo + A'B, + A’B, + A?B3. 


Itis clear that this can be written either as A‘B; or A,B'—the result is the same. In general one 
can switch upper and lower indices in any pair of dummy indices. 

The product A‘B; is a four-scalar—it is invariant under rotations of the four-dimensional 
coordinate system. This is easily verified directly, but it is also apparent beforehand (from 
the analogy with the square A'A;) from the fact that all four-vectors transform according to 
the same rule. 


+ In the literature the indices are often omitted on four-vectors, and their squares and scalar products are 
written as A2, AB. We shall not use this notation in the present text. ; 

+ One should remember that the law for transformation of a four-vector expressed in covariant components 
differs (in signs) from the same law expressed for contravariant components. Thus, instead of (6.1), one will 
have: 


Ab- TAr AY AG ; 
Ay = ===, se rae Te A, = Az, A3 =A 
je (32 

c? c? 
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The component A? is called the time component, and A', A”, A? the space components of 
the four-vector (in analogy to the radius four-vector). The square of a four-vector can be 
positive, negative, or zero; such vectors are called, timelike, spacelike, and null-vectors, 
respectively (again in analogy to the terminology for intervals).+ 

Under purely spatial rotations (i.e. transformations not affecting the time axis) the three 
space components of the four-vector A’ form a three-dimensional vector A. The time component 
of the four-vector is a three-dimensional scalar (with respect to these transformations). In 
enumerating the components of a four-vector, we shall often write them as 


Ai = (A®°, A). 
The covariant components of the same four-vector are A; = (A°, — A), and the square of the 
four-vector is A'A; = (A°)? — A2. Thus, for the radius four-vector: 
x = (ct, r), x; = (ct, r), xx, = r-r., 4 l 


For three-dimensional vectors (with coordinates x, y, Z) there is no need to distinguish 
between contra- and covariant components. Whenever this can be done without causing 
confusion, we shall write their components as A a(&=x, y, z) using Greek letters for subscripts. 
In particular we shall assume a summation over x, y, z for any repeated index (for example, 
A-B=A,B,). 

A four-dimensional tensor (four-tensor) of the second rank is a set of sixteen quantities 
A*, which under coordinate transformations transform like the products of components of 
two four-vectors. We similarly define four-tensors of higher rank. 

The components of a second-rank tensor can be written in three forms: covariant, Ax, 
contravariant, A“, and mixed, Aj (where, in the last case, one should distinguish between 
A,’ and AŽ, i.e. one should be careful about which of the two is superscript and which a 
subscript). The connection between the different types of components is determined from 
the general rule: raising or lowering a space index (1, 2, 3) changes the sign of the component, 
while raising or lowering the time index (0) does not. Thus: 


Aoo = A% Aoi =— Ao Ay =All wees 
Ag? = A%, Ao! = A! A} =- A, A! =~ All ee 


Under purely spatial transformations, the nine quantities A!!, A!2, ... form a three-tensor. 
The three components A®!, A®, A® and the three components A!°, A”°, A3? constitute three- 
dimensional vectors, while the component A™ is a three-dimensional scalar. 

A tensor A‘ is said to be symmetric if A* = A", and antisymmetric if AŤ = — A". In an 
antisymmetric tensor, all the diagonal components (i.e. the components A%, Al!) . | .) are 
zero, Since, for example, we must have A% = — A. For a symmetric tensor A, the mixed 
components A‘, and A;! obviously coincide; in such cases we shall simply write A‘, putting 
the indices one above the other. 

In every tensor equation, the two sides must contain identical and identically placed (i.e. 
above or below) free indices (as distinguished from dummy indices). The free indices in 
tensor equations can be shifted up or down, but this must be done simultaneously in all terms 
in the equation. Equating covariant and contravariant components of different tensors is 
“illegal”; such an equation, even if it happened by chance to be valid in a particular reference 
system, would be violated on going to another frame. 





t Null vectors are also said to be isotropic. 


§ 6 FOUR-VECTORS 17 


From the tensor components AŤ one can form a scalar by taking the sum 
As = A% + A! + A? + A 


(where, of course, Aj = Ai). This sum is called the trace of the tensor, and the operation for 
obtaining it is called contraction. 

The formation of the scalar product of two vectors, considered earlier, is a contraction 
operation: it is the formation of the scalar A'B; from the tensor A'B,. In general, contracting 
on any pair of indices reduces the rank of the tensor by 2. For example, Aiy; is a tensor of 
second rank A‘,B* is a four-vector, Ař is a scalar, etc. 

The unit four-tensor 5; satisfies the condition that for any four-vector A 


SEAM = AÀ. (6.3) 
It is clear that the components of this tensor are 


1, if i=k 
a=] : . (6.4) 


Its trace is 6! = 4. 

By raising the one index or lowering the other in ôk, we can obtain the contra- or 
covariant tensor g% or gi which is called the metric tensor. The tensors g* and gi; have 
identical components, which can be written as a matrix: 


1 0 0 0 

Riga 0 -l 0 0 

a”) = (8x) = 0 | 0 (6.5) 
0 0 0 -l 


(the index i labels the rows, and k the columns, in the order 0, 1, 2, 3). It is clear that 
gA = Ap gikAy = Al. (6.6) 
The scalar product of two four-vectors can therefore be written in the form: 
AA; = ggA'A*= g*A;Ar. (6.7) 


The tensors 5/, gy, g* are special in the sense that their components are the same in all 
coordinate systems. The completely antisymmetric unit tensor of fourth rank, e“’", has the 
same property. This is the tensor whose components change sign under interchange of any 
pair of indices, and whose nonzero components are +1. From the antisymmetry it follows 
that all components in which two indices are the same are zero, so that the only non- 
vanishing components are those for which all four indices are different. We set 


"3 = +1 (6.8) 


(hence 973 = —1). Then all the other nonvanishing components em are equal to +1 or —I, 


according as the numbers i, k, l, m can be brought to the arrangement 0, 1, 2, 3 by an even 
or an odd number of transpositions. The number of such components is 4! = 24. Thus, 


e egm = —2A. (6.9) 
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With respect to rotations of the coordinate system, the quantities e”" behave like the 
components of a tensor; but if we change the sign of one or three of the coordinates the 
components e*™, being defined as the same in all coordinate systems, do not change, 
whereas some of the components of a tensor should change sign. Thus e’’” is, strictly 
speaking, not a tensor, but rather a pseudotensor. Pseudotensors of any rank, in particular 
pseudoscalars, behave like tensors under all coordinate transformations except those that 
cannot be reduced to rotations, i.e. reflections, which are changes in sign of the coordinates 
that are not reducible to a rotation. 

The products ee?" form a four-tensor of rank 8, which is a true tensor; by contracting 
on one or more pairs of indices, one obtains tensors of rank 6, 4, and 2. All these tensors 
have the same form in all coordinate systems. Thus their components must be expressed as 
combinations of products of components of the unit tensor 6; — the only true tensor whose 
components are the same in all coordinate systems. These combinations can easily be found 


by starting from the symmetries that they must possess under permutation of indices. 


If A* is an antisymmetric tensor, the tensor A“ and the pseudotensor A** = Le A,,, are 


said to be dual to one another. Similarly, e*"” A„ is an antisymmetric pseudotensor of rank 
3, dual to the vector A’. The product A“ Aj, of dual tensors is obviously a pseudoscalar. 

In this connection we note some analogous properties of three-dimensional vectors and 
tensors. The completely antisymmetric unit pseudotensor of rank 3 is the set of quantities 
€apy Which change sign under any transposition of a pair of indices. The only nonvanishing 
components of egg, are those with three different indices. We set e,,, = 1; the others are 1 or 
—1, depending on whether the sequence œ, B, ycan be brought to the order x, y, z by an even 
or an odd number of transpositions. 


+ For reference we give the following formulas: 


nr a ay a” ss : 


ôi ôi ô i 

P r s f 

iklm ô, ô; ô; ô ikim k k k | 
ee prst = — 8! 6! 6! sil’ ee prim =—|6, OF Ò; ; 
p r s t l I l ' 

m m m m ôp ô, ôs l 

Ôp ô? ô? ô; =: 

4 

3 

ikl i Sk i Sk ikl i ! 
e™™ e prim = — 2(6,6; — 6,65 ), e™™ e prim = — 665. 


The overall coefficient in these formulas can be checked using the result of a complete contraction, which 
should give (6.9). 
As a consequence of these formulas we have: 


PA An AisAm eal! Aeikim. 
ome A Ag AisAm = 24A. 


where A is the determinant formed from the quantities Aj. 

+ The fact that the components of the four-tensor e”” are unchanged under rotations of the four-dimensional 
coordinate system, and that the components of the three-tensor egpare unchanged by rotations of the space 
axes are special cases of a general rule: any completely antisymmetric tensor of rank equal to the number 
of dimensions of the space in which it is defined is invariant under rotations of the coordinate system in the 
space. 
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The products €gpy€ru form a true three-dimensional tensor of rank 6, and are therefore 
expressible as combinations of products of components of the unit three-tensor dpp.t 

Under a reflection of the coordinate system, i.e. under a change in sign of all the coordinates, 
the components of an ordinary vector also change sign. Such vectors are said to be polar. 
The components of a vector that can be written as the cross product of two polar vectors do 
not change sign under inversion. Such vectors are said to be axial. The scalar product of a 
polar and an axial vector is not a true scalar, but rather a pseudoscalar; it changes sign under 
a coordinate inversion. An axial vector is a pseudovector, dual to some antisymmetric 
tensor. Thus, if C = A x B, then 


Ca = SC upy€ py » where Cpy = AgBy — Ay Bg. 


Now consider four-tensors. The space components (i, k, = 1, 2, 3) of the antisymmetric 
tensor AŤ form a three-dimensional antisymmetric tensor with respect to purely spatial 
- transformations; according to our statement its components can be expressed in terms of the 
components of a three-dimensional axial vector. With respect to these same transformations 
the components A%, A™, A” form a three-dimensional polar vector. Thus the components of 
an antisymmetric four-tensor can be written as a matrix: 


0 Px Py Pz 


(A*) = —Px 0 — a, ay ; 
—Py az Ñ 0 —a, (6.10) 
-P: -ay a, 0 


where, with respect to spatial transformations, p and a are polar and axial vectors, respectively. 
In enumerating the components of an antisymmetric four-tensor, we shall write them in the 
form 


A‘ = (p, a); 
then the covariant components of the same tensor are 
Ax = CP, a). 
Finally we consider certain differential and integral operations of four-dimensional tensor 


analysis. 
The four-gradient of a scalar ¢ is the four-vector 


+ For reference, we give the appropriate formulas: 
a Sq Sav 


Copyaw =| Sp Op Op 
a on Ow 


Contracting this tensor on one, two and three pairs of indices, we get: 
Eapye ruy = Sar Spy — Sou Ap 
Copylapy = 25a» 


apy’ apy = 6. 
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dp _ (19% 

Se Si o V . 

ox! (2 ot’ $ 
We must remember that these derivatives are to be regarded as the covariant components of 
the four-vector. In fact, the differential of the scalar 








d$ i 
do= Ox! dx 
is also a scalar; from its form (scalar product of two four-vectors) our assertion is obvious. 

In general, the operators of differentiation with respect to the coordinates xÍ, Afax', should 
be regarded as the covariant components of the operator four-vector. Thus, for example, the 
divergence of a four-vector, the expression 0A'/ox', in which we differentiate the contravariant 
components Aj isa scalar. t 

In three-dimensional space one can extend integrals over a volume, a surface or a curve. 
In four-dimensional space there are four types of integrations: 

(1) Integral over a curve in four-space. The element of integration is the line element, i.e. 
the four-vector dx’. 

(2) Integral over a (two-dimensional) surface in four-space. As we know, in three-space 
the projections of the area of the parallelogram formed from the vectors dr and dr’ on the 
coordinate planes xox are dXadxg — dxpdxa. Analogously, in four-space the infinitesimal 
element of surface is given by the antisymmetric tensor of second rank df = dx'dx’* - 
dx‘dx’; its components are the projections of the element of area on the coordinate planes. 
In three-dimensional space, as we know, one uses as surface element in place of the tensor 
df op the vector dfa dual to the tensor dfog: dfa = + apy dfg- Geometrically this is a vector 
normal to the surface element and equal in absolute magnitude to the area of the element. In 
four-space we cannot construct such a vector, but we can construct the tensor df** dual to 
the tensor df*, 


aft = 5 elindfiy. . (6.11) 


Geometrically it describes an element of surface equal to and “normal” to the element of 


t If we differentiate with respect to the “covariant coordinates” x;, then the derivatives 


op _(199 

ee / bo, r 

Ox; (2 ot $ 
form the contravariant components of a four-vector. We shall use this form only in exceptional cases [for 
example, for writing the square of the four-gradient (0¢/dx')/(0g/dx,)]. 


We note that in the literature partial derivatives with respect to the coordinates are often abbreviated 
using the symbols. 





d 


T3 


ð =- 0; 


In this form of writing of the differentiation operators, the co- or contravariant character of quantities 
formed with them is explicit. This same advantage exists for another abbreviated form for writing derivatives, 
using the index preceded by a comma: ; 
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surface df“; all segments lying in it are orthogonal to all segments in the element d * Tt is 
obvious that df *df% = 0. 

(3) Integral over a hypersurface, i.e. over a three-dimensional manifold. In three-dimensional 
space the volume of the parallelepiped spanned by three vectors is equal to the determinant 
of the third rank formed from the components of the vectors. One obtains analogously the 
projections of the volume of the parallelepiped (i.e. the “areas” of the hypersurface) spanned 
by three four-vectors dx’, dx", dx’; they are given by the determinants 


dxi dx’ dx” 
dS™¥ Slide alr  dx”*}], 
dx! dx” dx” 


which form a tensor of rank 3, antisymmetric in all three indices. As element of integration 
over the hypersurface, it is more convenient to use the four-vector dS', dual to the tensor 
ds": 


ds! = -$e dSkim > Sim = €nkim aS" ý (6.12) 


Here 
dS = dS'3, dS! = dS 328 


Geometrically dS‘ is a four-vector equal in magnitude to the “areas” of the hypersurface 
element, and normal to this element (i.e. perpendicular to all lines drawn in the hypersurface 
element). In particular, dS? = dx dy dz, i.e. it is the element of three-dimensional volume dV, 
the projection of the hypersurface element on the hyperplane x° = const. 

(4) Integral over a four-dimensional volume; the element of integration is the scalar 


dQ = dx?dx!' dx? dx? = cdtdV. _ (6.13) 


The element is a scalar: it is obvious that the volume of a portion of four-space is unchanged 
by a rotation of the coordinate system. 
Analogous to the theorems of Gauss and Stokes in three-dimensional vector analysis, 
there are theorems that enable us to transform four-dimensional integrals. 
The integral over a closed hypersurface can be transformed into an integral over the four- 
volume contained within it by replacing the element of integration dS; by the operator 
a 


dS, > da. l (6.14) 
ox’ 


For example, for the integral of a vector A! we have: 


+ Under a transformation from the integration variables x°, x!, x2, x3 to new variables x, x!" x, x3 the 
element of integration changes to J dQ’, where dQ’ = dx”? dx” dx? dx? 


alx t,x, x’? x73) 
O(x®, x!, x7, x?) 
is the Jacobian of the transformation. For a linear transformation of the form xi'=a exe , the Jacobian J 


coincides with the determinant ! ai | and is equal to unity for rotations of the coordinate system; this shows 
the invariance of dQ. 
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f ‘as = Í 0A" 40. (6.15) 
ox’ 


This formula is the generalization of Gauss’ theorem. 
An integral over a two-dimensional surface is transformed into an integral over the 
hypersurface “spanning” it by replacing the element of integration df% by the operator 





o o 
df} — dS; — -dS 6.16 
fix Ox ko T (6.16) 
For example, for the integral of an antisymmetric tensor A“ we have: 
ik ik ik 
3f A* df, = 3f (as, 40 aa — dS, one )- fas.$ dS; 2A : (6.17) 


The integral over a four-dimensional closed curve is transformed into an integral over the 
surface spanning it by the substitution: 





dx! > af" -2 (6.18) 


Thus for the integral of a vector, we have: 


f Ady i = fa Z ae -4f apt( Se — i } (6.19) 


which is the generalization of Stokes’ theorem. 





PROBLEMS 


1. Find the law of transformation of the components of a symmetric four-tensor A under Lorentz 
transformations (6.1). 


Solution: Considering the components of the tensor as products of components of two four-vectors, we 
get: 








Am -— 1 [a a2tares ea] An eee | ghar satan Year | 
2 i F 
1- ve c l1- y c 
c c 
A A’? A AP Al = 1 A’ + Vao 
> 7 c > 
s 
2 
A” = ba [aei + u E Vyoo, ¥ ar] 
See 
c 
A? = 1 (a Var ) 
we te 
‘a 


and analogous formulas for A”, A? and A™. 
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2. The same for the antisymmetric tensor A, 


Solution: Since the coordinates x? and x? do not change, the tensor component A? does not change, 
while the components A, A? and A™, A® transform like x! and x: 


Al? 4 V ao 
AB =A”, A! = c g A@ 5 
1- v? 1— We. 


c? c? 


A24 V yn 
c 


and similarly for A”, A. 

With respect to rotations of the two-dimensional coordinate system in the plane x°x' (which are the 
transformations we are considering) the components A% =— A!®, A® = A! = 0, form an antisymmetric of 
tensor of rank two, equal to the number of dimensions of the space. Thus, (see the remark on p. 19) these 
components are not changed by the transformations: 


A! = A“, 


§ 7. Four-dimensional velocity 


From the ordinary three-dimensional velocity vector one can form a four-vector. This 
four-dimensional velocity (four-velocity) of a particle is the vector 


ui =—_. (7.1) 


To find its components, we note that according to (3.1), 


ds = cdt i 2i 
c 


where v is the ordinary three-dimensional velocity of the particle. Thus 





etc. Thus 


ES) PE SA Sees | (1.2) 
-% afi-4 
c? c? 


Note that the four-velocity is a dimensionless quantity. ; 
The components of the four-velocity are not independent. Noting that dx;dx = ds”, we 
have 





uu; = 1. (7.3) 


Geometrically, uê is a unit four-vector tangent to the world line of the particle. 
Similarly to the definition of the four-velocity, the second derivative 
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may be called the four-acceleration. Differentiating formula (7.3), we find: 
uw = 0, (7.4) 


i.e. the four-vectors of velocity and acceleration are “mutually perpendicular”. 


PROBLEM 


Determine the relativistic uniformly accelerated motion, i.e. the rectilinear motion for which the acceleration 
w in the proper reference frame (at each instant of time) remains constant. 


Solution: In the reference frame in which the particle velocity is v = 0, the components of the four- 
acceleration w’ = (0, w/c”, 0, 0) (where w is the ordinary three-dimensional acceleration, which is directed 
along the x axis). The relativistically invariant condition for uniform acceleration must be expressed by the 
constancy of the four-scalar which coincides with wê in the proper reference frame: 


N 


; w 
w'w; = const = — —. 
c 


In the “fixed” frame, with respect to which the motion is observed, writing out the expression for w/w; 
gives the equation 


d Vv 


SV ae ae 
dt a =w, or a 
ie on 


Setting v= 0 for t = 0, we find that const = 0, so that 


= wt + const. 





Integrating once more and setting x = 0 for t = 0, we find: 


2 242 
| 1+ 2t -1} 
w c 


For wt << c, these formulas go over the classical expressions v = wt, x = wf’/2. For wt — œ, the velocity 
tends toward the constant value c. l 
The proper time of a uniformly accelerated particle is given by the integral 


[Easan (E) 


As t — ©, it increases much more slowly than t, according to the law c/w In (2wt/c). 








4 





CHAPTER 2 


RELATIVISTIC MECHANICS 


§ 8. The principle of least action 


In studying the motion of material particles, we shall start from the Principle of Least 
Action. The principle of least action is defined, as we know, by the statement that for each 
mechanical system there exists a certain integral S, called the action, which has a minimum 
value for the actual motion, so that its variation dS is zero.t 

To determine the action integral for a free material particle (a particle not under the 
influence of any external force), we note that this integral must not depend on our choice of 
reference system, that is, it must be invariant under Lorentz transformations. Then it follows 
that it must depend on a scalar. Furthermore, it is clear that the integrand must be a differential 
of the first order, But the only scalar of this kind that one can construct for a free particle is 
the interval ds, or œ ds, where œis some constant. So for a free particle the action must have 
the form 


where | f? is an integral along the world line of the particle between the two particular 
events of the arrival of the particle at the initial position and at the final position at definite 
times f, and fp, i.e. between two given world points; and a is some constant characterizing 
the particle. It is easy to see that œ must be a positive quantity for all particles. In fact, as we 
saw in § 3, , J’ds has its maximum value along a straight world line; by integrating along 


acurved world line we can make the integral arbitrarily small. Thus the integral , J’ ds with 
the positive sign cannot have a minimum; with the opposite sign it clearly has a minimum, 
along the straight world line. 

The action integral can be represented as an integral with respect to the time 


t2 
S= f Ldt. 
4 


The coefficient L of dt represents the Lagrange function of the mechanical system. With the 
aid of (3.1), we find: 

+ Strictly speaking, the principle of least action asserts that the integral $ must be a minimum only for 
infinitesimal lengths of the path of integration. For paths of arbitrary length we can say only that S must be 
an extremum, not necessarily a minimum. (See Mechanics, § 2.) 
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t2 
s=- [aci -4 dt, 
c 
t 


where vis the velocity of the material particle. Consequently the Lagrangian for the particle 
is 


L=- acyl - vIe. 


The quantity œ, as already mentioned, characterizes the particle. In classical mechanics 
each particle is characterized by its mass m. Let us find the relation between œ and m. It can 
be determined from the fact that in the limit as c — ©», our expression for L must go over into 
the classical expression L = mvV7/2. To carry out this transition we expand L in powers of 
Vic. Then, neglecting terms of higher order, we find 


L v av 
L= — ac Lera EF 


Constant terms in the Lagrangian do not affect the equation of motion and can be omitted. 
Omitting the constant œc in L and comparing with the classical expression L = mv7/2, we 
find that œ = mc. 

Thus the action for a free material point is 


S=-mef ds (8.1) 
a 
and the Lagrangian is 
L=-—mce? fi- ae (8.2) 
c 


§ 9. Energy and momentum 


By the momentum of a particle we can mean the vector p = AL/ðv (ƏL/ðv is the symbolic 
representation of the vector whose components are the derivatives of L with respect to the 
corresponding components of v). Using (8.2), we find; 

mv 


p=. (9.1) 


For small velocities (v << c) or, in the limit as c — ©, this expression goes over into the 
classical p = mv. For v= c, the momentum becomes infinite. 

The time derivative of the momentum is the force acting on the particle. Suppose the 
velocity of the particle changes only in direction, that is, suppose the force is directed 
perpendicular to the velocity. Then 


dp _ m dv 
a E a (9.2) 


c? 
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If the velocity changes only in magnitude, that is, if the force is parallel to the velocity, then 
dp m y dy 


eal A AA (9.3) 
dt 14 dt 
('-2) 


ee 
We see that the ratio of force to acceleration is different in the two cases. 
The energy & of the particle is defined as the quantity + 
S=p:v-L. 
Substituting the expressions (8.2) and (9.1) for L and p, we find 
2 
fo Me n (9.4) 
1% 


c2 


This very important formula shows, in particular, that in relativistic mechanics the energy 
of a free particle does not go to zero for v= 0, but rather takes on a finite value 


£= me. (9.5) 


This quantity is called the rest energy of the particle. 
For small velocities (v/c << 1), we have, expanding (9.4) in series in powers of v/c, 


mv 

DA 

which, except for the rest energy, is the classical expression for the kinetic energy of a 
particle. 

We emphasize that, although we speak of a “particle”, we have nowhere made use of the 
fact that it is “elementary”. Thus the formulas are equally applicable to any composite body 
consisting of many particles, where by m we mean the total mass of the body and by v the 
velocity of its motion as a whole. In particular, formula (9.5) is valid for any body which is 
at rest as a whole. We call attention to the fact that in relativistic mechanics the energy of a 
free body (i.e. the energy of any closed system) is a completely definite quantity which is 
always positive and is directly related to the mass of the body. In this connection we recall 
that in classical mechanics the energy of a body is defined only to within an arbitrary 
constant, and can be either positive or negative. 

The energy of a body at rest contains, in addition to the rest energies of its constituent 
particles, the kinetic energy of the particles and the energy of their interactions with one 
another. In other words, mc’ is not equal to Eme (where m, are the masses of the particles), 
and so m is not equal to Èn,. Thus in relativistic mechanics the law of conservation of mass 
does not hold: the mass of a composite body is not equal to the sum of the masses of its parts. 
Instead only the law of conservation of energy, in which the rest energies of the particles are 
included, is valid. 

Squaring (9.1) and (9.4) and comparing the results, we get the following relation between 
the energy and momentum of particle: 


+ See Mechanics, § 6. 
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2 
ee =p*+mc?. (9.6) 
c 


The energy expressed in terms of the momentum is called the Hamiltonian function %: 


A= cy p? +mc?, (9.7) 


For low velocities, p << mc, and we have approximately 


2 
X = me + E, 
2m 
i.e., except for the rest energy we get the familiar classical expression for the Hamiltonian. 
From (9.1) and (9.4) we get the following relation between the energy, momentum, and 
velocity of a free particle: 
v 
c? 


p= 





(9.8) 


For v= c, the momentum and energy of the particle become infinite. This means that a 
particle with mass m different from zero cannot move with the velocity of light. Nevertheless, 
in relativistic mechanics, particles of zero mass moving with the velocity of light can exist.t 
From (9.8) we have for such particles: 

l € 
=. 9.9 
, (9.9) 
The same formula also holds approximately for particles with nonzero mass in the so-called 
ultrarelativistic case, when the particle energy &is large compared to its rest energy mc?. 

We now write all our formulas in four-dimensional form. According to the principle of 

least action, 


b 
65 = - med | ds =0. 


To set up the expression for ôS, we note that ds = ,/dx;dx' and therefore 


b b 
68 =- me | Fe = -me | udr. 
ds 


Integrating by parts, we obtain 
Tad 
ôS =- meu,dx' | + me | 5x! Fs. (9.10) 


As we know, to get the equations of motion we compare different trajectories between the 
same two points, i.e. at the limits (dx'), = (dx’), = 0. The actual trajectory is then determined 


+ For example, light quanta and neutrinos. 
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from the condition ôS = 0. From (9.10) we thus obtain the equations duj/ds = 0; that is, a 
constant velocity for the free particle in four-dimensional form. 

To determine the variation of the action as a function of the coordinates, one must consider 
the point a as fixed, so that (dx'),, = 0. The second point is to be considered as variable, but 
only actual trajectories are admissible, i.e., those which satisfy the equations of motion. 
Therefore the integral in expression (9.10) for dS is zero. In place of (dx), we may write 
simply dx’, and thus obtain 





6S = — meu;dx'. (9.11) 
The four-vector 
ae os i 
P Eya oxi (9. 2) 


is called the momentum four-vector. As we know from mechanics, the derivatives OS/Ox, 
AS/dy, AS/dz are the three components of the momentum vector p of the particle, while the 
derivative —0S/ot is the particle energy & Thus the covariant components of the four-mementum- 
are p; = (/c, — p), while the contravariant components are} 


pi = (lc, p). (9.13) 
From (9.11) we see that the components of the four-momentum of a free particle are: 
p = meu, (9.14) 


Substituting the components of the four-velocity from (7.2), we see that we actually get 
expressions (9.1) and (9.4) for p and & 

Thus, in relativistic mechanics, momentum and energy are the components of a single 
four-vector. From this we immediately get the formulas for transformation of momentum 
and energy from one inertial system to another. Substituting (9.13) in the general formulas 
(6.1) for transformation of four-vectors, we find: 


pie Vee 
pirra” _ 6’ + Vp 


c? c? 


where Py, Py, Pz are the components of the three-dimensional vector p. 
From the definition (9.14) of the four-momentum, and the identity u'u; = 1, we have, for 
the square of the four-momentum of a free particle: 


pir = me. (9.16) 


(9.15)- 


Substituting the expressions (9.13), we get back (9.6). 
By analogy with the usual definition of the force, the force four-vector is defined as the 
derivative: 


dp’ du' 


= —— = mMc ds è (9.17) 





+ We call attention to a mnemonic for remembering the definition of the physical four-vectors: the 
contravariant components are related to the corresponding three-dimensional vectors (r for x’, p for p’) with 
the “right”, positive sign. 


30 RELATIVISTIC MECHANICS § 10 


Its components satisfy the identity g;u? = 0. The components of this four-vector are expressed 
in terms of the usual three-dimensional force vector f = dp/dt: 


(9.18) 





gi = f-v f 
aho v v 
c i 1- or c l E A 
The time component is related to the work done by the force. 


The relativistic Hamilton-Jacobi equation is obtained by substituting the derivatives 
—OS/dx' for p; in (9.16): 


OS ƏS x AS S a 
Ox, ax! E Ox! axt ‘ 


or, writing the sum explicitly: 


2 2 2 

1 (oS Os Os) əs Ý? 22 i 
-2 (3) (= Jy FH =m~*c*. (9.20) 
The transition to the limiting case of classical mechanics in equation (9.19) is made as 
follows. First of all we must notice that just as in the corresponding transition with (9.7), the 
energy of a particle in relativistic mechanics contains the term mc’, which it does not in 
classical mechanics. Inasmuch as the action S is related to the energy by £= — (0S/or), in 


making the transition to classical mechanics we must in place of S substitute a new action 
S’ according to the relation: 





(9.19) 


S=S’ -met 
Substituting this in (9.20), we find 


ENCAR CARN CAI E (as) | as’ _) 
2m|\ ax dy * az 3m? oo)” a. 


In the limit as c — ©, this equation goes over into the classical Hamilton-Jacobi equation. 











§ 10. Transformation of distribution functions 


In various physical problems we have to deal with distribution functions for the momenta 
of particles: f(p)dp, dp, dp, is the number of particles having momenta with components in 
given intervals dp» dp,, dp, (or, as we say for brevity, the number of particles in a given 
volume element Ëp = dp, dp, dp, in “momentum space”). We are then faced with the 
problem of finding the law of transformation of the distribution function f(p) when we 
transform from one reference system to another. 

To solve this problem, we first determine the properties of the “volume element” dp, dp, dp, 
with respect to Lorentz transformations. If we introduce a four-dimensional coordinate 
system, on whose axes are marked the components of the four-momentum of a particle, then 
dp,dp,dp, can be considered as Me zeroth component of an element of the hypersurface 
defined by the equation pip; = m’c*. The element of hypersurface is a four-vector directed 
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along the normal to the hypersurface; in our case the direction of the normal obviously 
coincides with the direction of the four-vector p;- From this it follows that the ratio 


dp,dpydpz 
& 
is an invariant quantity, since it is the ratio of corresponding components of two parallel 
four-vectors.f 
The number of particles, fdp,dp,dp,, is also obviously an invariant, since it does not 
depend on the choice of reference frame. Writing it in the form 


(10.1) 


dp,.dpydp 
f(p)e 
and using the invariance of the ratio (10.1), we conclude that the product f(p)#is invariant. 
Thus the distribution function in the K’ system is related to the distribution function in the 
K system by the formula 





& 
FP) = SP) , (10.2) 
where p and ?f°must be expressed in terms of p’ and &” by using the transformation formulas 


(9.15). 

Let us now return to the invariant expression (10.1). If we introduce “spherical coordinates” 
in momentum space, the volume element dp, dp, dp, becomes p’ dp do, where do is the 
element of solid angle around the direction of the vector p. Noting that pdp = dele 
[from (9.6)], we have: 


p’dpdo _ pd& do 
€ ~— ¢ * 
Thus we find that the expression 
pd £ do (10.3) 


is also invariant. : 

The notion of a distribution function appears in a different aspect in the kinetic theory of 
gases: the product fir, p)dp, dp, dp, dV is the number of particles lying in a given volume 
element dV and having momenta in definite intervals dp,, dp,, dp,. The function f(r, p) is 


+ The integration with respect to the element (10.1) can be expressed in four-dimensional form by means 
of the 5-function (cf. the footnote on p. 74) as an integration with respect to 


2 §(pip' -m?c?)d*p, d'p = dp"dp'dp"dp’. (10.1a) 


The four components p’ are treated as independent variables (with p° taking on only positive values). 
Formula (10.1a) is obvious from the following representation of the delta function appearing in it: 


i 2 z A 
(pÍ p; - m?c?) = af (ro - +] = fele + z) + ö(po = )| ; (10.1b) 


where &= c4! p? + m?c? . This formula in turn follows from formula (V) of the footnote on p. 74. 
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called the distribution function in phase space (the space of the coordinates and momenta of 
the particle), and the product of differentials dt = dp dV is the element of volume of this 
space. We shall find the law of transformation of this function. 

In addition to the two reference systems K and K’, we also introduce the frame Ky in which 
the particles with the given momentum are at rest; the proper volume dV, of the element 
occupied by the particles is defined relative to this system. The velocities of the systems K 
and K’ relative to the system Kọ coincide, by definition, with the velocities v and V which 
these particles have in the systems K and K’. Thus, according to (4.6), we have 


2 
WV=dvji-%, av'=ayji-%, 
C c 








from which 
dv _ g” 
dV g` 
Multiplying this equation by the equation dpi@p = ¢/#’, we find that 
dt=dv’, (10.4) 


i.e. the element of phase volume is invariant. Since the number of particles f dt is also 
invariant, by definition, we conclude that the distribution function in phase space is an 
invariant: 


f(r, p’) = far, p), (10.5) 


where r’, p’ are related to r, p by the formulas for the Lorentz transformation. 


§ 11. Decay of particles 


Let us consider the spontaneous decay of a body of mass M into two parts with masses m, 
and m. The law of conservation of energy in the decay, applied in the system of reference 
in which the body is at rest, givest 


M = io + &po. (11.1) 


where ¿o and #39 are the energies of the emerging particles. Since 61o > m and 4p > m, the 
equality (11.1) can be satisfied only if M > mı + my, i.e. a body can disintegrate spontaneously 
into parts the sum of whose masses is less than the mass of the body. On the other hand, if 
M < m + m, the body is stable (with respect to the particular decay) and does not decay 
spontaneously. To cause the decay in this case, we would have to supply to the body from 
outside an amount of energy at least equal to its “binding energy” (m; + mz — M). 
Momentum as well as energy must be conserved in the decay process. Since the initial 
momentum of the body was zero, the sum of the momenta of the emerging particles must be 


zero: Pio + Pæ = 0. Consequently på, = pĝ, or 


t In §§ 11-13 we set c = 1. In other words the velocity of light is taken as the unit of velocity (so that 
the dimensions of length and time become the same). This choice is a natural one in relativistic mechanics 
and greatly simplifies the writing of formulas. However, in this book (which also contains a considerable 
amount of nonrelativistic theory) we shall not usually use this system of units, and will explicitly indicate 
when we do. 

If c has been set equal to unity in formulas, it is easy to convert back to ordinary units: the velocity i is 
introduced to assure correct dimensions. 
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E2 —m? = &3 - mi. (11.2) 
The two equations (11.1) and (11.2) uniquely determine the energies of the emerging particles: 


2 Disa 2. 2 2 
M* +m; -m3 M m +m (11.3) 


“io = 2M > w= 2M 


In acertain sense the inverse of this problem is the calculation of the total energy M of two 
colliding particles in the system of reference in which their total momentum is zero. (This 
is abbreviated as the “system of the centre of inertia” or the “C-system”.) The computation 
of this quantity gives a criterion for the possible occurrence of various inelastic collision 
processes, accompanied by a change in state of the colliding particles, or the “creation” of 
new particles. A process of this type can occur only if the sum of the masses of the “reaction 
products” does not exceed M. 

Suppose that in the initial reference system (the “laboratory” system) a particle with mass 
m; and energy &% collides with a particle of mass m, which is at rest. The total energy of the 
two particles is 


€=6,+F.=G6 +m, 


and their total momentum is p = pı + P2 = py. Considering the two particles together as a 
single composite system, we find the velocity of its motion as a whole from (9.8): 


p pı 
V=7= a (11.4) 
This quantity is the velocity of the C-system with respect to the laboratory system (the L- 
system). 
However, in determining the mass M, there is no need to transform from one reference 
frame to the other. Instead we can make direct use of formula (9.6), which is applicable to 
the composite system just as it is to each particle individually. We thus have 


M = 2%? — p’ =(¢, + my — (4 — mp), 
from which 


M? = m? + mi + 2m4. (11.5) 


PROBLEMS 


1. A particle moving with velocity V dissociates “in flight” into two particles. Determine the relation 
between the angles of emergence of these particles and their energies. 


Solution: Let & 9 be the energy of one of the decay particles in the C-system [i.e. & 19 Or %20 in (11.3)], 
¥ the energy of this same particle in the L-system, and @ its angle of emergence in the L-system (with 
respect to the direction of V). By using the transformation formulas we find: 


& = &— Vp cos A 
J1- Vv? 
so that 
_ | Ex 2 
cp ero (1) 
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For the determination of £ from cos @ we then get the quadratic equation 


g? (1 -— V? cos? 0) — 28% V1- V? +82 (1—-V?)+ Vm? cos” 6 = 0, (2) 


which has one positive root (if the velocity Vo of the decay particle in the C-system satisfies vo > V) or two 
positive roots (if Vg < V). 

The source of this ambiguity is clear from the following graphical construction. According to (9.15), the 
momentum components in the L-system are expressed in terms of quantities referring to the C-system by 
the formulas 


654+ & 
pac Pome Os RAWV «ds Gao. 
y1- V2 


Eliminating 0, we get 
Py + (px V1- V? ~&V) = po. 
With respect to the variables p,. p,, this is the equation of an ellipse with semiaxes po/4/1 — V?, po, whose 


centre (the point O in Fig. 3) has been shifted a distance #V/¥1— V? from the point p = 0 (point A in 
Fig. 3).t 


(a) V< v 5 (b) V> v 





Fic. 3. 


If V > poo = Vo, the point A lies outside the ellipse (Fig. 3b), so that for a fixed angle @ the vector p (and 
consequently the energy 2) can have two different values. It is also clear from the construction that in this 
case the angle @ cannot exceed a definite value Omax (corresponding to the position of the vector p in which 
it is tangent to the ellipse). The value of Omax is most easily determined analytically from the condition that 
the discriminant of the quadratic equation (2) go to zero: 


Po q 1- y? 
sin Oma: = —— r. 
mV 
2. Find the energy distribution of the decay particles in the L-system. 
Solution: In the C-system the decay particles are distributed isotropically in direction, i.e. the number of 
particles within the element of solid angle dog = 27 sin @ d@ is 


aie Ne Pay 
aN = 7-400 = 5 


The energy in the L-system is given in terms of quantities referring to the C-system by 


| dcos 6o l. (1) 


= & + po V cos Oo 


y1- Vv? 


& 


and runs through the range of values from 


2% — Wo 16 & + Vpo 


Vl—v? J1- v2 


+ In the classical limit, the ellipse reduces to a circle. (See Mechanics, § 16.) 
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Expressing d | cos ,@ | in terms of dé, we obtain the normalized energy distribution (for each of the two 
types of decay particles): 


eee! ee _ y2 a 
dN= Vp 1-Vedé. 


3. Determine the range of values in the L-system for the angle between the two decay particles (their 
separation angle) for the case of decay into two identical particles. 


Solution: In the C-system, the particles fly off in opposite directions, so that 019 = 7— O29 = 4. According 
to (5.4), the connection between angles in the C- and L-systems is given by the formulas: 


Vo cos Oy + V —Vo cos 6o + V 
vo sin bo V1 - V2 Vo sin 8o v1 - V? 


(since vio = Vz = Vo in the present case). The required separation angle is © = 6, + 6, and a simple 
calculation gives: 


cot 0; = cot 0, = 


V? — v + V? ve sin? 6o 
2Vv V1- V? sin@o 


An examination of the extreme for this expression gives the following ranges of possible values of ©: 


for V < wizen (Ahi — V? ) <O<2; 


V 


cotO = 


for w <V< 





v> pimo <0 <24 v) <5. 
1- 0 


4. Find the angular distribution in the L-system for decay particles of zero mass. 


Solution: According to (5.6) the connection between the angles of emergence in the C- and L-systems for 
particles with m = 0 is 


cos- V_ 
1 — Vcos 0° 


Substituting this expression in formula (1) of Problem 2, we find: 


cos 0 = 


_y2 
Fd | 
4n(1 — V cos 0) 
5. Find the distribution of separation angles in the L-system for a decay into two particles of zero mass. 
Solution: The relation between the angles of emergence, 64, @ in the L-system and the angles O10 = 9%, 
59 = 1— @ in the C-system is given by (5.6), so that we have for the separation angle © = 0, + 6): 
2V2 — 1 — V? cos? 
os: 8 = oana if =i 8o 
1- V4 cos Ao 


and conversely, 





Substituting this expression in formula (1) of problem 2, we find: 
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1-y?2 do 


in? © | 2_ 20 
16 zV sin 7 yV cos 7 


The angle © takes on values from 7 to Omin = 2 cos? V. 


dN = 


6. Determine the maximum energy which can be carried off by one of the decay particles, when a particle 
of mass M at rest decays into three particles with masses m,, m, and m3. 

Solution: The particle m, has its maximum energy if the system of the other two particles m, and m3 has 
the least possible mass; the latter is equal to the sum m + m; (and corresponds to the case where the two 
particles move together with the same velocity). Having thus reduced the problem to the decay of a body 
into two parts, we obtain from (11.3): 


M? +m? - (m, + m3)? 


imax = 2M 


§ 12. Invariant cross-section 


Collision processes are characterized by their invariant cross-sections, which determine the 
number of collisions (of the particular type) occurring between beams of colliding particles. 

Suppose that we have two colliding beams; we denote by n; and n, the particle densities 
in them (i.e. the numbers of particles per unit volume) and by v; and v; the velocities of the 
particles. In the reference system in which particle 2 is at rest (or, as one says, in the rest 
frame of particle 2), we are dealing with the collision of the beam of particles 1 with a 
stationary target. Then according to the usual definition of the cross-section o, the number 
of collisions occurring in volume dV in time dt is 


dV = OV, nındVdt. 


where Ve is the velocity of particle 1 in the rest system of particle 2 (which is just the 
definition of the relative velocity of two particles in relativistic mechanics). 

The number dv is by its very nature an invariant quantity. Let us try to express it in a form 
which is applicable in any reference system: 


dv = An,n,dVdt, (12.1) 


where A is a number to be determined, for which we know that its value in the rest frame of 
one of the particles is Ve 0. We shall always mean by o precisely the cross-section in the rest 
frame of one of the particles, i.e. by definition, an invariant quantity. From its definition, the 
relative velocity Ve is also invariant. 

In the expression (12.1) the product dVdr is an invariant. Therefore the product Ann) must 
also be an invariant. 

The law of transformation of the particle density n is easily found by noting that the 
number of particles in a given volume element dV, ndV, is invariant. Writing ndV = nodVo 
(the index 0 refers to the rest frame of the particles) and using formula (4.6) for the 
transformation of the volume, we find: 


so 
V1-v 


or n = no &/m, where ^is the energy and m the mass of the particles. 
Thus the statement that Ann is invariant is equivalent to the invariance of the expression 
A č æ. This condition is more conveniently represented in the form 


n= 


(12.2) 
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S2 LA g0 


A E = A s 
Pii P2 #182 —-Pi- P2 


= inv, (12.3) 
where the denominator is an invariant—the product of the four-momenta of the two particles. 

In the rest frame of particle 2, we have “2 = m, p2 = 0, so that the invariant quantity (12.3) 
reduces to A. On the other hand, in this frame A = O Ve. Thus in an arbitrary reference 
system, 


A= OVa vem (12.4) 





To give this expression its final form, we express Vein terms of the momenta or velocities 
of the particles in an arbitrary reference frame. To do this we note that in the rest frame of 
particle 2, 


Pup = -== m. 


p AR 3 
Veet = EA © (125) 
y (PuP2) 


Expressing the quantity pı; p = & % — Pı - P2 in terms of the velocities v; and vz by using 
formulas (9.1) and (9.4): 


Then 


1-v -v 
1M -e 
d- - v) 


and substituting in (12.5), after some simple transformations we get the following expression 
for the relative velocity: 


Pupi = 





(v1 — v2)? — (v1 X v2)? 


es (12.6) 





rel = 


(we note that this expression is symmetric in vı and vz, i.e. the magnitude of the relative 
velocity is independent of the choice of particle used in defining it). 

Substituting (12.5) or (12.6) in (12.4) and then in (12.1), we get the final formulas for 
solving our problem: 





_ o VP? - m? my 


ae nyn,dVdt (12.7) 


or 





dv=o0 (Vv, = v)? ad (vı X Vo ee n,n,dVadt (12.8) 


(W. Pauli, 1933). 
If the velocities vı and v, are collinear, then v; x v2 = 0, so that formula (12.8) takes the 
form: 


dv = 01 v, — v2 | mndVat. (12.9) 
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PROBLEM 


Find the “element of length” in relativistic “velocity space”. 

Solution: The required line element dl, is the relative velocity of two points with velocities v ane v+dy. 

We therefore find from (12.6) 

dv)? -(vxdy} _ č dv v 
(l-v*)? Sa- yy + l-y 


where 6, ¢ are the polar angle and azimuth of the direction of v. If in place of v we introduce the new 
variable y through the equation v = tanh y, the line element is expressed as: 


—— (dO? + sin? 0- do), 





di2 =‘ 


di? = dy? + sinh? y(dO? + sin? @-d@?). 
From the geometrical point of view this is the line element in three-dimensional Lobachevskii space— 
the space of constant negative curvature (see (111.12)). 
§ 13. Elastic collisions of particles 


Let us consider, from the point of view of relativistic mechanics, the elastic collision of 
particles. We denote the momenta and energies of the two colliding particles (with masses 
m, and m) by pj, &, and pz, %2; we use primes for the corresponding quantities after 
collision. The laws of conservation of momentum and energy in the collision can be written 
together as the equation for conservation of the four-momentum: 


Pi + pi =p + ps. (13.1) 


From this four-vector equation we construct invariant relations which will be helpful in 
further computations. To do this we rewrite (13.1) in the form: 


pi +P} -Pi +z, 
and square both sides (i.e. we write the scalar product of each side with itself). Noting that 


the squares of the four-momenta pj and py! are equal to m?, and the squares of p} and p3' 


are equal to mz, we get: 


my + PP, ~ Pupi -Pupi = 0. (13.2) 
Similarly, squaring the equation pj + p — p3' = pi’, we get: 
m3 + PuP2 — PiP? — pupi’ = 0. (13.3) 


Let us consider the collision in a reference system (the L-system) in which one of the 
particles (m2) was at rest before the collision. Then p; = 0, £, = mp, and the scalar products 
appearing in (13.2) are: 


Pup} =%1m, 
Pupi =m, (13.4) 


Pupi‘ =& %7- Pi - Pi = 4 4- pipi cos 0, 


where @, is the angle of scattering of the incident particle m. Substituting these expressions 
in (13.2) we get: 
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aA — % m, — m? 
cos 6, = Aaram oni, (13.5) 
1 


Similarly, we find from (13.3): 


cos 05 = (tmm) (13.6) 
l PiP2 
where @, is the angle between the transferred momentum p and the momentum of the 
incident particle py. 
The formulas (13.5)-(13.6) relate the angles of scattering of the two particles in the L- 
system to the changes in their energy in the collision. Inverting these formulas, we can 
express the energies 2%’, % in terms of the angles 0; or @. Thus, substituting in (13.6) 


p= 42 -—m, p= JEZ) — m2 and squaring both sides, we find after a simple 


computation: 


(& +m)? + (£2 —m?) cos?O, 


; 13.7 
2(& + m)? — (€? — m?) cos? 0 (a 


& = m 





Inversion of formula (13.5) leads in the general case to a very complicated formula for 2’ 
in terms of 6}. 

We note that if m; > my, i.e. if the incident particle is heavier than the target particle, the 
scattering angle 6, cannot exceed a certain maximum value. It is easy to find by elementary 
computations that this value is given by the equation 


; m i 
sin 9; max = ae (13.8) 
which coincides with the familiar classical result. 
Formulas (13.5)-(13.6) simplify in the case when the incident particle has zero mass: mı 
- = 0, and correspondingly p; = 4, pi = 1. For this case let us write the formula for the 
energy of the incident particle after the collision, expressed in terms of its angle of deflection: 


g =" __. (13.9) 
1 —cos 6, + =? 
1 a 1 

Let us now turn once again to the general case of collision of particles of arbitrary mass. 
The collision is most simply treated in the C-system. Designating quantities in this system 
by the additional subscript 0, we have pio = — P20 = Po- From the conservation of momentum, 
during the collision the momenta of the two particles merely rotate, remaining equal in 
magnitude and opposite in direction. From the conservation of energy, the value of each of 
the momenta remains unchanged. 

Let y be the angle of scattering in the C-system—the angle through which the momenta 
Pio and pa are rotated by the collision. This quantity completely determines the scattering 
process in the C-system, and therefore also in any other reference system. It is also convenient 
in describing the collision in the L-system and serves as the single parameter which remains 
undetermined after the conservation of momentum and energy are applied. 

We express the final energies of the two particles in the L-system in terms of this parameter. 


To do this we return to (13.2), but this time write out the product pyP; i in the C-system: 
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Pupi’ = 4040 — Pio ` Pio = 4o — Po COS X = på (1 — cos x) + m? 


(in the C-system the energies of the particles do not change in the collision: 4 = %o). We 
write out the other two products in the L-system, i.e we use (13.4). As a result we get: 
&— 4, = —(po/mz )(1 — cos 7). We must still express pê in terms of quantities referring 
to the L-system. This is easily done by equating the values of the invariant p,; pi in the L- 
and C-systems: 


ts 210020 — P10 © P20 = “ym, 





Vp + mAP + mz) = Bm, — pè. 
Solving the equation for på, we get: 


2 2 
m? (4? —m?) 


2. os 
Po m? + m? + 2m4" (13.10) 
Thus, we finally have: 
m (2f — m?) 
a =á- 1 — cos y). 13.11 
1 1 m? + m2 + Ime ( nD ( ) 


The energy of the second particle is obtained from the conservation law: &% + m = &% + 77. 


Therefore 


m (86? - m?) 


> (1 — ; 13.1 
m? + m? + 2m)4, Cees? (3.12) 


oy =m, + 

The second terms in these formulas represent the energy lost by the first particle and 

transferred to the second particle. The maximum energy transfer occurs for X = T, and is 

equal to 
s 2m, (&? — m? 
Finan ~ My = 8 — E = PE (13.13) 
mi + my + 2m24 

The ratio of the minimum kinetic energy of the incident particle after collision to its initial 

energy is: 


Amin — My ___(m—m )y? (13.14) 
g-m = mp +m+2má 


In the limiting case of low velocities (when & = m + mv'/2), this relation tends to a constant 


limit, equal to 
2 
m -m 
(= + m } g 


In the opposite limit of large energies <4, relation (13.14) tends to zero; the quantity nin 
tends to a constant limit. This limit is 
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Let us assume that m >> my, i.e. the mass of the incident particle is small compared to the 
mass of the particle at rest. According to classical mechanics the light particle could transfer 
only a negligible part of its energy (see Mechanics, § 17). This is not the case in relativistic 
mechanics. From formula (13.14) we see that for sufficiently large energies č; the fraction 
of the energy transferred can reach the order of unity. For this it is not sufficient that the 
velocity of m, be of order 1, but one must have %; ~ mp, i.e. the light particle must have an 
energy of the order of the rest energy of the heavy particle. 

A similar situation occurs for mz << mj, i.e. when a heavy particle is incident on a light 
one. Here too, according to classical mechanics, the energy transfer would be insignificant. 
The fraction of the energy transferred begins to be significant only for energies %4 ~ m? Im. 
We note that we are not taking simply of velocities of the order of the light velocity, but of 
energies large compared to m, i.e. we are dealing with the ultrarelativistic case. 


PROBLEMS 


1. The triangle ABC in Fig. 4 is formed by the momentum vector p of the impinging particle and the 
momenta pí, ph of the two particles after the collision. Find the locus of the points C corresponding to all 
possible values of pj, p2- 

Solution: The required curve is an ellipse whose semiaxes can be found by using the formulas obtained 
in problem 1 of § 11. In fact, the construction given there determined the locus of the vectors p in the L- 
system which are obtained from arbitrarily directed vectors Po with given length po in the C-system. 


(a) m; > m2 (b) m; < m2 
C 


AGS, 








Fic. 4. 


Since the absolute values of the momenta of the colliding particles are identical in the C-system, and do 
not change in the collision, we are dealing with a similar construction for the vector pj, for which 


mV 
Po = Pio = P20 = eave 


in the C-system where V is the velocity of particle m, in the C-system, coincides in magnitude with the 
velocity of the centre of inertia, and is equal to V = p/(¢, + mz) (see (11.4)). As a result we find that the 
minor and major semiaxes of the ellipse are 


pē m2 pı Po _ mpı(čı + m2) 
Jm? +m? +2m:% Ji-y? mp + mz +2m¥, 








P 


(the first of these is, of course, the same as (13.10)). 

For 6, = 0, the vector pj coincides with py, so that the distance AB is equal to p,. Comparing p; with the 
length of the major axis of the ellipse, it is easily shown that the point A lies outside the ellipse if m; > m2 
(Fig. 4a), and inside it if m, < mz (Fig. 4b). 

2. Determine the minimum separation angle Omin of two particles after collision of the masses of the two 
particles are the same (m; = m, = m). 
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Solution: If m, = mz, the point A of the diagram lies on the ellipse, while the minimum separation angle 
corresponds to the situation where point C is at the end of the minor axis (Fig. 5). From the construction 
it is clear that tan (Omin /2) is the ratio of the lengths of the semiaxes, and we find: 


or 





Fic. 5. 


3. For the collision of two particles of equal mass m, express <‘’, 47, 7 in terms of the angle 6, of 
scattering in the L-system. 


Solution: Inversion of formula (13.5) in this case gives: 


& +m) +(& —m) cos?0 g? —m?)sin2@ 
eam m) + (č - m) 1 tf = (č ) 1 


(& +m) — (éi - m) cos?0, 2m + (4 - m) sin?@, ` 
Comparing with the expression for ¿f in terms of y: 


gn 4 





-m 
7 (1 -cos %), 
we find the angle of scattering in the C-system: 


are 2m —(& + 3m) sin6, 
x= 2m + (& — m) sin?0, ` 


§ 14. Angular momentum 


As is well known from classical mechanics, for a closed system, in addition to conservation 
of energy and momentum, there is conservation of angular momentum, that is, of the vector 


M=2rxp 


where r and p are the radius vector and momentum of the particle; the summation runs over 
all the particles making up the system. The conservation of angular momentum is a consequence 
of the fact that because of the isotropy of space, the Lagrangian of a closed system does not 
change under a rotation of the system as a whole. 

By carrying through a similar derivation in four-dimensional form, we obtain the relativistic 
expression for the angular momentum. Let x’ be the coordinates of one of the particles of the 
system. We make an infinitesimal rotation in the four-dimensional space. Under such a 


§ 14 ANGULAR MOMENTUM 43 


transformation, the coordinates x' take on new values x” such that the differences x” —x' are 
linear functions 


xt = x, 60% (14.1) 
with infinitesimal coefficients 5Q,. The components of the four-tensor 6Q,, are connected 
to one another by the relations resulting from the requirement that, under a rotation, the 


length of the radius vector must remain unchanged, that is, x; x" = x;x' . Substituting for x 
from (14.1) and dropping terms quadratic in dQ, as infinitesimals of higher order, we find 


xk Nir =0. 


This equation must be fulfilled for arbitrary x. Since x4x* is a symmetric tensor, Q; must 
be an antisymmetric tensor (the product of a symmetrical and an antisymmetrical tensor is 
clearly identically zero). Thus we find that 


SNr = — Qi. (14.2) 
` The change in the action for an infinitesimal change of coordinates of the initial point a 
and the final point b of the trajectory has the form (see 9.11): 
5S = — Zp'&x,|’ 
(the summation extends over all the particles of the system). In the case of rotation which 
we are now considering, dx; = 6Q4x*, and so 
és = HQ x EZ pix'|. 


If we resolve the tensor ¥p'x* into symmetric and antisymmetric parts, then the first of 
these when multiplied by an antisymmetric tensor gives identically zero. Therefore, taking 
the antisymmetric part of Ypix*, we can write the preceding equality in the form 


; . jb 
5S = — 6Q4 tE (pix*- p*x') p . (14.3) 
~ Fora closed system the action, being an invariant, is not changed by a rotation in 4-space. 
This means that the coefficients of ÔQ; in (14.3) must vanish: 
Ep ~ px) = EP% — p'x)a. 
Consequently we see that for a closed system the tensor 
M* = (p — xp’). (14.4) 
This antisymmetric tensor is called the four-tensor of angular momentum. The space components 
of this tensor are the components of the three-dimensional angular momentum vector M = 
Lr x p: 
M3=M, —-M=M,, M”? =M, 
The components M”, M?, M” form a vector È(tp — & r/c’). Thus, we can write the 
components of the tensor M“ in the form: 


M* = |e 3 (» = a 5 m| (145) 
| c 
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(Compare (6.10).) l 
Because of the conservation of M* for a closed system, we have, in particular, 


x [» -— ) = const. 


Since, on the other hand, the total energy ¥ Zis also conserved, this equality can be written 
in the form 





or 
c? 


Ler c? =p 
Le Le 
(Quantities referring to different particles are taken at the same time t). 
From this we see that the point with the radius vector 





t = const. 








Le 
R= 14.6 
Le cae 
moves uniformly with the velocity 
ce Èp 
= 14.7 
Le’ ao 


which is none other than the velocity of motion of the system as a whole. [It relates the total 
energy and momentum, according to formula (9.8).] Formula (14.6) gives the relativistic 
definition of the coordinates of the centre of inertia of the system. If the velocities of all the 
particles are small compared to c, we can approximately set = mc” so that (14.6) goes over 
into the usual classical expression 


Rar $ 
um 
We note that the components of the vector (14.6) do not constitute the space components 
of any four-vector, and therefore under a transformation of reference frame they do not 
transform like the coordinates of a point. Thus we get different points for the centre of 
inertia of a given system with respect to different reference frames. 





PROBLEM 


Find the connection between the angular momentum M of a body (system of particles) in the reference 
frame K in which the body moves with velocity V, and its angular momentum M in the frame Ko in which 
the body is at rest as a whole; in both cases the angular momentum is defined with respect to the same 
point—the centre of inertia of the body in the system Ko.t 


f We note that whereas the classical formula for the centre of inertia applies equally well to interacting 
and non-interacting particles, formula (14.6) is valid only if we neglect interaction. In relativistic mechanics, 
the definition of the centre of inertia of a system of interacting particles requires us to include explicitly the 
momentum and energy of the field produced by the particles. 

ł We remind the reader that although in the system Ky (in which Èp = 0) the angular momentum is 
independent of the choice of the point with respect to which it is defined, in the K system (in which Yip + 
0) the angular momentum does depend on this choice (see Mechanics, § 9). 
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Solution: The Ky system moves relative to the K system with velocity V; we choose its direction for the 
x axis. The components of M* that we want transform according to the formulas (see problem 2 in § 6): 


Moz 4 V you MOB 4 V yos 
M? = c , M? = c , M3 = MOR, 
y? y? 
1- a 1- ar 


Since the origin of coordinates was chosen at the centre of inertia of the body (in the Ko system), in that 
system È “r = 0, and since in that system Xp =0, M2 = 143 = 0. Using the connection between the 
components of M* and the vector M, we find for the latter: 


Mo (0) 
M, =M®, M, = X M, = M$ 


= r M= ar a 
Ea a 
c Cc 


CHAPTER 3 


CHARGES IN ELECTROMAGNETIC FIELDS 


§ 15. Elementary particles in the theory of relativity 


The interaction of particles can be described with the help of the concept of a field of 
force. Namely, instead of saying that one particle acts on another, we may say that the 
particle creates a field around itself; a certain force then acts on every other particle located 
in this field. In classical mechanics, the field is merely a mode of description of the physical 
phenomenon—the interaction of particles. In the theory of relativity, because of the finite 
velocity of propagation of interactions, the situation is changed fundamentally. The forces 
acting on a particle at a given moment are not determined by the positions at that same 
moment. A change in the position of one of the particles influences other particles only after 
the lapse of a certain time interval. This means that the field itself acquires physical reality. 
We cannot speak of a direct interaction of particles located at a distance from one another. 
Interactions can occur at any one moment only between neighbouring points in space (contact 
_ interaction). Therefore we must speak of the interaction of the one particle with the field, 
and of the subsequent interaction of the field with the second particle. 

We shall consider two types of fields, gravitational and electromagnetic. The study of 
gravitational fields is left to Chapters 10 to 14 and in the other chapters we consider only 
electromagnetic fields. 

Before considering the interactions of particles with the electromagnetic field, we shall 
make some remarks concerning the concept of a “particle” in relativistic mechanics. 

In classical mechanics one can introduce the concept of a rigid body, i.e., a body which is 
not deformable under any conditions. In the theory of relativity it should follow similarly 
that we would consider as rigid those bodies whose dimensions all remain unchanged in the 
reference system in which they are at rest. However, it is easy to see that the theory of 
relativity makes the existence of rigid bodies impossible in general. 

Consider, for example, a circular disk rotating around its axis, and let us assume that it is 
rigid. A reference frame fixed in the disk is clearly not inertial. It is possible, however, to 
introduce for each of the infinitesimal elements of the disk an inertial system in which this 
element would be at rest at the moment; for different elements of the disk, having different 
velocities, these systems will, of course, also be different. Let us consider a series of line 
elements, lying along a particular radius vector. Because of the rigidity of the disk, the 
length of each of these segments (in the corresponding inertial system of reference) will be 
the same as it was when the disk was at rest. This same length would be measured by an 
observer at rest, past whom this radius swings at the given moment, since each of its 
segments is perpendicular to its velocity and consequently a Lorentz contraction does not 
occur. Therefore the total length of the radius as measured by the observer at rest, being the 
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sum of its segments, will be the same as when the disk was at rest. On the other hand, the 
length of each element of the circumference of the disk, passing by the observer at rest at a 
given moment, undergoes a Lorentz contraction, so that the length of the whole circumference 
(measured by the observer at rest as the sum of the lengths of its various segments) turns out 
to be smaller than the length of the circumference of the disk at rest. Thus we arrive at the 
result that due to the rotation of the disk. the ratio of circumference to radius (as measured 
by an observer at rest) must change, and not remain equal to 27. The absurdity of this result 
shows that actually the disk cannot be rigid, and that in rotation it must necessarily undergo 
some complex deformation depending on the elastic properties of the material of the disk. 

The impossibility of the existence of rigid bodies can be demonstrated in another way. 
Suppose some solid body is set in motion by an external force acting at one of its points. If 
the body were rigid, all of its points would have to be set in motion at the same time as the 
point to which the force is applied; if this were not so the body would be deformed. 
However, the theory of relativity makes this impossible, since the force at the particular 
point is transmitted to the others with a finite velocity, so that all the points cannot begin 
moving simultaneously. 

From this discussion we can draw certain conclusions concerning the treatment of 
“elementary” particles, i.e. particles whose state we assume to be described completely by 
giving its three coordinates and the three components of its velocity as a whole. It is obvious 
that if an elementary particle had finite dimensions, i.e. if it were extended in space, it could 
not be deformable, since the concept of deformability is related to the possibility of independent 
motion of individual parts of the body. But, as we have seen, the theory of relativity shows 
that it is impossible for absolutely rigid bodies to exist. 

Thus we come to the conclusion that in classical (non-quantum) relativistic mechanics, we 
cannot ascribe finite dimensions to particles which we regard as elementary. In other words, 
within the framework of classical theory elementary particles must be treated as points. 


§ 16. Four-potential of a field 


For a particle moving in a given electromagnetic field, the action is made up of two parts: 
the action (8.1) for the free particle, and a term describing the interaction of the particle with 
the field. The latter term must contain quantities characterizing the particle and quantities 
characterizing the field. 

It turns out} that the properties of a particle with respect to interaction with the electro- 
magnetic field are determined by a single parameter—the charge e of the particle, which can 
be either positive or negative (or equal to zero). The properties of the field are characterized 
by a four-vector A;, the four-potential, whose components are functions of the coordinates 
and time. These quantities appear in the action function in the term 


+ Quantum mechanics makes a fundamental change in this situation, but here again relativity theory 
makes it extremely difficult to introduce anything other than point interactions. 

{ The assertions which follow should be regarded as being, to a certain extent, the consequence of 
experimental data. The form of the action for a particle in an electromagnetic field cannot be fixed on the 
basis of general considerations alone (such as, for example, the requirement of relativistic invariance). The 
latter would permit the occurrence in formula (16.1) of terms of the form | A ds, where A is a scalar function. 

To avoid any misunderstanding, we repeat that we are considering classical (and not quantum) theory. 
and therefore do not include effects which are related to the spins of particles. 
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b 
e ; 
= Í A;dx', 
£ a 


where the functions A; are taken at points on the world line of the particle. The factor 1/c has 
been introduced for convenience. It should be pointed out that, so long as we have no 
formulas relating the charge or the potentials with already known quantities, the units for 
measuring these new quantities can be chosen arbitrarily. + 

Thus the action function for a charge in an electromagnetic field has the form 


b n 
S= Í (-mcas -£ Ads’ } (16.1) 


The three space components of the four-vector A‘ form a three-dimensional vector A 
called the vector potential of the field. The time component is called the scalar potential; we 
denote it by A° = ¢. Thus 


A! = (@, A). (16.2) 


Therefore the action integral can be written in the form 
b 
S= Í (-mcas + < A-dr-—- egat } 


Introducing dr/dt = v, and changing to an integration over t, 


t2 
s= f (~ne? h- rga v-ep)ar (16.3) 


The integrand is just the Lagrangian for a charge in an electromagnetic field: 


L=- me? 1-5 +EA v-e. (16.4) 


This function differs from the Lagrangian for a free particle (8.2) by the terms (e/c) A+ v — 
e@, which describe the interaction of the charge with the field. 

The derivative OL/ov is the generalized momentum of the particle; we denote it by P. 
Carrying out the differentiation, we find 


P=- + fA=p+ ĆA. (16.5) 


Here we have denoted by p the ordinary momentum of the particle, which we shall refer to 
simply as its momentum. 

From the Lagrangian we can find the Hamiltonian function for a particle in a field from 
the general formula 


+ Concerning the establishment of these units, see § 27. 
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OL 
KH =v: pm — L. 
Substituting (16.4), we get 
me? 


y2 
z 


However, the Hamiltonian must be expressed not in terms of the velocity, but rather in terms 
of the generalized momentum of the particle. 

From (16.5) and (16.6) it is clear that the relation between 7— e@ and P — (e/c)A is the 
same as the relation between .¥ and p in the absence of the field, i.e. 








ey 2 2 
(=) = mc? + (e-£a) i (16.7) 
C E 
or else 
2 
H= |mc* + ole oe = a) + ed. (16.8) 
For low velocities, i.e. for classical mechanics, the Lagrangian (16.4) goes over into 
mv? e 
Lo—y- +A y-o. (16.9) 


In this approximation 
e 
p=mv=P-7A, 


and we find the following expression for the Hamiltonian: 


2 
H = (e-a) + eg. (16.10) 


ght 
2m 

Finally we write the Hamilton-Jacobi equation for a particle in an electromagnetic field. 
It is obtained by replacing, in the equation for the Hamiltonian, P by oS/or, and # 
by —(0S/ot). Thus we get from (16.7) 


2 2 
(vs = ga) E E + e) + m?c? = 0. (16.11) 
c 


§ 17. Equations of motion of a charge in a field 


A charge located in a field not only is subjected to a force exerted by the field, but also in 
turn acts on the field, changing it. However, if the charge e is not large, the action of the 
_ charge on the field can be neglected. In this case, when considering the motion of the charge 
in a given field, we may assume that the field itself does not depend on the coordinates or 
the velocity of the charge. The precise conditions which the charge must fulfil in order to be 
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considered as small in the present sense, will be clarified later on (see § 75). In what follows 
we shall assume that this condition is fulfilled. 

So we must find the equations of motion of a charge in a given electromagnetic field. 
These equations are obtained by varying the action, i.e. they are given by the Lagrange 
equations 


#( 5] -2L (17.1) 


where L is given by formula (16.4). 
The derivative OL/ov is the generalized momentum of the particle (16.5). Further, we 
write 


OL e 
Op TVL g grad Av — e grad 9. 


But from a formula of vector analysis. 
grad (a - b) = (a- V)b + (b- V)a+ b x curl a + a x curl b, 


where a and b are two arbitrary vectors. Applying this formula to A - v, and remembering 
that differentiation with respect to r is carried out for constant v, we find 


oh -£(y.V)A+ Êv x curl A — e grad 6. 


So the Lagrange equation has the form: 
a £ala=ly- e z 
(p+ £a)= £0 V)A + ov x curl A e grad @. 


But the total differential (dA/dt) dt consists of two parts: the change (AA/orf) dt of the vector 
potential with time at a fixed point in space, and the change due to motion from one point 
in space to another at distance dr. This second part is equal to (dr - V)A. Thus 


dA OA 
ht = op tv WA. 


Substituting this in the previous equation, we find 


dp _e@ 9A 


a tpr E grad o+ É v x curl A. (17.2) 

This is the equation of motion of a particle in an electromagnetic field. On the left side 
stands the derivative of the particle’s momentum with respect to the time. Therefore the 
expression on the right of (17.2) is the force exerted on the charge in an electromagnetic 
field. We see that this force consists of two parts. The first part (first and second terms on 
the right side of 17.2) does not depend on the velocity of the particle. The second part (third 
term) depends on the velocity, being proportional to the velocity and perpendicular to it. 

The force of the first type, per unit charge, is called the electric field intensity; we denote 
it by E. So by definition, 
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E = — ——— - grad @. (17.3) 


The factor of w/c in the force of the second type, per unit charge, is called the magnetic 
field intensity. We designate it by H. So by definition, 


H = curl A. (17.4) 


If in an electromagnetic field, E + 0 but H = 0, then we speak of an electric field; if E = 
0 but H + 0, then the field is said to be magnetic. In general, the electromagnetic field is a 
superposition of electric and magnetic fields. 

We note that E is a polar vector while H is an axial vector. 

The equation of motion of a charge in an electromagnetic field can now be written as 


P ks SVB. (17.5) 
The expression on the right is called the Lorentz force. The first term (the force which the 
electric field exerts on the charge) does not depend on the velocity of the charge, and is 
along the direction of E. The second part (the force exerted by the magnetic field on the 
charge) is proportional to the velocity of the charge and is directed perpendicular to the 
velocity and to the magnetic field H. 

For velocities small compared with the velocity of light, the momentum p is approximately 
equal to its classical expression mv, and the equation of motion (17.5) becomes 


dv _ e 
mg =eE+ —vxH, (17.6) 


Next we derive the equation for the rate of change of the kinetic energy of the particlet 
with time, i.e. the derivative 





dt dt v 
l--7 
c 
It is easy to check that 
déin _ y dp 
d — dt 


Substituting dp/dt from (17.5) and noting that v x H - v = 0, we have 


din 


dt =eE-v. (17.7) 





The rate of change of the kinetic energy is the work done by the field on the particle per 
unit time. From (17.7) we see that this work is equal to the product of the velocity by the 
force which the electric field exerts on the charge. The work done by the field during a time 
dt, i.e. during a displacement of the charge by dr, is clearly equal to eE - dr. 


+ By “kinetic” we mean the energy (9.4), which includes the rest energy. 
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We emphasize the fact that work is done on the charge only by the electric field; the 
magnetic field does no work on a charge moving in it. This is connected with the fact that 
the force which the magnetic field exerts on a charge is always perpendicular to the velocity 
of the charge. 

The equations of mechanics are invariant with respect to a change in sign of the time, that 
is, with respect to interchange of future and past. In other words, in mechanics the two time 
directions are equivalent. This means that if a certain motion is possible according to the 
equations of mechanics, then the reverse motion is also possible, in which the system passes 
through the same states in reverse order. 

It is easy to see that this is also valid for the electromagnetic field in the theory of 
relativity. In this case, however, in addition to changing f into — t, we must reverse the sign 
of the magnetic field. In fact it is easy to see that the equations of motion (17.5) are not 
altered if we make the changes 


to-t EOE, H->-H. (17.8) 


According to (17.3) and (17.4), this does not change the scalar potential, while the vector 
potential changes sign: 


¢>¢, A>-A. (17.9) 


Thus, if a certain motion is possible in an electromagnetic field, then the reversed motion 
is possible in a field in which the direction of H is reversed. 


PROBLEM 


Express the acceleration of a particle in terms of its velocity and the electric and magnetic field intensities. 


Solution: Substitute in the equation of motion (17.5) p = V &\,/c’, and take the expression for d &,;,/dt 
from (17.7). As a result, we get 


vat h-i fesivxn- bvo: b}. 
m c 


§ 18. Gauge invariance 


Let us consider to what extent the potentials are uniquely determined. First of all we call 
attention to the fact that the field is characterized by the effect which it produces on the 
motion of a charge located in it. But in the equation of motion (17.5) there appear not the 
potentials, but the field intensities E and H. Therefore two fields are physically identical if 
they are characterized by the same vectors E and H. 

If we are given potentials A and @¢, then these uniquely determine (according to (17.3) and 
(17.4)) the fields E and H. However, to one and the same field there can correspond different 
potentials. To show this, let us add to each component of the potential the quantity — dffax*, 
where fis an arbitrary function of the coordinates and the time. Then the potential A, goes 
over into 


o 
Aj =A; — 1. (18.1) 


As a result of this change there appears in the action integral (16.1) the additional term 
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ef gka (er) (18.2) 


c dx* 


which is a total differential and has no effect on the equations of motion. (See Mechanics, 
§ 2.) 

If in place of the four-potential we introduce the scalar and vector potentials, and in place 
of xi, the coordinates ct, x, y, z, then the four equations (18.1) can be written in the form 


Ponce eee (18.3) 

c ot 
It is easy to check that electric and magnetic fields determined from equations (17.3) and 
(17.4) actually do not change upon replacement of A and ¢ by A’ and ¢’, defined by (18.3). 
Thus the transformation of potentials (18.1) does not change the fields. The potentials are 
therefore not uniquely defined; the vector potential is determined to within the gradient of 
an arbitrary function, and the scalar potential to within the time derivative of the same 
function. 

In particular, we see that we can add an arbitrary constant vector to the vector potential, 
and an arbitrary constant to the scalar potential. This is also clear directly from the fact that 
the definitions of E and H contain only derivatives of A and @, and therefore the addition of 
constants to the latter does not affect the field intensities. 

Only those quantities have physical meaning which are invariant with respect to the 
transformation (18.3) of the potentials; in particular all equations must be invariant under 
this transformation. This invariance is called gauge invariance (in German, eichinvarianz).t 

This nonuniqueness of the potentials gives us the possibility of choosing them so that they 
fulfil one auxiliary condition chosen by us. We emphasize that we can set one condition, 
since we may choose the function f in (18.3) arbitrarily. In particular, it is always possible 
to choose the potentials so that the scalar potential @ is zero. If the vector potential is not 
zero, then it is not generally possible to make it zero, since the condition A = 0 represents 
three auxiliary conditions (for the three components of A). 


§ 19. Constant electromagnetic field 


By a constant electromagnetic field we mean a field which does not depend on the time. 
Clearly the potentials of a constant field can be chosen so that they are functions only of the 
coordinates and not of the time. A constant magnetic field is equal, as before, to H = curl A. 
A constant electric field is equal to 


E = — grad @. (19.1) 


Thus a constant electric field is determined only by the scalar potential and a constant 
magnetic field only by the vector potential. 

We saw in the preceding section that the potentials are not uniquely determined. However, 
it is easy to convince oneself that if we describe the constant electromagnetic field in terms 
of potentials which do not depend on the time, then we can add to the scalar potential, 
without changing the fields, only an arbitrary constant (not depending on either the coordinates 


+ We emphasize that this is related to the assumed constancy of e in (18.2). Thus the gauge invariance 
of the equations of electrodynamics (see below) and the conservation of charge are closely related to one 
another. 
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or the time). Usually @ is subjected to the additional requirement that it has a definite value 
at some particular point in space; most frequently ¢ is chosen to be zero at infinity. Thus the 
arbitrary constant previously mentioned is determined, and the scalar potential of the constant 
field is thus determined uniquely. 

On the other hand, just as before, the vector potential is not uniquely determined even for 
the constant electromagnetic field; namely, we can add to it the gradient of an arbitrary 
function of the coordinates. 

We now determine the energy of a charge in a constant electromagnetic field. If the field 
is constant, then the Lagrangian for the charge also does not depend explicitly on the time. 
As we know, in this case the energy is conserved and coincides with the Hamiltonian. 

According to (16.6), we have 


= + eg. (19.2) 


Thus the presence of the field adds to the energy of the particle the term e@, the potential 
energy of the charge in the field. We note the important fact that the energy depends only on 
the scalar and not on the vector potential. This means that the magnetic field does not affect 
the energy of the charge. Only the electric field can change the energy of the particle. 
This is related to the fact that the magnetic field, unlike the electric field, does no work on 
the charge. 

If the field intensities are the same at all points in space, then the field is said to be 
uniform. The scalar potential of a uniform electric field can be expressed in terms of the 
field intensity as 


g=-E-r. (19.3) 
In fact, since E = const, V(E- r) = (E- V) r=E 
The vector potential of a uniform magnetic field can be expressed in terms of its field 
intensity as : 
A=sHxr. (19.4) 
In fact, recalling that H = const, we obtain with the aid of well- known formulas of vector 
analysis: 
curl (H x r) = H div r — (H - V)r = 2H 
(noting that div r = 3). 
The vector potential of a uniform magnetic field can also be chosen in the form 
A=- Hy, A,=A,=0 (19.5) 


(the z axis is along the direction of H). It is easily verified that with this choice for A we have 
H = curl A. In accordance with the transformation formulas (18.3), the potentials (19.4) and 
(19.5) differ from one another by the gradient of some function: formula (19.5) is obtained 
from (19.4) by adding Vf, where f = — xyH/2. 


PROBLEM 


Give the variational principle for the trajectory of a particle (Maupertuis’ principle) in a constant 
electromagnetic field in relativistic mechanics. 
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Solution: Maupertuis’ principle consists in the statement that if the energy of a particle is conserved 
(motion in a constant field), then its trajectory can be determined from the variational equation 


6 Í P-dr=0, 
where P is the generalized momentum of the particle, expressed in terms of the energy and the coordinate 


differentials, and the integral is taken along the trajectory of the particle.t Substituting P = p + (e/c)A and 
noting that the directions of p and dr coincide, we have 


af (pas £A- dr) =0, 


where dl = dr? is the element of arc. Determining p from 


7 2 
pP? + m?c? = (52) : 


c 





we obtain finally 





2 
af Ee mitas Ene} =0. 
C Cc 


§ 20. Motion in a constant uniform electric field 


Let us consider the motion of a charge e in a uniform constant electric field E. We take the 
direction of the field as the X axis. The motion will obviously proceed in a plane, which we 
choose as the XY plane. Then the equations of motion (17.5) become 


px, =eE, py = 0 
(where the dot denotes differentiation with respect to t), so that 
Px =eEt, Py = Po- (20.1) 


The time reference point has been chosen at the moment when p, = 0; po is the momentum 
of the particle at that moment. 
The kinetic energy of the particle (the energy omitting the potential energy in the field) is 


# kin = C4 m?c? + p°. Substituting (20.1), we find in our case 





Sin = im?c4 +c? po + (ceEt) = Je + (ceEt)* , (20.2) 


where % is the energy at t = 0. 
According to (9.8) the velocity of the particle is v = pc’/e in. For the velocity Vy =x we 
have therefore 


dx _ p,e? T c?eEt 


dt kin J + (ceEt)? 





Integrating, we find 


l + See Mechanics, § 44. 
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1 


PT of 


#2 + (ceEt)?. (20.3) 


The constant of integration we set equal to zero.t 
For determining y, we have 








dy _ pyc? Poc? 
dt è Sin Je + (ceEt)? 
from which 
_ Poc „f ceEt 
y= F sinh ( A } (20.4) 


We obtain the equation of the trajectory by expressing t in terms of y from (20.4) and 
substituting in (20.3). This gives: 


_ & eE, 
x= CE cosh Doe’ (20.5) 


Thus in a uniform electric field a charge moves along a catenary curve. 
If the velocity of the particle is v << c, then we can set Po = MVo, €o = mc’, and expand 
(20.5) in series in powers of 1/c. Then we get, to within terms of higher order, 





x= y? + const, 


eE 
amv 
that is, the charge moves along a parabola, a result well known from classical mechanics. 


§ 21. Motion in a constant uniform magnetic field 


We now consider the motion of a charge e in a uniform magnetic field H. We choose the 
direction of the field as the Z axis. We rewrite the equation of motion 


- _@ 
==vx 
PSY H 
in another form, by substituting for the momentum, from (9.8), 
_ av 
=<, 


where is the energy of the particle, which is constant in the magnetic field. The equation 
of motion then goes over into the form 


č dv_e 
2 de ere (21.1) 
or, expressed in terms of components, 
Vy, =@Vy, Vv, =-ov,, Vv, =0, (21.2) 


t This result (for pp = 0) coincides with the solution of the problem of relativistic motion with constant 
“proper acceleration“ wo = eE/m (see the problem in § 7). For the present case, the constancy of the 
acceleration is related to the fact that the electric field does not change for Lorentz transformations having 
velocities V along the direction of the field (see § 24). 
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where we have introduced the notation 


gels (21.3) 


& 
We multiply the second equation of (21.2) by i, and add it to the first: 


L(y, + iv,) = — i@(V, + iv, ), 


so that 


: -iat 
v+ iv, = ae", 


where a is a complex constant. This can be written in the form a = Voe*~ where Vo, and a 


are real. Then 


+ — y ilar +0) 
Vz + İV, = Voe 


and, separating real and imaginary parts, we find 
V, = Vo; COS (Ot + @), Vy = — Vo, Sin (@t + a). (21.4) 
The constants Von and œŒ are determined by the initial conditions; œ is the initial phase, and 
as for Von from (21.4) it is clear that 
Vor = Vy + v, 


that is, Vo,, is the velocity of the particle in the XY plane, and stays constant throughout the 


motion. 
From (21.4) we find, integrating once more, 


x= xo + r sin (@t + @), y= yo + r cos (at + Q), (21.5) 
where 


Vor Vor & Pr f (21.6) 


(p, is the projection of the momentum on the XY plane). From the third equation of (21.2), 
we find v, = Vo, and 


Z = Zo + Voz. (21.7) 


From (21.5) and (21.7), it is clear that the charge moves in a uniform magnetic field along 
a helix having its axis along the direction of the magnetic field and with a radius r given by 
(21.6). The velocity of the particle is constant. In the special case where Voz = 0, that is, the 
charge has no velocity component along the field, it moves along a circle in the plane 
perpendicular to the field. 

The quantity @, as we see from the formulas, is the angular frequency of rotation of the 
particle in the plane perpendicular to the field. 

If the velocity of the particle is low, then we can approximately set = mc?. Then the 
frequency @ is changed to 


mc 
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We shall now assume that the magnetic field remains uniform but varies slowly in magnitude 
and direction. Let us see how the motion of a charged particle changes in this case. 

We know that when the conditions of the motion are changed slowly, certain quantities 
called adiabatic invariants remain constant. Since the motion in the plane perpendicular to 
the magnetic field is periodic, the adiabatic invariant is the integral 


a : 
ix bp, dr, 


taken over a complete period of the motion, i.e. over the circumference of a circle in the 
present case (P, is the projection of the generalized momentum on the plane perpendicular 
to Ht). Substituting P, = p, + (e/c) A, we have: 


ss Als dra L : e . 
1z} GP, a=} fp, dra xf fa dr. 


In the first term we note that p, is constant in magnitude and directed along dr; we apply 
Stokes’ theorem to the second term and write curl A = H:* 


2 
I= rp, - Hr = afte. (21.9) 





From this we see that, for slow variation of H, the tangential momentum P; Varies proportionally 
to VH. 

This result can also be applied to another case, when the particle moves along a helical 
path in a magnetic field that is not strictly homogeneous (so that the field varies little over 
distances comparable with the radius and step of the helix). Such a motion can be considered 
as a motion in a circular orbit that shifts in the course of time, while relative to the orbit the 
field appears to change in time but remain uniform. One can then state that the component 
of the momentum transverse to the direction of the field varies accordin g tothe law: p, = VCH, 
where C is a constant and H is a given function of the coordinates. On the other hand, just 
as for the motion in any constant magnetic field, the energy of the particle (and consequently 
the square of its momentum p°) remains constant. Therefore the longitudinal component of 
the momentum varies according to the formula: 


Pi =P? - p? = p* — CH(x, y, z). (21.10) 


Since we should always have p? > 0, we see that penetration of the particle into regions 
of sufficiently high field (CH > p°) is impossible. During motion in the direction of increasing 
field, the radius of the helical trajectory decreases proportionally to p,/H (i.e. proportionally 


t See Mechanics, § 49. In general the integrals f p dq, taken over a period of the particular coordinate 
q, are adiabatic invariants. In the present case the periods for the two coordinates in the plane perpendicular 
to H coincide, and the integral J which we have written is the sum of the two corresponding adiabatic in- 
variants. However, each of these invariants individually has no special significance, since it depends on the 
(non-unique) choice of the vector potential of the field. The nonuniqueness of the adiabatic invariants 
which results from this is a reflection of the fact that, when we regard the magnetic field as uniform over 
all of space, we cannot in principle determine the electric field which results from changes in H, since it will 
actually depend on the specific conditions at infinity. 

*By inspecting the direction of motion of a charge along the orbit for a given direction of H, we observe 
that it is counterclockwise if we look along H. Hence the negative sign in the second term. 
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to 1/V H), and the step proportionally to p;. On reaching the boundary where p; vanishes, 
the particle is reflected; while continuing to rotate in the same direction it begins to move 
opposite to the gradient of the field. 

Inhomogeneity of the field also leads to another phenomenon—a slow transverse shift 
(drift) of the guiding centre of the helical trajectory of the particle (the name given to the 
centre of the circular orbit); problem 3 of the next section deals with this question. 


PROBLEM 


Determine the frequency of vibration of a charged spatial oscillator, placed in a constant, uniform 
magnetic field; the proper frequency of vibration of the oscillator (in the absence of the field) is @p. 


Solution: The equations of forced vibration of the oscillator in a magnetic field (directed along the z axis) 
are: 


= 2,_¢H. « 2, @H. n oe 
X+ OXE TY; Y + 00 = p Z + œz =0. 
Multiplying the second equation by i and combining with the first, we find 
.. ar E „eH . 
rot-i EG, 


where ¢= x + iy. From this we find that the frequency of vibration of the oscillator in a plane perpendicular 
to the field is 


If the field H is weak, this formula goes over into 
@ = @) + eH/2mc. 


The vibration along the direction of the field remains unchanged. 


§ 22. Motion of a charge in constant uniform electric and magnetic fields 


Finally we consider the motion of a charge in the case where there are present both electric 
and magnetic fields, constant and uniform. We limit ourselves to the case where the velocity 
of the charge v << c, so that its momentum p = mv; as we shall see later, it is necessary for 
this that the electric field be small compared to the magnetic. 

We choose the direction of H as the Z axis, and the plane passing through H and E as the 
YZ plane. Then the equation of motion 

. e 
mv = eE + a xH 
can be written in the form 
mł = É jH, my = eE, - ÉàHh, mz = eE,. (22.1) 


From the third equation we see that the charge moves with uniform acceleration in the Z 
direction, that 1s, . 


eE 
z= meet + Vozt. : (22.2) 
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Multiplying the second equation of (22.1) by i and combining with the first, we find 
d,- xe > A ne 
dent iy) + i@(x+ iy) =i n E, 
(œ = eH/mc). The integral of this equation, where x + iy is considered as the unknown, is 
equal to the sum of the integral of the same equation without the right-hand term and a 


particular integral of the equation with the right-hand term. The first of these is ae“, the 
- second is eE,/m@ = cE,/H. Thus 


—iot + cE, : 





x+iy=ae 


The constant a is in general complex. Writing it in the form a = be™, with real b and a, we 
see that since a is multiplied by e!™, we can, by a suitable choice of the time origin, give 
the phase @ any arbitrary value. We choose this so that a is real. Then breaking up x + iy 
into real and imaginary parts, we find 


cE, 
H > 





X =a cos @t + y =— asin at. (22.3) 


At t = 0 the velocity is along the X axis. 
We see that the components of the velocity of the particle are periodic functions of the 
time. Their average values are: 


This average velocity of motion of a charge in crossed electric and magnetic fields is often 
called the electrical drift velocity. Its direction is perpendicular to both fields and independent 
of the sign of the charge. It can be written in vector form as: 


cE XH 
H? ` 
All the formulas of this section assume that the velocity of the particle is small compared 
with the velocity of light; we see that for this to be so, it is necessary in particular that the 
electric and magnetic fields satisfy the condition 





(22.4) 


v= 


E, 
H << 1, (22.5) 


while the absolute magnitudes of E, and H can be arbitrary. 
Integrating equation (22.3) again, and choosing the constant of integration so that at t = 0, 
x = y= 0, we obtain 


x= sin ot + at y= £¢os øt — 1). (22.6) 
w H”’ w i 
Considered as parametric equations of a curve, these equations define a trochoid. Depending 
on whether a is larger or smaller in absolute value than the quantity cE,/H, the projection 
of the trajectory on the plane XY has the forms shown in Figs. 6a and 6b, respectively. 
If a = — cE,/H, then (22.6) becomes 


cE, . 
x = —> (æt — sin at), 
oH ) 
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BEN 22.7 
y= sy — cos @t) (22.7) 


that is, the projection of the trajectory on the XY plane is a cycloid (Fig. 6c). 


y 
a 
x 
y 
b 
x 
y 
c 
x 
Fic. 6. 
PROBLEMS 


1. Determine the relativistic motion of a charge in parallel uniform electric and magnetic fields. 


Solution: The magnetic field has no influence on the motion along the common direction of E and H (the 
z axis), which therefore occurs under the influence of the electric field alone; therefore according to § 20 
we find: 


Ekin 


z= T han = ff? + (ceEt)? . 


For the motion in the xy plane we have the equation 





py =$ Hy, by =- É Hv, 
or 
d J _ eH ; ieHc g 
gi (Ps + Py) = i € (v + iv, )=—- Fain (Px + ipy). 
Consequently 


Px + ipy= pie”, 
where p, is the constant value of the projection of the momentum on the xy plane, and the auxiliary quantity 


¢ is defined by the relation 


dt 


dg = eHc Fan’ 
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from which 
_% «1 E 
ct= cE sinh H 9. 


Furthermore we have: 














Px + ipy =p,e x + iý) = 
so that 
-Pe ee ogs 
x=-H sing, y= cH cos @. 
Formulas (1), (2) together with the formula 
Zo E 
t= cosh = AY 


dg 


eH d(x + iy) 
©. do” 


§ 22 


(1) 


(2) 


(3) 


determine the motion of the particle in parametric form. The trajectory is a helix with radius cp,/eH and 
monotonically increasing step, along which the particle moves with decreasing angular velocity ġ= 
eHcle&j, and with a velocity along the z axis which tends toward the value c. 


2. Determine the relativistic motion of a charge in electric and magnetic fields which are mutually 


perpendicular and equal in magnitude. 


Solution: Choosing the z axis along H and the y axis along E and setting E = H, we write the equations 


of motion: 





From these equations we have: 
P,=const, & kin- cp, = const = 


Also using the equation 


Shin ~ C7 Px = vin + CPx) kin — CPx) = c? 


(where £? = mc‘ + c? p? = const), we find: 


1 
Z kin +cp, = a PS +€7), 
and so 
a pP +e? 
Skin = + “Fg 
a, ČP te 
Px =- ag 20c 





p? +E 


2 


+ The problem of motion in mutually perpendicular fields E and H which are not equal in magnitude can, 
by a suitable transformation of the reference system, be reduced to the problem of motion in a pure electric 


or a pure magnetic field (see § 25). 
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Furthermore, we write 





€ kin si = c(t vin Vs } = CE yin — CPx) = CEG, 
from which 
2eEt = ( + gp + Ezr. à (1) 
To determine the trajectory, we make a transformation of variables in the equations 
dx _ p, 
dt Ein 


to the variable p, by using the relation dt = jndp,/eEa, after which integration gives the formulas: 


POEA EE a E 
r= 355 eE ot Serb (2) 


2 2 
oo ED _ PC 
Y= FaeEPy? >> eka PY 





Formulas (1) and (2) completely determine the motion of the particle in parametric form (parameter p,). We 
call attention to the fact that the velocity increases most rapidly in the direction perpendicular to E and H 
(the x axis). 


3. Determine the velocity of drift of the guiding centre of the orbit of a nonrelativistic charged particle 
in a quasihomogeneous magnetic field (H. Alfven, 1940). 


_ Solution: We assume first that the particle is moving in a circular orbit, i.e. its velocity has no longitudinal 

component (along the field). We write the equation of the trajectory in the form r = R(t) + C(t), where R(t) 
is the radius vector of the guiding centre (a slowly varying function of the time), while C(t) is a rapidly 
oscillating quantity describing the rotational motion about the guiding centre. We average the force 
(elc) t x H(r) acting on the particle over a period of the oscillatory (circular) motion (compare Mechanics, 
§ 30). We expand the function H(r) in this expression in powers of E: 


Hír) = H(R) + (¢ - V)H(R). 


On averaging, the terms of first order in ¢(t) vanish, while the second-degree terms give rise to an additional 
force 


r=£ éx(¢- V)H. 


For a circular orbit 





f= ofxn, C= o 


where n is a unit vector along H; the frequency @ = eH/mc; v; is the velocity of the particle in its circular 
motion. The average values of products of components of the vector ¢, rotating in a plane (the plane 
perpendicular to n), are: 


Ca% B= 26 Sop > 
where dag is the unit tensor in this plane. As a result we find: 


mvt 
2H 





f=-—+(nx V) xH. 
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Because of the equations div H = 0 and curl H = 0 which the constant field H(R) satisfies, we have: 
(n x V) x H=-ndivH+(n-V)H+nx(VxH) = (n - V)H = H(n - V)n + n(n - VA). 


We are interested in the force transverse to n, giving rise to a shift of the orbit; it is equal to 








where p is the radius of curvature of the force line of the field at the given point, and v is a unit vector 
directed from the centre of curvature to this point. 

The case where the particle also has a longitudinal velocity vı (along n) reduces to the previous case if 
we go over to a reference frame which is rotating about the instantaneous centre of curvature of the force 
line (which is the trajectory of the guiding centre) with angular velocity w/p. In this reference system the 
particle has no longitudinal velocity, but there is an additional transverse force, the centrifugal force 


mv-/p. Thus the total transverse force is 
AP 


yv 
fe 7G F 4) 


This force is equivalent to a constant electric field of strength f,/e. According to (22.4) it causes a drift 
of the guiding center of the orbit with a velocity 


chee a 


The sign of this velocity depends on the sign of the charge. 


§ 23. The electromagnetic field tensor 


In § 17, we derived the equation of motion of a charge in a field, starting from the 
Lagrangian (16.4) written in three-dimensional form. We now derive the same equation 
directly from the action (16.1) written in four-dimensional notation. 

The principle of least action states 


b 
5S = af (-me ds ~ £ Ads J = 0. (23.1) 


Noting that ds = ./dx,;dx', we find (the limits of integration a and b are omitted for 
brevity): 


ds 


We integrate the first two terms in the integrand by parts. Also, in the first term we set dx;/ 
ds = u;, where u; are the components of the four-velocity. Then 


ôS = — Í (ma + ŹA:dôx' + aax) =0. 


Í (meau oxi + = ôx’ dA; — = 6A; ax‘) - (men + ŽA; Jex | =0. (23.2) 


The second term in this equation is zero, since the integral is varied with fixed coordinate 
values at the limits. Furthermore: 
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and therefore 


Í (medus + £ oA Balas! = eon ax'bs' ) = 0. 


In the first term we write du; = (du,/ds) ds, in the second and third, dx = u'ds. In addition, 
in the third term we interchange the indices i and k (this changes nothing since the indices 
i and k are summed over). Then 


du; e| dA, OA; ) , ies 
fe- 3-34} ôx ds = 0. 


du; € OA; Je. 





We now introduce the notion 





OA, OA; (23.3) 


The antisymmetric tensor Fx. is called the electromagnetic field tensor. The equation of 
motion then takes the form: 


dui E% e ik 
megg = ae Ux. (23.4) 
- These are the equations of motion of a charge in four-dimensional form. 
The meaning of the individual components of the tensor F; is easily seen by substituting 
the values A; = (@, — A) in the definition (23.3). The result can be written as a matrix in which 


the index i = 0, 1, 2, 3 labels the rows, and the index k the columns: 


0 E, E, E, 0 -E, -E, -E, 
-E, 0 -H H E, 0 -H 
Fy = j oe fs i |. (23.5) 
-E, H, 0 -H, E, H, 0 -H, 
-E, -H, H, 0 E, -H, H, 0 


More briefly, we can write (see § 6): 
Fy, = Œ, H), F* = (œŒ, H). 


Thus the components of the electric and magnetic field strengths are components of the 
same electromagnetic field four-tensor. 

Changing to three-dimensional notation, it is easy to verify that the three space components 
(i= 1, 2, 3) of (23.4) are identical with the vector equation of motion (17.5), while the time 
component (i = 0) gives the work equation (17.7). The latter is a consequence of the 
equations of motion; the fact that only three of the four equations are independent can also 
easily be found directly by multiplying both sides of (23.4) by u'. Then the left side of the 
equation vanishes because of the orthogonality of the four-vectors u and dujds, while the 
right side vanishes because of the antisymmetry of Fix. 
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If we admit only possible trajectories when we vary S, the first term in (23.2) vanishes 
identically. Then the second term, in which the upper limit is considered as variable, gives 
the differential of the action as a function of the coordinates. Thus 


S=- (men + a A, Jax". (23.6) 
Then 
os e e 
-xi = mcu; + chi = pi + T Åi- , (23.7) 


The four-vector — 5S/dx' is the four-vector P; of the generalized momentum of the particle. 


Substituting the values of the components p; and A;, we find that 


pi = pes p+ ea) (23.8) 


As expected, the space components of the four-vector form the three-dimensional generalized 
momentum vector (16.5), while the time component is ¢/c, where is the total energy of the 
charge in the field. 


§ 24. Lorentz transformation of the field 


In this section we find the transformation formulas for fields, that is, formulas by means 
of which we can determine the field in one inertial system of reference, knowing the same 
field in another system. 

The formulas for transformation of the potentials are obtained directly from the general 
formulas for transformation of four-vectors (6.1). Remembering that A’ = (@, A), we get 
easily ° 


Q+ Ya Aa Yg 
= = A, = Al. (24.1) 


g= > A, y 5 Ays z z 
2 2 . 
d- 1- 
c c 


The transformation formulas for an antisymmetric second-rank tensor (like F*) were 
found in problem 2 of § 6: the components F”? and F” do not change, while the components 
F”, F”, and F'?, F? transform like x? and x!, respectively. Expressing the components of 
F* in terms of the components of the fields E and H, according to (23.5), we then find the 
following formulas of transformation for the electric field: 


E+ Va E: -XW 
, C Cc 
E, = EZ, E, = ——“<—,, E, = ——“<_,, (24.2) 
y2 y? 
1-4 [2 
Cc c 
and for the magnetic field: 
aE H; -X E; 
H, = K, H, = ~, H, = ——“—_, (24.3) 
y2? E y? 
1- 1- 
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Thus the electric and magnetic fields, like the majority of physical quantities, are relative; 
that is, their properties are different in different reference systems. In particular, the electric 
~ or the magnetic field can be equal to zero in one reference system and at the same time be 
present in another system. 

The formulas (24.2), (24.3) simplify considerably for the case V << c. To terms of order 
Vic, we have: 


E, = El, Ey = E; + “Hi, E, = E; - YH; 
H, =H}, H, =H; - VE, H, 5H; + XE; 
These formulas can be written in vector form 
E=E'+1H'xV,H=H -1E xV. (24.4) 


The formulas for the inverse transformation from K’ to K are obtained directly from 
(24.2)-(24.4) by changing the sign of V and shifting the prime. 

If the magnetic field H’ = 0 in the K’ system, then, as we easily verify on the basis of (24.2) 
and (24.3), the following relation exists between the electric and magnetic fields in the K 
system: 


=1VxE. (24.5) 
If in the K’ system, E’ = 0, then in the K system 
E=-1VxH. (24.6) 


Consequently, in both cases, in the K system the magnetic and electric fields are mutually 
perpendicular. 

These formulas also have a significance when used in the reverse direction: if the fields 
E and H are mutually perpendicular (but not equal in magnitude) in some reference system 
K, then there exists a reference system K’ in which the field is pure electric or pure magnetic. 
The velocity V of this system (relative to K) is perpendicular to E and H and equal in 
magnitude to cH/E in the first case (where we must have H < E) and to cE/H in the second 
case (where E < H). 


§ 25. Invariants of the field 


From the electric and magnetic field intensities we can form invariant quantities, which 
remain unchanged in the transition from one inertial reference system to another. 

The form of these invariants is easily found starting from the four-dimensional representation 
of the field using the antisymmetric four-tensor F*. It is obvious that we can form the 
following invariant quantities from the components of this tensor: 


F,,F* = inv, (25.1) 
eF pF im = inv, (25.2) 


where e'" is the completely antisymmetric unit tensor of the fourth rank (cf. § 6). The first 
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quantity is a scalar, while the second is a pseudoscalar (the product of the tensor F* with its 
dual tensor. 

Expressing F in terms of the components of E and H using (23.5), it is easily shown that, 
in three-dimensional form, these invariants have the form: 


H? — F = inv, (25.3) 
E- H = inv. (25.4) 


The pseudoscalar character of the second of these is here apparent from the fact that it is the 
product of the polar vector E with the axial vector H (whereas its square (E - H)’ is a true 
scalar). 

From the invariance of the two expressions presented, we get the following theorems. If 
the electric and magnetic fields are mutually perpendicular in any reference system, that is, 
E - H = 0, then they are also perpendicular in every other inertial reference system. If the 
absolute values of E and H are equal to each other in any reference system, then they are the 
same in any other system. 

The following inequalities are also clearly valid. If in any reference system E > H (or H 
> E), then in every other system we will have E > H (or H > E). If in any system of reference 
the vectors E and H make an acute (or obtuse) angle, then they will make an acute (or 
obtuse) angle in every other reference system. 

By means of a Lorentz transformation we can always give E and H any arbitrary values, 
subject only to the condition that £? — H? and E - H have fixed values. In particular, we can 
always find an inertial system in which the electric and magnetic fields are parallel to each 
other at a given point. In this system E - H = EH, and from the two equations 


E? — R? = E? - H, EH = Ep -Ho. 


we can find the values of E and H in this system of reference (Eg and Hy are the electric and 
magnetic fields in the original system of reference). 

The case where both invariants are zero is excluded. In this case, E and H are equal and 
mutually perpendicular in all reference systems. 

If E - H = 0, then we can always find a reference system in which E = 0 or H = 0 
(according as E? — H? < or > 0), that is, the field is purely magnetic or purely electric. 
Conversely, if in any reference system E = 0 or H = 0, then they are mutually perpendicular 
in every other system, in accordance with the statement at the end of the preceding section. 

We shall give still another approach to the problem of finding the invariants of an 
antisymmetric four-tensor. From this method we shall, in particular, see that (25.3)(25.4) 
are actually the only two independent invariants and at the same time we will explain some 
instructive mathematical properties of the Lorentz transformations when applied to such a 
four-tensor. 

Let us consider the complex vector 


F=E+ iH. (25.5) 


+ We also note that the pseudoscalar (25.2) can also be expressed as a four-divergence: 


ax ox! 


as can be easily verified by using the antisymmetry of e 


em Fy Fy = 432, (etma 2 An } 
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Using formulas (24.2)-(24.3), it is easy to see that a Lorentz transformation (along the x 
axis) for this vector has the form 


F, = Fy, F, = F, cosh @ — iF; sinh ¢ = Fý cos if — FY sin ig. 
F, = Ficos ip + Fi sin ig, tanh =~. (25.6) 


We see that a rotation in the x, t plane in four-space (which is what this Lorentz transformation 
is) for the vector F is equivalent to a rotation in the y, z plane through an imaginary angle 
in three-dimensional space. The set of all possible rotations in four-space (including also the 
simple rotations around the x, y, and z axes) is equivalent to the set of all possible rotations, 
through complex angles in three-dimensional space (where the six angles of rotation in four- 
space correspond to the three complex angles of rotation of the three-dimensional system). 

The only invariant of a vector with respect to rotation is its square: Fo = EF? - H+ 
2i E - H; thus the real quantities £? — H? and E - H are the only two independent invariants 
of the tensor Fix. 

If F? + 0, the vector F can be written as F = an, where n is a complex unit vector (n? = 
1). By a suitable complex rotation we can point n along one of the coordinate axes; it is clear 
that then n becomes real and determines the directions of the two vectors E and H: F = (E 
+ iH)n; in other words we get the result that E and H become parallel to one another. 


PROBLEM 


Determine the velocity of the system of reference in which the electric and magnetic fields are parallel. 


Solution: Systems of reference K’, satisfying the required condition, exist in infinite numbers. If we have 
found one such, then the same property will be had by any other system moving relative to the first with 
its velocity directed along the common direction of E and H. Therefore it is sufficient to find one of these 
systems which has a velocity perpendicular to both fields. Choosing the direction of the velocity as the x 
axis, and making use of the fact that in K’: EZ = H; = 0, EjH!- EZHy =0, we obtain with the aid of 
formulas (24.2) and (24.3) for the velocity V of the K’ system relative to the original system the following 
equation: ; 





(we must choose that root of the quadratic equation for which V < c). 


CHAPTER 4 


THE ELECTROMAGNETIC FIELD EQUATIONS 


§ 26. The first pair of Maxwell’s equations 


From the expressions 


H=culA, E= a — grad ọ 
it is easy to obtain equations containing only E and H. To do this we find curl E: 
curl E = — } 2 curl A — curl grad @. 
c ot 
But the curl of any gradient is zero. Consequently, 
cute = - 1H (26.1) 


Taking the divergence of both sides of the equation curl A = H, and recalling that div curl 
= 0, we find 


div H = 0. (26.2) 


The equations (26.1) and (26.2) are called the first pair of Maxwell’s equations.} We note 
that these two equations still do not completely determine the properties of the fields. This 
is clear from the fact that they determine the change of the magnetic field with time (the 
derivative JH/of), but do not determine the derivative JE/ot. 

Equations (26.1) and (26.2) can be written in integral form. According to Gauss’theorem 


| sivitav = $ n-ar, 


where the integral on the right goes over the entire closed surface surrounding the volume 
over which the integral on the left is extended. On the basis of (26.2), we have 


d H -df =0. _ (6.3) 


+ Maxwell’s equations (the fundamental equations of electrodynamics) were first formulated by him in 
the 1860's. 
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The integral of a vector over a surface is called the flux of the vector through the surface. 
Thus the flux of the magnetic field through every closed surface is zero. 
According to Stokes’ theorem, 


[eute-at=  E-a 


where the integral on the right is taken over the closed contour bounding the surface over 
which the left side is integrated. From (26.1) we find, integrating both sides for any surface, 


.da=-12 |u. 
fE a=-l2 fu df. (26.4) 


The integral of a vector over a closed contour is called the circulation of the vector around 
the contour. The circulation of the electric field is also called the electromotive force in the 
given contour. Thus the electromotive force in any contour is equal to minus the time 
derivative of the magnetic flux through a surface bounded by this contour. 

The Maxwell equations (26.1) and (26.2) can be expressed in four-dimensional notation. 
Using the definition of the electromagnetic field tensor 


Fik = OAJox! bors DAI, 
it is easy to verify that 


Fn , Fu, OF 
dx! — ax! — xk 
The expression on the left is a tensor of third rank, which is antisymmetric in all three 
indices. The only components which are not identically zero are those with į + k + l. Thus 
there are altogether four different equations which we can easily show [by substituting from 
(23.5)] coincide with equations (26.1) and (26.2). 
We can construct the four-vector which is dual to this antisymmetric four-tensor of rank 
three by multiplying the tensor by e™!" and contracting on three pairs of indices (see § 6). 
Thus (26.5) can be written in the form 


= 0. (26.5) 





eik OF mn 
ax* 


which shows explicitly that there are only four independent equations. 


= 0, (26.6) 


§ 27. The action function of the electromagnetic field 


The action function S for the whole system, consisting of an electromagnetic field as well 
as the particles located in it, must consist of three parts: 


S = Spt Sm + Smp (27.1) 


where S, is that part of the action which depends only on the properties of the particles, that 
is, just the action for free particles. For a single free particle, it is given by (8.1). If there are 
several particles, then their total action is the sum of the actions for each of the individual 
particles. Thus, 


Sn =- Lume J ds. (27.2) 
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The quantity S, is that part of the action which depends on the interaction between the 
particles and the field. According to § 16, we have for a system of particles: 


=-_yeé k s 
Sm =- ZS Í A, dx. (27.3) 


In each term of this sum, A, is the potential of the field at that point of specetime at which 
the corresponding particle is located. The sum S,, + Sf 18 already familiar to us as the action 
(36.1) for charges in a field. 

Finally Spis that part of the action which depends only on the properties of the field itself, 
that is, Sis the action for a field in the absence of charges. Up to now, because we were 
interested only in the motion of charges in a given electromagnetic field, the quantity Sp 
which does not depend on the particles, did not concern us, since this term cannot affect the 
motion of the particles. Nevertheless this term is necessary when we want to find equations 
determining the field itself. This corresponds to the fact that from the parts S,, + Smp of the 
action we found only two equations for the field, (26.1) and (26.2), which are not yet 
sufficient for complete determination of the field. 

To establish the form of the action S; for the field, we start from the following very 
important property of electromagnetic fields. As experiment shows, the electromagnetic 
field satisfies the so-called principle of superposition. This principle consists in the statement 
that the field produced by a system of charges is the result of a simple composition of the 
fields produced by each of the particles individually. This means that the resultant field 
intensity at each point is equal to the vector sum of the individual field intensities at that 
point. 

Every solution of the field equations gives a field that can exist in nature. According to the 
principle of superposition, the sum of any such fields must be a field that can exist in nature, 
that is, must satisfy the field equations. 

As is well known, linear differential equations have just this property, that the sum of any 
solutions is also a solution. Consequently the field equations must be linear differential 
equations. 

From the discussion, it follows that under the integral sign for the action Sp there must 
stand an expression quadratic in the field. Only in this case will the field equations be linear; 
the field equations are obtained by varying the action, and in the variation the degree of the 
expression under the integral sign decreases by unity. 

The potentials cannot enter into the expression for the action Sp since they are not uniquely 
determined (in S,,~ this lack of uniqueness was not important). Therefore Sp must be the 
integral of some function of the electromagnetic field tensor F ik- But the action must be a 
scalar and must therefore be the integral of some scalar. The only such quantity is the 
product FiF*.+ 


+ The function in the integrand of Sp must not include derivatives of F,, since the Lagrangian can contain, 
aside from the coordinates, only their first time derivatives. The role of “coordinates” (i.e., parameters to 
be varied in the principle of least action) is in this case played by the field potential A,; this is analogous 
to the situation in mechanics where the Lagrangian of a mechanical system contains only the coordinates 
of the particles and their first time derivatives. 

As for the quantity e” FF Im ($ 25), as pointed out in the footnote on p. 68, it is a complete four- 
divergence, so that adding it to the integrand in Sp would have no effect on the “equations of motion”. It is 
interesting that this quantity is already excluded from the action for a reason independent of the fact that it 
is a pseudoscalar and not a true scalar. 
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Thus Sp must have the form: 
Sp =a ff F, F*dVdt, dV = dx dy dz, 


where the integral extends over all of space and the time between two given moments; a is 
some constant. Under the integral stands F,F* = 2(H? — E*). The field E contains the 
derivative QA/dt; but it is easy to see that (OA/of)* must appear in the action with the positive 
sign (and therefore F? must have a positive sign). For if (OA/Oty’ appeared in S,with a minus 
sign, then sufficiently rapid change of the potential with time (in the time interval under 
consideration) could always make Sp a negative quantity with arbitrarily large absolute 
value. Consequently Sp could not have a minimum, as is required by the principle of least 
action. Thus, a must be negative. 

The numerical value of a depends on the choice of units for measurement of the field. We 
note that after the choice of a definite value for a and for the units of measurement of field, 
the units for measurement of all other electromagnetic quantities are determined. 

From now on we shall use the Gaussian system of units; in this system a is a dimensionless 
quantity, equal to —(1/167).t 

Thus the action for the field has the form 


___ dt ` pik = 
S; =- Tez | ur dQ, dQ = c dt dx dy dz. (27.4) 


In three-dimensional form: 
S; =- | (E? - H? )dvdt. (27.5) 
f 8r , 
In other words, the Lagrangian for the field is 
sN, 2 _ p2 
Ly = Bn Í (E4 — H^ )dV. (27.6) 
The action for field plus particles has the form 
=a = e k_l ` pik 
S= zÍ meds — È f fax l6ne J Si F“ dQ. (27.7) 
We emphasize that now the charges are not assumed to be small, as in the derivation of the 
equation of motion of a charge in a given field. Therefore A, and Fx refer to the actual field, 


that is, the external field plus the field produced by the particles themselves; A, and Fi, now 
depend on the positions and velocities of the charges. 


§ 28. The four-dimensional current vector 


Instead of treating charges as points, for mathematical convenience we frequently consider 
them to be distributed continuously in space. Then we can introduce the “charge density” © 


+ In addition to the Gaussian system, one also uses the Heaviside system, in which a= -t. In this 
system of units the field equations have a more convenient form (47 does not appear) but on the other hand, 
7 appears in the Coulomb law. Conversely, in the Gaussian system the field equations contain 47, but the 
Coulomb law has a simple form. 
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such that @dV is the charge contained in the volume dV. The density © is in general a 
function of the coordinates and the time. The integral of @ over a certain volume is the 
charge contained in that volume. 

Here we must remember that charges are actually pointlike, so that the density @ is zero 
everywhere except at points where the point charges are located, and the integral J edV must 
be equal to the sum of the charges contained in the given volume. Therefore @ can be 
expressed with the help of the &function in the following formt: 


E =È e,ô(r - r4) (28.1) 


where the sum goes over all the charges and r, is the radius vector of the charge e,. 

The charge on a particle is, from its very definition, an invariant quantity, that is, it does 
not depend on the choice of reference system. On the other hand, the density @ is not 
generally an invariant—only the product @dV is invariant. 

Multiplying the equality de = @dV on both sides with dx: 


dx' 
dt ` 





de dx' = @dVdx' = edVdt 


+ The & function 5(x) is defined as follows: &(x) = 0, for all nonzero values of x; for x = 0, &0) = ©, in 
such a way that the integral 


J 5(x)dx = 1. © 0 
From this definition there result the following properties: if f(x) is any continuous function, then 
+o 
J ra-ara, (I) 
and in particular, 
J rose dx = £(0). (I) 


—0©0 


(The limits of integration, it is understood, need not be + co; the range of integration can be arbitrary, 
provided it includes the point at which the &function does not vanish.) 

The meaning of the following equalities is that the left and right sides give the same result when 
introduced as factors under an integral sign: 


5(-x) = 5(x),  5(ax) = 8o). -o V) 
The last equality is a special case of the more general relation 
= l za: 

SHON = E gO a) (V) 
where $(x) is a single-valued function (whose inverse need not be single-valued) and the a; are the roots of 
the equation ¢(x) = 0. 

Just as &x) was defined for one variable x, we Can introduce a three-dimensional 6-function, &r), equal 


to zero everywhere except at the origin of the three-dimensional coordinate system, and whose integral 
overall space is unity. As such a function we can clearly use the product &x) Ay) &z). 
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On the left stands a four-vector (since de is a scalar and dx isa four-vector). This means that 
the right side must be a four-vector. But dV dt is a scalar, and so o(dx'Idt) is a four-vector. 
This vector (we denote it by j') is called the current four-vector: 


ï = ot (28.2) 
The space components of this vector form the current density vector, 
j= ev, (28.3) 
where v is the velocity of the charge at the given point. The time component of the four- 
vector (28.2) is co. Thus 
= (c@, j). (28.4) 


The total charge present in all of space is equal to the integral J edV over all space. We can 
write this integral in four-dimensional form: 


Í eav=1Í jpav=Lf y dS,, (28.5) 


where the integral is taken over the entire four-dimensional hyperplane perpendicular to the 
x axis (clearly this integration means integration over the whole three-dimensional space). 


Generally, the integral 
1f ;i 
z f j'dsS; 


` over an arbitrary hypersurface is the sum of the charges whose world lines pass through this 
surface. 

Let us introduce the current four-vector into the expression (27.7) for the action and 
transform the second term in that expression. Introducing in place of the point charges e a 
continuous distribution of charge with density @, we must write this term as 


"i 1f oA,dx’dV, 


replacing the sum over the charges by an integral over the whole volume. Rewriting in the 
form 


-1f ot A, ;dVdt, 


we see that this term is equal to 


1 si 


c 
Thus the action S takes the form 

1 
167%c 


s--2f mc ds — — + | A; j'dQ — J Fy F* dQ. (28.6) 
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§ 29. The equation of continuity 


The change with time of the charge contained in a certain volume is determined by the 


derivative 
o 
2 Í odv. 


On the other hand, the change in unit time, say, is determined by the quantity of charge 
which in unit time leaves the volume and goes to the outside or, conversely, passes to its 
interior. The quantity of charge which passes in unit time through the element df of the 
surface bounding our volume is equal to @v - df, where v is the velocity of the charge at the 
point in space where the element df is located. The vector df is directed, as always, along the 
external normal to the surface, that is, along the normal toward the outside of the volume 
under consideration. Therefore @v - df is positive if charge leaves the volume, and negative 
if charge enters the volume. The total amount of charge leaving the given volume per unit 
time is consequently $ @v - df, where the integral extends over the whole of the closed 
surface bounding the volume. 

From the equality of these two expressions, we get 


af dV = -$ Ov - df. (29.1) 


The minus sign appears on the right, since the left side is positive if the total charge in the 
given volume increases. The equation (29.1) is the so-called equation of continuity, expressing 
the conservation of charge in integral form. Noting that @v is the current density, we can 
rewrite (29.1) in the form 


x f edV =- d j- dt. (29.2) 
ot 
We also write this equation in differential form. To do this we apply Gauss’ theorem to 
(29.2): 
fi at= | divjav. 
and we find 


Since this must hold for integration over an arbitrary volume, the integrand must be zero: 


nee 0 
divj+ Se =0. (29.3) 
This is the equation of continuity in differential form. 
It is easy to check that the expression (28.1) for @ in 6-function form automatically 
satisfies the equation (29.3). For simplicity we assume that we have altogether only one 
charge, so that 


@ = ed(r — ro). 
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The current j is then 


j= ev &T - ro), 


where v is the velocity of the charge. We determine the derivative 0e/ot. During the motion 
of the charge its coordinates change, that is, the vector ro changes. Therefore 


de 90. Pr: 
ot or oat 
But Or,/ot is just the velocity v of the charge. Furthermore, since @ is a function of r — ro, 
2e _ 
Oro or 
Consequently 
2e = — v- grad @ = -div (v) 


(the velocity v of the charge of course does not depend on r). Thus we arrive at the equation 
(29.3). 

Itis easily verified that, in four-dimensional form, the continuity equation (29.3) is expressed 
by the statement that the four-divergence of the current four-vector is zero: 


— =0. (29.4) 


ox' 
In the preceding section we saw that the total charge present in all of space can be written 
as 
1 a 
1f j'ds; 


where the integration is extended over the hyperplane x? = const. At each moment of time, 
the total charge is given by such an integral taken over a different hyperplane perpendicular 
to the x° axis. It is easy to verify that the equation (29.4) actually leads to conservation of 
charge, that is, to the result that the integral j'dS; is the same no matter what hyperplane xX 
= const we integrate over. The difference between the integrals J jidS; taken over two such 
hyperplanes can be written in the form § j‘dS;, where the integral is taken over the whole 
closed hypersurface surrounding the four-volume between the two hyperplanes under 
consideration (this integral differs from the required integral because of the presence of the 
integral over the infinitely distant “sides” of the hypersurface which, however, drop out, 
since there are no charges at infinity). Using Gauss’ theorem (6.15) we can transform this to 
an integral over the four-volume between the two hyperplanes and verify that 





. oj’ 
d jids, = | aQ =0. (29.5) 
ox' 

The proof presented clearly remains valid also for any two integrals J jidS;,, in which the 
integration is extended over any two infinite hypersurfaces (and not just the hyperplanes x° 
= const) which each contain all of three-dimensional space. From this it follows that the 
integral 
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ld a 
al J'ds; 


is actually identical in value (and equal to the total charge in space) no matter over what such 
hypersurface the integration is taken. 

We have already mentioned (see the footnote on p. 53) the close connection between the 
gauge invariance of the equations of electrodynamics and the law of conservation of charge. 
Let us show this once again using the expression for the action in the form (28.6). On 
replacing A; by A; —(of/ox'), the integral 


p2 

J Jx i 
is added to the second term in this expression. It is precisely the conservation of charge, as 
expressed in the continuity equation (29.4), that enables us to write the integrand as a four- 
divergence 0(fj')/Ox', after which, using Gauss’ theorem, the integral over the four-volume 
is transformed into an integral over the bounding hypersurface; on varying the action, these 
integrals drop out and thus have no effect on the equations on motion. 





dQ 


§ 30. The second pair of Maxwell equations 


In finding the field equations with the aid of the principle of least action we must assume 
the motion of the charges to be given and vary only the potentials (which serve as the 
“coordinates” of the system); on the other hand, to find the equations of motion we assumed 
the field to be given and varied the trajectory of the particle. 

Therefore the variation of the first term in (28.6) is zero, and in the second we must not 
vary the current j'. Thus, 


ôs=-f 2 Aft ji6A; + LFF, han =o. 
cle! 


(where we have used the fact that F“6F, = F;,6F*). Substituting Fz = = Arl QÀ — AA; 0x* we 
have 


fap oi ik o SORS OS ik oo , 
5S = pale JSA + der, 6A, — hp 0 6, bao 


In the second term we interchange the indices i and k, over which the expressions are 
summed, and in addition replace F* by —F*. Then we obtain 


pe 1 si 6 ole tk o . 
58 = ee 5A, = gePt Oo, salao 


The second of these integrals we integrate by parts, that is, we apply Gauss’ theorem: 





= el 1 ji 1 oF" ay e ik 
ôS = f l J’ + Tr ae 6A;dQ — F"6A,dS, |. (30.1) 
In the second term we must insert the values at the limits of integration. The limits for the 
coordinates are at infinity, where the field is zero. At the limits of the time integration, that 
is, at the given initial and final time values, the variation of the potentials is zero, since in 
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accord with the principle of least action the potentials are given at these times. Thus the 
second term in (30.1) is zero, and we find 


ik 
f (2 jie AE Joao =0. 


C 4n ox* 


Since according to the principle of least action, the variations ôA; are arbitrary, the coefficients 
of the 6A; must be set equal to zero: 





soe (30.2) 


Let us express these four (i = 0, 1, 2, 3) equations in three-dimensional form. For i = 1: 





I. Op ee 6 Ok ne 





OF" oF”? oF 1 oF _ AR 51 


Substituting the values for the components of F*, we find 





dH, OHy _19E, _ 4a, 


This together with the two succeeding equations (i = 2, 3) can be written as one vector 
equation: 


J ON Se 
curl H = arte j. (30.3) 
Finally, the fourth equation (i = 0) gives 
div E = 470. (30.4) 


Equations (30.3) and (30.4) are the second pair of Maxwell equations.t Together with the 
first pair of Maxwell equations they completely determine the electromagnetic field, and are 
the fundamental equations of the theory of such fields, i.e. of electrodynamics. 

Let us write these equations in integral form. Integrating (30.4) over a volume and applying 
Gauss’ theorem 


f div E dV = d E - df, 
we get 

f E- df= an | edV. (30.5) 
Thus the flux of the electric field through a closed surface is equal to 47 times the total 


charge contained in the volume bounded by the surface. 
Integrating (30.3) over an open surface and applying Stokes’ theorem 


+ The Maxwell equations in a form applicable to point charges in the electromagnetic field in vacuum 
were formulated by H. A. Lorentz. 
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fonna- fna, 


we find 
-12 feg Si. 
$u d=——. E- df+ L fi df. (30.6) 

The quantity 

1 OE 

aroi eee) 
is called the “displacement current’. From (30.6) written in the form 

4n . 1 OE 


we see that the circulation of the magnetic field around any contour is equal to 47/c times 
the sum of the true current and displacement current passing through a surface bounded by 
this contour. 

From the Maxwell equations we can obtain the already familiar continuity equation (29.3). 
Taking the divergence of both sides of (30.3), we find 

div curl H = 12 div E + "m div j. 
cot c 

But div curl H = 0 and div E = 47@, according to (30.4). Thus we arrive once more at 
equation (29.3). In four-dimensional form, from (30.2), we have: 


are an aj 
Oxtax® Oxi” 
But when the operator o°/dx'Ax*, which is symmetric in the indices i and k, is applied to the 


antisymmetric tensor F*, it gives zero identically and we arrive at the continuity equation 
(29.4) expressed in four-dimensional form. 





§ 31. Energy density and energy flux 


Let us multiply both sides of (30.3) by E and both sides of (26.1) by H and combine the 
resultant equations. Then we get 


1, OE 1 OH 4n. 
cE g +H aes eo E -(H - curl E — E - curl H). 


Using the well-known formula of vector analysis, 
div (a x b) = b - curl a — a - curl b, 
we rewrite this relation in the form 


d2 


4n 
2 2) eB ai 
2c 3, E +H*)= j- E -div(E x H) 
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or 

2 2 
gfe) =—j-E-divS. 61.1) 
The vector 


S=“ExH (31.2) 


is called the Poynting vector. 
We integrate (31.1) over a volume and apply Gauss’ theorem to the second term on the 
right. Then we obtain 


2 | Bet av=- fj Eav- s-a. i (31.3) 


If the integral extends over all space, then the surface integral vanishes (the field is zero 
at infinity). Furthermore, we can express the integral J j - EdV as a sum È ev - E over all the 
charges, and substitute from (17.7): 


d 
ev E=- “kn. 


Then (31.3) becomes 


- 2 2 
alf Eg av E Hin} =0. (31.4) 


Thus for the closed system consisting of the electromagnetic field and particles present in 
it, the quantity in brackets in this equation is conserved. The second term in this expression 
is the kinetic energy (including the rest energy of all the particles; see the footnote on p. 51), 
the first term is consequently the energy of the field itself. We can therefore call the quantity 


_ E? +H? 
W= Br (31.5) 
the energy density of the electromagnetic field; it is the energy per unit volume of the field. 
If we integrate over any finite volume, then the surface integral in (31.3) generally does 
not vanish, so that we can write the equation in the form 


2f E tH ays Etan} GS: af, (31.6) 


where now the second term in the brackets is summed only over the particles present in the 
volume under consideration. On the left stands the change in the total energy of field and 
particles per unit time. Therefore the integral f S - df must be interpreted as the flux of field 
energy across the surface bounding the given volume, so that the Poynting vector S is this 
flux density—the amount of field energy passing through unit area of the surface in unit 
time.f 


+ We assume that at the given moment there are no charges on the surface itself. If this were not the case, 
then on the right we would have to include the energy flux transported by particles passing through the 
surface. i 
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§ 32. The energy-momentum tensor 


In the preceding section we derived an expression for the energy of the electromagnetic 
field. Now we derive this expression, together with one for the field momentum, in four- 
dimensional form. In doing this we shall for simplicity consider for the present an 
electromagnetic field without charges. Having in mind later applications (to the gravitational 
field), and also to simplify the calculation, we present the derivation in a general form, not 
specializing the nature of the system. So we consider any system whose action integral has 


the form 
oq 
S= | A| g, — 
J l ox’ 


where A is some function of the quantities q, describing the state of the system, and of their 
first derivatives with respect to coordinates and time (for the electromagnetic field the 
components of the four-potential are the quantities q); for brevity we write here only one of 
the q’s. We note that the space integral J A dV is the Lagrangian of the system, so that A can 
be considered as the Lagrangian “density”. The mathematical expression of the fact that the 
system is Closed is the absence of any explicit dependence of A on the x’, similarly to the 
situation for a closed system in mechanics, where the Lagrangian does not depend explicitly 
on the time. 

The “equations of motion” (i.e. the field equations, if we are dealing with some field) are 
obtained in accordance with the principle of least action by varying S. We have (for brevity 
we write q,; = dq/dx'), 


5S = al (Shea Jpn bt Jaa 





Java = 1f AdQ, . (32.1) 





“eJ (3q ðq 
MEES EA Og \ 5 oan A 
3 Al E eae Ae a) o T, ho-o 


The second term in the integrand, after transformation by Gauss’ theorem, vanishes upon 
integration over all space, and we then find the following “equations of motion”: 


i Olie OA i) (32.2) 


(it is, of course, understood that we sum over any repeated index). 
The remainder of the derivation is similar to the procedure in mechanics for deriving the 
conservation of energy. Namely, we write: 
OA _ OA ðq 2 ON dq, 


Əxi ðq ax' dq, Oxi” 
Substituting (32.2) and noting that q i = q ik we find 


ON 0 (OA), OA A OA 
axi ax* | Oqy 4 Og, ax*  ðx* a Og. J 














On the other hand, we can write 
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OA = ak oA 
ox! t axt? 
so that, introducing the notation 
OA 
TF = qi T. — 6FA, (32.3) 
we can express the relation in the form 
. ork 
nF = (32.4) 


We note that if there is not one but several quantities g, then in place of (32.3) we must 
write 


Tk = q\? LA: 
i „i 7 
i PAO 


But in § 29 we saw that an equation of the form ĝA*/@x* = 0, i.e. the vanishing of the four- 
divergence of a vector, is equivalent to the statement that the integral J A*dS, of the vector 
over a hypersurface which contains all of three-dimensional space is conserved. It is clear 
that an analogous result holds for the divergence of a tensor; the equation (32.4) asserts that 
the vector P! = const J T* dS, is conserved. 

This vector must be identified with the four-vector of momentum of the system. We 
choose the constant factor in front of the integral so that, in accord with our previous 
definition, the time component P° is equal to the energy of the system multiplied by I/c. To 
do this we note that 


- OFA. (32.5) 


P? = const Í T°* dS, = const Í T™dV 
if the integration is extended over the hyperplane x° = const. On the other hand, according 
to (32.3), 


Comparing with the usual formulas relating the energy and the Lagrangian, we see that 
this quantity must be considered as the energy density of the system, and therefore f T”aV 
is the total energy of the system. Thus we must set const = 1/c, and we get finally for the 
four-momentum of the system the expression 

P = tf T*dS,. (32.6) 
The tensor T* is called the energy-momentum tensor of the system. 


It is necessary to point out that the definition of the tensor 7“ is not unique. In fact, if ta 
is defined by (32.3), then any other tensor of the form 


THs 2, y”, y” = — y” (32.7) 


84 THE ELECTROMAGNETIC FIELD EQUATIONS § 32 


will also satisfy equation (32.4), since we have identically 0? y""/Ax*dx! = 0. The total four- 
momentum of the system does not change, since according to (6.17) we can write 


ikl ikl ikl 
oy dS; = al (as, ow z dS; oy i) = Al yw dfas 
X x 


where the integration on the right side of the equation is extended over the (ordinary) surface 
which “bounds” the hypersurface over which the integration on the left is taken. This 
surface is clearly located at infinity in the three-dimensional space, and since neither field 
nor particles are present at infinity this integral is zero. Thus the four-momentum of the 
system is, as it must be, a uniquely determined quantity. To define the tensor T* uniquely we 
can use the requirement that the four-tensor of angular momentum (see § 14) of the system 
be expressed in terms of the four-momentum by 











M* = Í (xidP* — x*dP') = 1 Í ('T® —x*T")dS;, (32.8) 


that is its “density” is expressed in terms of the “density” of momentum by the usual 
formula. 

It is easy to determine what conditions the energy-momentum tensor must satisfy in order 
that this be valid. We note that the law of conservation of angular momentum can be 
expressed, as we already know, by setting equal to zero the divergence of the expression 
under the integral sign in M*. Thus 


ga T" - x*T")=0. (32.9) 


Noting that dx‘/x! = 5} and that OT"/dx' = 0, we find from this 
6jT" — fT” =T" -T* =0 
or 
T* = T*, (32.10) 


that is, the energy-momentum tensor must be symmetric. 

We note that 7“, defined by formula (32.5), is generally speaking not symmetric, but can 
be made so by ipndcanation (32.7) with suitable y/“’. Later on (§ 94) we shall see that there 
is a direct method for obtaining a symmetric tensor T*. 

As we mentioned above, if we carry out the integration in (32.6) over the hyperplane x? 
= const., then P’ takes on the form 


pi= 1f Tay, (32.11) 


where the integration extends over the whole (three-dimensional) space. The space components 
of P' form the three-dimensional momentum vector of the system and the time component 
is its energy multiplied by 1/c. Thus the vector with components 

lro 1 1 
c c c 


T2 ; T3? 


may be called the “momentum density”, and the quantity 
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w=T” 
the “energy density”. 


To clarify the meaning of the remaining components of T*, we separate the conservation 
equation (32.4) into space and time parts: 


10T® ƏT% 18T TP 
za a eee a Ps 


We integrate these equations over a volume V in space. From the first equation 

















10 f 70 je = 
PET T™dV + 338 dV=0 


or, transforming the second integral by Gauss’ theorem, 
2f T®dV =- c$ T df, (32.13) 


where the integral on the right is taken over the surface surrounding the volume V (df, df, 
df, are the components of the three-vector of the surface element df). The expression on the 
left is the rate of change of the energy contained in the volume V; from this it is clear that 
the expression on the right is the amount of energy transferred across the boundary of the 
volume V, and the vector S with components 


cT’! cT™, cT3 


is its flux density—the amount of energy passing through unit surface in unit time. Thus we 
arrive at the important conclusion that the requirements of relativistic invariance, as expressed 
by the tensor character of the quantities T*, automatically lead to a definite connection 
between the energy flux and the momentum density: the energy flux density is equal to the 
momentum density multiplied by c’. 

From the second equation in (32.12) we find similarly: 


ot Jc 


On the left is the change of the momentum of the system in volume V per unit time, therefore 
$ T® dfg is the momentum emerging from the volume V per unit time. Thus the components 
T® of the energy-momentum tensor constitute the three-dimensional tensor of momentum 
flux density; we denote it by —Oap, where Ogg is the stress tensor. The energy flux density 
is a vector; the density of flux of momentum, which is itself a vector, must obviously be a 
tensor (the component Tag of this tensor is the amount of the œ-component of the momentum 
passing per unit time through unit surface perpendicular to the xP axis). 

We give a table indicating the meanings of the individual components of the energy- 
momentum tensor: 


2 Í 1700 ay = -$ TP fy. (32.14) 


W Sle Sle S 


(32.15) 
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§ 33. Energy-momentum tensor of the electromagnetic field 


We now apply the general relations obtained in the previous section to the electromagnetic 
field. For the electromagnetic field, the quantity standing under the integral sign in (32.1) is 
equal, according to (27.4), to 


A= req Fuk". 


The quantities q are the components of the four-potential of the field, A}, so that the definition 
(32.5) of the tensor T becomes 





OA OA 
TK =L ——_ _ 6F a. 
i oxi 2 ðA; L ; 
ox* 


To calculate the derivatives of A which appear here, we find the variation 6A. We have 


__l puşp ~ 1 pul gA  sOAk 





or, interchanging indices and making use of the fact that Fy = — Fy, 








a=- rus, 
ax* 
From this we see that 
2A __ A pu 
2 OA; 4n 
ax* 
and therefore 
bs 1 A, 


2 ul gk im 
i An oxi Fe + 167 6; Fim F > 


or, for the contravariant components: 


1 ðA! k 1 


Fr + 1678 


k_ 1 
= 4n ox; ! 


ik Fin Fi. 


But this tensor is not symmetric. To symmetrize it we add the quantity 


According to the field equation (30.2) in the absence of charges, OF; /ox, = 0, and therefore 


1 ðA k_1 ð il 
An Ox, Ant Ay (A F ), 


so that the change made in T* is of the form (32.7) and is admissible. Since 0A'/dx; — 


§ 33 ENERGY-MOMENTUM TENSOR OF THE ELECTROMAGNETIC FIELD 87 


dA'/dx, = F", we get finally the following expression for the energy-momentum tensor of the 
electromagnetic field: 


Tk = hhor + tg” Fim F'™ ) (33.1) 
This tensor is obviously symmetric. In addition it has the property that 


Ti =0, (33 2) 


i.e. the sum of its diagonal terms is zero. 

Let us express the components of the tensor T* in terms of the electric and magnetic field 
intensities. By using the values (23.5) for the components F*, we easily verify that the 
quantity T° coincides with the energy density (31.5), while the components cT°® are the 
same as the components of the Poynting vector (31.2). The space components T?’ form a 
three-dimensional tensor with components 


-0x = <—(E2 + E? — E? + H? + B? - Hz), 


ub 
87 
~Oy = -F (EE, +H,H,), 


etc., or 


Cap = Lh E,E, + Ha Hpg - tông (E? + r», (33.3) 
This tensor is called the Maxwell strees tensor. 

To bring the tensor T; to diagonal form, we must transform to a reference system in which 
the vectors E and H (at the given point in space and moment in time) are parallel to one 
another or where one of them is equal to zero; as we know (§ 25), such a transformation is 
always possible except when E and H are mutually perpendicular and equal in magnitude. 
It is easy to see that after the transformation the only non-zero components of 7* will be 


T® =-T! =T? =T”=W 


(the x axis has been taken along the direction of the field). 
But if the vectors E and H are mutually perpendicular and equal in magnitude, the tensor 
T* cannot be brought to diagonal form.t The non-zero components in this case are 


TV =T =T! =W 


(where the x axis is taken along the direction of E and the y axis along H). 

Up to now we have considered fields in the absence of charges. When charged particles 
are present, the energy-momentum tensor of the whole system is the sum of the energy- 
momentum tensors for the electromagnetic field and for the particles, where in the latter the 
particles are assumed not to interact with one another. 

To determine the form of the energy-momentum tensor of the particles we must describe 
their mass distribution in space by using a “mass density” in the same way as we describe 


+ The fact that the reduction of the symmetric tensor T* to principal axes may be impossible is related 
to the fact that the four-space is pseudo-euclidean. (See also the problem in § 94.) 
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a distribution of point charges in terms of their density. Analogously to formula (28.1) for 
the charge density, we can write the mass density in the form 


w= lm, 60-4), (33.4) 


where r, are the radius-vectors of the particles, and the summation extends over all the 
particles of the system. 

The “four-momentum density” of the particles is given by ucu;. We know that this density 
is the component 7°%/c of the energy-momentum tensor, i.e. T” = uc?u(a = 1, 2, 3). But 
the mass density is the time component of the four-vector Lc(dx"/dt) (in analogy to the 
charge density; see § 28). Therefore the energy-momentum tensor of the system of non- 
interacting particles is 


dx’ dx* > ds 
ik _ re ee be Ke 
T* = pc ds dp THCY Y at (33.5) 


As expected, this tensor is symmetric. 

We verify by a direct computation that the energy and momentum of the system, defined 
as the sum of the energies and momenta of field and particles, are actually conserved. In 
other words we shall verify the equation 


srs ky THK) =0, (33.6) 
k 


which expresses these conservation laws. 
Differentiating (33.1), we write 








aT; - 1/1 pm OFim — OF FH OF" y 
axt ~ 4n\2 ax! xk ~ axk “# 


Substituting from the Maxwell equations (26.5) and (30.2), 
OF _An a OFim _ OFr 4 OF; 

















Ox ec 4? Ot Ot Bye 
we have: 
TO 1 1 OF yi im 1 OF, Im OF, u At +] 
Oxk “AnD asl” Dam” — aye e J 


By permuting the indices, we easily show that the first three terms on the right cancel one 
another, and we arrive at the result: 


aru 1 +k f 
Ox, = ars Fyj . 2, 2 : (33.7) 





Differentiating the expression (33.5) for the energy-momentum tensor of the particles gives 


oTi ð í a) dx* Qu; 


Jx T" Oyk dt Cdt gx 
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The first term in this expression is zero because of the conservation of mass for non- 
interacting particles. In fact, the quantities L(dx*/dt) constitute the “mass current” four- 
vector, analogous to the charge current four-vector (28.2); the conservation of mass is 
expressed by equating to zero the divergence of this four-vector: 


ð dx* = 
5x (x Ta = 0, (33.8) 
just as the conservation of charge is expressed by equation (29.4). 


Thus we have: 


aT); dx* ðu; _ du; 
Merit” 








axt TA de a 
Next we use the equation of motion of the charges in the field, expressed in the four- 


dimensional form (23.4). 
du i 
ds 


Changing to continuous distributions of charge and mass, we have, from the definitions of 
the densities u and @: p/m = @/e. We can therefore write the equation of motion in the form 





e 
mc = F,u* . 


Gi = Sau! 
or 
du; 1 ds 1n. 
He a Fix @ uk el. 
Thus, 
OTP ; 
zr = Lr, jt (33.9) 


Combining this with (33.7), we find that we actually get zero, i.e. we arrive at equation (33.6). 


PROBLEM 
Find the law of transformation of the energy density, the energy flux density, and the components of the 
stress tensor under a Lorentz transformation. 


Solution: Suppose that the K’ coordinate system moves relative to the K system along the x axis with 
velocity V. Applying the formulas of problem 1, § 6 to the symmetric tensor T**, we find: 
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S, = 4 (5; - vo%,), 


lice 
c? 


r 


r 
Oy = Oy, Oz = OL, Oy = Ok, 


eee |g Vg 
Oy = Lzh% $5] 
q z 


and similar formulas for S, and O. 


§ 34. The virial theorem 


Since the sum of the diagonal terms of the energy-momentum tensor of the electromagnetic 
field is equal to zero, the sum 7;' for any system of interacting particles reduces to the trace 
of the energy-momentum tensor for the particles alone. Using (33.5), we therefore have: 


i i ; ds ds v2 
= (P); = ut — = _— = 2 -—_—. 
T; =T ucu;u Jr = HE qi = HE fl oa 


Let us rewrite this result, shifting to a summation over the particles, i.e. writing 4 as the sum 
(33.4). We then get finally: 


Tj = È m,e? |1 -H æ- r). (34.1) 


We note that, according to this formula, we have for every system: 
T} 20, i (34.2) 


where the equality sign holds only for the electromagnetic field without charges. 
Let us consider a closed system of charged particles carrying out a finite motion, in which 
all the quantities (coordinates, momenta) characterizing the system vary over finite ranges.t 
We average the equation 


1 3T% F oT 

c ot ðxß 
[see (32.11)] with respect to the time. The average of the derivative OT 7/94, like the average 
of the derivative of any bounded quantity, is zero. Therefore we get 








t Here we also assume that the electromagnetic field of the system goes to zero sufficiently rapidly at 
infinity. In specific cases this condition may require the neglect of radiation of electromagnetic waves by 
the system. 

F Let ft) be such a quantity. Then the average value of the derivative df/dt over a certain time interval T is 

T. 


ad l La DIO 
dt T f 





d T 
0 
Since f(t) varies only within finite limits, then as T increases without limit, the average value of dffdt clearly 
goes to zero. 
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ð TË =0. 


axb © 


We multiply this equation by x“ and integrate over all space. We transform the integral by 
Gauss’ theorem, keeping in mind that at infinity TË = 0, and so the surface integral vanishes: 





oT Ox” 75 -5 
a a -_ | “ 7B 2E a rB = 
f> gaS 5,8 Tg dV = f ogTZav=0, 
or finally, 
f T£ dV =0. (34.3) 


On the basis of this equality we can write for the integral of Ti = TE + Te: 
f Ti dV = Í TedV=%, 


where ¥is the total energy of the system. 
Finally, substituting (34.1) we get: 


¥= x mc? jl — (34.4) 


Sls 


This relation is the relativistic generalization of the virial theorem of classical mechanics. 
(See Mechanics, § 10.) For low velocities, it becomes 


Ma Va 
2 > 


that is, the total energy (minus the rest energy) is equal to the negative of the average value 
of the kinetic energy—in agreement with the result given by the classical virial theorem for 
a system of charged particles (interacting according to the Coulomb law). 

We must point out that our formulas have a quite formal character and need to be made 
more precise. The point is that the electromagnetic field energy contains terms that give an 
infinite contribution to the electromagnetic self-energy of point charges (see § 37). To give 
meaning to the corresponding expressions we should omit these terms, considering that the 
intrinsic electromagnetic energy is already included in the kinetic energy of the particle 
(9.4). This means that we should “renormalize” the energy making the replacement 








-Em =-d 


2 2 
oe -E[ a 
a 8 


in (34.4), where E, and H, are the fields produced by the a’th particle. Similarly in (34.3) 
we should make the replacement} 


EŻ + H2 


[ravo [reas a dV. 
a 87 


E2 + HZ Ma V2 


+ Note that without this change the expression -Í Te dV = Í Sx dV + x 


> is essentially 
1- vilc 


positive and cannot vanish. 
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§ 35. The energy-momentum tensor for macroscopic bodies 


In addition to the energy-momentum tensor for a system of point particles (33.5), we shall 
also need the expression for this tensor for macroscopic bodies which are treated as being 
continuous. 

The flux of momentum through the element df of the surface of the body is just the force 
acting on this surface element. Therefore —Oap dfg is the o-component of the force acting on 
the element. Now we introduce a reference system in which a given element of volume of 
the body is at rest. In such a reference system, Pascal’s law is valid, that is, the pressure p 
applied to a given portion of the body is transmitted equally in all directions and is every- 
where perpendicular to the surface on which it acts.t Therefore we can write Cap dfg = -Pdf œ 
so that the stress tensor is Oop =- Poop. As for the components 7°, which represent the 
momentum density, they are equal to zero for the given volume element in the reference 
system we are using. The component 7” is as always the energy density of the body, which 
we denote by g; £/c? is then the mass density of the body, i.e. the mass per unit volume. We 
emphasize that we are talking here about the unit “proper” volume, that is, the volume in the 
reference system in which the given portion of the body is at rest. 

Thus, in the reference system under consideration, the energy-momentum tensor (for the 
given portion of the body) has the form: 


0 0 

: Pp 0 
T* = 35.1 
0 0 (35.1) 


O ooon 
oa oo 


0 p 


Now it is easy to find the expression for the energy-momentum tensor in an arbitrary 
reference system. To do this we introduce the four-velocity u’ for the macroscopic motion of 
an element of volume of the body. In the rest frame of the particular element, wê = (1, 0). The 
expression for 7“ must be chosen so that in this reference system it takes on the form (35.1). 
It is easy to verify that this is 

T* = (p + Euiuk — pgit, (35.2) 
or, for the mixed components, 


Tk = (p + €)ujuk — pôt. 


This expression gives the energy-momentum tensor for a macroscopic body. The expressions 
for the energy density W, energy flow vector S and stress tensor Oop are: 


v 
var oa 
o E (35.3) 
c? c? 


t Strictly speaking, Pascal’s law is valid for liquids and gases. However, for solid bodies the maximum 
possible difference in the stress in different directions is negligible in comparison with the stresses which 
can play a role in the theory of relativity, so that its consideration is of no interest. 
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(Pp + €)VaV 
Oop = È ~ PO ap 
c? (1 = +] 
c2 


If the velocity vof the macroscopic motion is small compared with the velocity of light, then 
we have approximately: 


S=(p + &v. 


Since S/c? is the momentum density, we see that in this case the sum (p + €)/c’ plays the role 
of the mass density of the body. 

The expression for 7“ simplifies in the case where the velocities of all the particles 
making up the body are small compared with the velocity of light (the velocity of the 
macroscopic motion itself can be arbitrary). In this case we can neglect, in the energy 
density £, all terms small compared with the rest energy, that is, we can write Hoc” in place 
of £, where [py is the sum of the masses of the particles present in unit (proper) volume of 
the body (we emphasize that in the general case, Up must differ from the actual mass density 
élc’ of the body, which includes also the mass corresponding to the energy of microscopic 
motion of the particles in the body and the energy of their interactions). As for the pressure 
determined by the energy of microscopic motion of the molecules, in the case under 
consideration it is also clearly small compared with the rest energy Loc’. Thus we find 


T* = poc?u'uk. (35.4) 
From the expression (35.2), we get 
Tj = €- 3p. (35.5) 


The general property (34.2) of the energy-momentum tensor of an arbitrary system now 
shows that the following inequality is always valid for the pressure and density of a macroscopic 
body: 


. p<. (35.6) 

Let us compare the relation (35.5) with the general formula (34.1) which we saw was valid 

for an arbitrary system. Since we are at present considering a macroscopic body, the expression 
(34.1) must be averaged over all the values of r in unit volume. We obtain the result 


£- 3p = =m,c? ii = Ma: (35.7) 
a c 


(the summation extends over all particles in unit volume). 
The right side of this equation tends to zero in the ultrarelativistic limit, so in this limit the 
equation of state of matter is: ¢ 


€ ; 
p=% l (35.8) 
+ This limiting equation of state is obtained here assuming an electromagnetic interaction between the 


particles. We shall assume (when this is needed in Chapter 14) that it remains valid for the other possible 
interactions between particles, though there is at present no proof of this assumption. 
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We apply our formula to an ideal gas, which we assume to consist of identical particles. 
Since the particles of an ideal gas do not interact with one another, we can use formula 
(33.5) after averaging it. Thus for an ideal gas, 


dx' dst 
dt ds ° 





T* = nme 


where n is the number of particles in unit volume and the dash means an average over all the 
particles. If there is no macroscopic motion in the gas then we can use for T* the expression 
(35.1). Comparing the two formulas, we arrive at the equations: 


€= n| —== |, p= |- |]. i (35.9) 


c? c? 


These equations determine the density and pressure of a relativistic ideal gas in terms of the 
velocity of its particles; the second of these replaces the well-known formula p = nmv7/3 
of the nonrelativistic kinetic theory of gases. 


CHAPTER 5 


CONSTANT ELECTROMAGNETIC FIELDS 


§ 36. Coulomb’s law 


For a constant electric, or as it is usually called, electrostatic field, the Maxwell equations 
have the form: 


div E = 47, (36.1) 
curl E = 0. (36.2) 

The electric field E is expressed in terms of the scalar potential alone by the relation 
E = - grad ġ. (36.3) 


Substituting (36.3) in (36.1), we get the equation which is satisfied by the potential of a 
constant electric field: 


Ag = —4ap. (36.4) 


This equation is called the Poisson equation. In particular, in vacuum, i.e., for @ = 0, the 
potential satisfies the Laplace equation 


Ag=0. (36.5) 


From the last equation it follows, in particular, that the potential of the electric field can 
nowhere have a maximum or a minimum. For in order that ¢ have an extreme value, it would 
be necessary that the first derivatives of @ with respect to the coordinates be zero, and that 
the second derivatives 07/dx”, 0¢/dy”, 0 ¢/dz’ all have the same sign. The last is impossible, 
since in that case (36.5) could not be satisfied. 

We now determine the field produced by a point charge. From symmetry considerations, 
it is clear that it is directed along the radius-vector from the point at which the charge e is 
located. From the same consideration it is clear that the value E of the field depends only on 
the distance R from the charge. To find this absolute value, we apply equation (36.1) in the 
integral form (30.5). The flux of the electric field through a spherical surface of radius R 
circumscribed around the charge e is equal to 4TR?E; this flux must equal 47e. From this we 
get 


e 
E= RŽ 
In vector notation: 
E= x (36.6) 
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Thus the field produced by a point charge is inversely proportional to the square of the 
distance from the charge. This is the Coulomb law. The potential of this field is, clearly, 


o= n (36.7) 


If we have a system of charges, then the field produced by this system is equal, according 
to the principle of superposition, to the sum of the fields produced by each of the particles 
individually. In particular, the potential of such a field is 


€a 
R,’ 





s= 


where R, is the distance from the charge e, to the point at which we are determining the 
potential. If we introduce the charge density @, this formula takes on the form 


jz Í Edy, (36.8) 


where R is the distance from the volume element dV to the given point of the field. 
We note a mathematical relation which is obtained from (36.4) by substituting the values 
of @ and @ for a point charge, i.e. @ = eô(R) and ¢ = e/R. We then find 


a(x) = —476(R). (36.9) 


§ 37. Electrostatic energy of charges 


We determine the energy of a system of charges. We start from the enegy of the field, that 
is, from the expression (31.5) for the energy density. Namely, the energy of the system of 
charges must be equal to 


U= 5] E?dV, 
87 


where E is the field produced by these charges, and the integral goes over all space. Substituting 
E = — grad @¢, U can be changed to the following form: 


-_! |r. eae |d 1 i 
U=-4; |E grad ġ dV = ax | div Œo av ac | ¢ div Eav. 


According to Gauss’ theorem, the first integral is equal to the integral of E@ over the surface 
bounding the volume of integration, but since the integral is taken over all space and since 
the field is zero at infinity, this integral vanishes. Substituting in the second integral, div E 
= 470, we find the following expression for the energy of a system of charges: 


U= sf ood. | (37.1) 
For a system of point charges, e,, we can write in place of the integral a sum over the charges 


U= 5 Eest, (37.2) 


where @, is the potential of the field produced by all the charges, at the point where the 
charge e, is located. 
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If we apply our formula to a single elementary charged particle (say, an electron), and the 
field which the charge itself produces, we arrive at the result that the charge must have a 
certain “self’-potential energy equal to e¢/2, where @ is the potential of the field produced 
by the charge at the point where it is located. But we know that in the theory of relativity 
every elementary particle must be considered as pointlike. The potential @ = e/R of its field 
becomes infinite at the point R = 0. Thus according to electrodynamics, the electron would 
have to have an infinite “self-energy”, and consequently also an infinite mass. The physical 
absurdity of this result shows that the basic principles of electrodynamics itself lead to the 
result that its application must be restricted to definite limits. 

We note that in view of the infinity obtained from electrodynamics for the self-energy and 
mass, it is impossible within the framework of classical electrodynamics itself to pose the 
question whether the total mass of the electron is electrodynamic (that is, associated with the 
electromagnetic self-energy of the particle).t 

Since the occurrence of the physically meaningless infinite self-energy of the elementary 
particle is related to the fact that such a particle must be considered as pointlike, we can 
conclude that electrodynamics as a logically closed physical theory presents internal 
contradictions when we go to sufficiently small distances. We can pose the question as to the 
order of magnitude of such distances. We can answer this question by noting that for the 
electromagnetic self-energy of the electron we should obtain a value of the order of the rest 
energy mc’. If, on the other hand, we consider an electron as possessing a certain radius Ro, 
then its self-potential energy would be of order e*/Rp. From the requirement that these two 
quantities be of the same order, e?/Ro ~ mc’, we find 


Race. G73) 


This dimension (the “radius” of the electron) determines the limit of applicability of 
electrodynamics to the electron, and follows already from its fundamental principles. We 
must, however, keep in mind that actually the limits of applicability of the classical 
electrodynamics which is presented here lie must higher, because of the occurrence of 
quantum phenomena. + 

We now turn again to formula (37.2). The potentials ¢, which appear there are equal, from 
Coulomb’s law, to 


y £b 
Q =È R’ (37.4) 





where R, is the distance between the charges ea, ep. The expression for the energy (37.2) 
consists of two parts. First, it contains an infinite constant, the self-energy of the charges, not 
depending on their mutual separations. The second part is the energy of interaction of the 
charges, depending on their separations. Only this part has physical interest. It is equal to 


U’'=}4È e,ġ, (37.5) 


+ From the purely formal point of view, the finiteness of the electron mass can be handled by introducing 
an infinite negative mass of nonelectromagnetic origin which compensates the infinity of the electromagnetic 
mass (mass “renormalization”). However, we shall see later (§ 75) that this does not eliminate all the 
internal contradictions of classical electrodynamics. 

+ Quantum effects become important for distances of the order of h/mc, where h is Planck’s constant. The 
ratio of these distances to Ro is of order hc/e* ~ 137. 
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where 


-5 
«-Ee G18) 


is the potential at the point of location of e,, produced by all the charges other than e,. In 
other words, we can write 





r 1 Calb 
U’= 7 =, Ra (37.7) 
In particular, the energy of interaction of two charges is i 
y’ = 2182 (37.8) 


~ Re’ 


§ 38. The field of a uniformly moving charge 


. We determine the field produced by a charge e, moving uniformly with velocity V. We call 
the laboratory frame the system K; the system of reference moving with the charge is the K’ 
system. Let the charge be located at the origin of coordinates of the K’ system. The system 
K’ moves relative to K along the X axis; the axes Y and Z are parallel to Y’ and Z’. At the time 
t = 0 the origins of the two systems coincide. The coordinates of the charge in the K system 
are consequently x = Vt, y = z = 0. In the K’ system, we have a constant electric field with 
vector potential A’ = 0, and scalar potential equal to Q’ = e/R’, where R? = x? + y? + 77. In 
the K system, according to (24.1) for A’ = 0, 





$= Ta a (38.1) 
-Y gwh- 
c 
We must now express R’ in terms of the coordinates x, y, z, in the K system. According to 
the formulas for the Lorentz transformation 


; x—Vt j ; 
x= Src ey y =y, Z = L3 
l yV 
1 kig c? 
from which 
y2 
(x — Vt)? + (1 - +o? +z?) 
R? = En ye (38.2) 
l--7 
c 
Substituting this in (38.1) we find 
=£ (38.3) 


where we have introduced the notation 
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2 
R*? = (x-— Vt)? + (i = Ho +22). (38.4) 
The vector potential in the K system is equal to 
A= y Š an (38.5) 


In the K’ system the magnetic field H’ is absent and the electric field is 





, eR’ 
E’ = Re 
From formula (24.2), we find 
E’ 
E, =E; =r E = aA 
R 1 C Vv? R”? 1 V 
c? c? 
pe 


2 
E= h = 8 (38.6) 


where R is the radius vector from the charge e to the field point with coordinates x, y, z (its 
components are x — Vt, y, z). 

This expression for E can be written in another form by introducing the angle 0 between 
the direction of motion and the radius vector R. It is clear that y + 2 = R? sin? 0, and 
therefore R*? can be written in the form: i 


2 
R*? = (it al sin?6 (38.7) 
Cc 
Then we have for E, 
1- y? 
2 
Bee A (38.8) 


SRT y 
(1 - ¥ sin? 6} 
c 


For a fixed distance R from the charge, the value of the field E increases as 0 increases 
from 0 to 7/2 (or as 0 decreases from 7 to 7/2). The field along the direction of motion 
(@= 0, 2) has the smallest value; it is equal to 


y? 
e 
zg él 7 w) 
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The largest field is that perpendicular to the velocity (0 = 7/2), equal to 


a eee ee 
E, =75 7 
c? 


We note that as the velocity increases, the field E, decreases, while E 'ı increases. We can 
describe this pictorially by saying that the electric field of a moving charge is “contracted” 
in the direction of motion. For velocities V close to the velocity of light, the denominator in 
formula (38.8) is close to zero in a narrow interval of values @ around the value @= 7/2. The 
“width” of this interval is, in order of magnitude, 


| V 
A0 ~ J1-—. 
c? 


Thus the electric field of a rapidly moving charge at a given distance from it is large only 
in a narrow range of angles in the neighbourhood of the equatorial plane, and the width of 


this interval decreases with increasing V like 4/1 — (V2/c2 ). 
The magnetic field in the K system is 





H =1VxE (38.9) 


[see (24.5)]. In particular, for V << c the electric field is given approximately by the usual 
formula for the Coulomb law, E = eR/R?, and the magnetic field is 


H=<VXR, | (38.10) 
PROBLEM 


Determine the force (in the K system) between two charges moving with the same velocity V. 


Solution: We shall determine the force F by computing the force acting on one of the charges (e,) in the 
field produced by the other (e). Using (38.9), we have 


e v? e 
F =E, +V xH, =e 1-—- E,+—V(V-E,). 
c c 


Substituting for E, from (38.8), we get for the components of the force in the direction of motion (F,) and 
perpendicular to it (F,): 





2\2 
h: Gea Y eos 80 (1 se | sin 0 
F ws PRED S TS PIER ON GT ne 
R2 v2. : 3/2? y R2 v2. 3 3/2? 
1 ~-- sin 0 k 1 ——> sin 0 
c c 


- where R is the radius vector from e, to e,, and @ is the angle between R and V. 


§ 39. Motion in the Coulomb field 


We consider the motion of a particle with mass m and charge e in the field produced by 
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a second charge e’; we assume that the mass of this second charge is so large that it can be 
considered as fixed. Then our problem becomes the study of the motion of a charge e in a 
centrally symmetric electric field with potential @ = e’/r. 
The total energy “of the particle is equal to 
€ =c p? +mc + a 
where or = ee’. If we use polar coordinates in the plane of motion of the particle, then as we 
know from mechanics, 


p° =(M7Ir?) + p?, 


where p, is the radial component of the momentum, and M is the constant angular momentum 
of the particle. Then 





2 
tac [pts Ms mec (39.1) 
r r 


We discuss the question whether the particle during its motion can approach arbitrarily close 
to the centre. First of all, it is clear that this is never possible if the charges e and e’ repel each 
other, that is, if e and e’ have the same sign. Furthermore, in the case of attraction (e and e’ 
of opposite sign), arbitrarily close approach to the centre is not possible if Mc >| a |, for 
in this case the first term in (39.1) is always large than the second, and for r — 0 the right 
side of the equation would approach infinity. On the other hand, if Mc <1 al, then as r > 
0, this expression can remain finite (here it is understood that p, approaches infinity). 
` Thus, if 


cM <lal, (39.2) 


the particle during its motion “falls in” toward the charge attracting it, in contrast to non- 
relativistic mechanics, where for the Coulomb field such a collapse is generally impossible 
(with the exception of the one case M = 0, where the particle e moves on a line toward the 
particle e’). 

A complete determination of the motion of a charge in a Coulomb field starts most 
conveniently from the Hamilton-Jacobi equation. We choose polar coordinates r, @, in the 
plane of the motion. The Hamilton-Jacobi equation (16.11) has the form 


2 2 2 
Saas) (5 talap) +e =o 
We seek an S of the form 


S=- t+ Mọ + fin, 


where ¢ and M are the constant energy and angular momentum of the moving particle. The 


result is 
1 M? 
S=-t+Mo+ J +(e- 2) -=z -m?*c? dr. (39.3) 
C r 


The trajectory is determined by the equation 2S/ðM = const. Integration of (39.3) leads to the 
following results for the trajectory: 
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(a) If Mc >l al, 


(c? M? = a?) 1 = cy (Me)? — m?c? (M?c?— a”) cos C jl — r) —&aQ. (39.4) 


(b) If Mc <Il al, 








2 
(a? — M?c?)4 = 4 c| (M8)? + m?c? (a? — M*c?) cosh Ç TEA - 1) +20. 
c 








(39.5) 
(c) If Mc =| al, 
260 ea 
: =? -mct — 9( 5) f (39.6) 


The integration constant is contained in the arbitrary choice of the reference line for 
measurement of the angle @. 

In (39.4) the ambiguity of sign in front of the square root is unimportant, since it already 
contains the arbitrary reference origin of the angle @ under the cos. In the case of attraction 
(a: < 0) the trajectory corresponding to this equation lies entirely at finite values of r (finite 
motion), if &< mc?. If & > mc’, then r can go to infinity (infinite motion). The finite motion 
corresponds to motion in a closed orbit (ellipse) in nonrelativistic mechanics. From (39.4) 
it is clear that in relativistic mechanics the trajectory can never be closed; when the angle ¢ 
changes by 27, the distance r from the centre does not return to its initial value. In place of 
ellipses we here get orbits in the form of open “rosettes”. Thus, whereas in nonrelativistic 
mechanics the finite motion in a Coulomb field leads to a closed orbit, in relativistic mechanics 
the Coulomb field loses this property. 

In (39.5) we must choose the positive sign for the root in case a < 0, and the negative sign 
if æ > 0 [the opposite choice of sign would correspond to a reversal of the sign of the root 
in (39.1)]. 

For a < 0 the trajectories (39.5) and (39.6) are spirals in which the distance r approaches 
0 as ¢@ — œ. The time required for the “falling in” of the charge to the coordinate origin is 
finite. This can be verified by noting that the dependence of the coordinate r on the time is 
determined by the equation 0S/d#= const; substituting (39.3), we see that the time is determined 
by an integral which converges for r — 0. 


~ 


PROBLEMS 


1. Determine the angle of deflection of a charge passing through a repulsive Coulomb field (a > 0). 


Solution: The angle of deflection 7 equals 7 = 7— 2¢, where 2¢ is the angle between the two asymptotes 
of the trajectory (39.4). We find 


2cM 2 omens | 
tan ? 


=n- 
alc? M? —a? 


where v is the velocity of the charge at infinity. 
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2. Determine the effective scattering cross section at small angles for the scattering of particles in a 
Coulomb field. 


Solution: The effective cross section do is the ratio of the number of particles scattered per second into 
a given element do of solid angle to the flux density of impinging particles (i.e., to the number of particles 
crossing one square centimetre, per second, of a surface perpendicular to the beam of particles). 

Since the angle of deflection y of the particle during its passage through the field is determined by the 
impact parameter @ (i.e. the distance from the centre to the line along which the particle would move in the 
absence of the field), 


deg do 

d% sinx’ 

where do = 27 sin yd%.t The angle of deflection (for small angles) can be taken equal to the ratio of the 
change in momentum to its initial value. The change in momentum is equal to the time integral of the force 


acting on the charge, in the direction perpendicular to the direction of motion; it is approximately 
(alr?) - (glr). Thus we have 





do = 2xede = 270 Bax e= 


+00 
1 ae dt _ 2a 


X= p ] (@ + vey” pov 


(vis the velocity of the particles). From this we find the effective cross section for small %: 


2 
do = (+) ae 
PV) Xx 
In the nonrelativistic case, p = mv, and the expression coincides with the one obtained from the Rutherford 
formula} for small x. 


§ 40. The dipole moment 


We consider the field produced by a system of charges at large distances, that is, at 
distances large compared with the dimensions of the system. 

We introduce a coordinate system with origin anywhere within the system of charges. Let 
the radius vectors of the various charges be r,. The potential of the field produced by all the 
charges at the point having the radius vector Rọ is 


g=d (40.1) 


l k -r,l 
(the summation goes over all charges); here Rọ — r, are the radius vectors from the charges 
ea to the point where we are finding the potential. 

We must investigate this expansion for large Ro (Ro >> Tz). To do this, we expand it in 
powers or r,/Ro, using the formula 


f(Ro — r) = f(Ro) — r - grad f(Ro) 


(in the grad, the differentiation applies to the coordinates of the vector Ro). To terms of first 
order, 





Le, 1 
o= > a grad Ro (40.2) 


+ See Mechanics, § 18. 
+ See Mechanics, § 19. 
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The sum 
d=} e, l (40.3) 


is called the dipole moment of the system of charges. It is important to note that if the sum 
of all the charges, Ye,, is zero, then the dipole moment does not depend on the choice of the 
origin of coordinates, for the radius vectors r, and r/ of one and the same charge in two 
different coordinate systems are related by 


r; =r, +a, 


where a is some constant vector. Therefore if Ye, = 0, the dipole moment is the same in n both 
systems: 


d’ = Ye,r, =} e,r, +aLe, =d. 


If we denote by e}, rg ande;,r, the positive and negative charges of the system and 
their radius vectors, then we can write the dipole moment in the form 





d=Lezri —Lezr,; =R} Lej- R; Lez (40.4) 
where 
Beirt È ezr 
» R= oe 40.5 
‘per È ez Coe) 


are the radius vectors of the “charge centres” for the positive and negative charges. If 
È et = Lez =e, then 


d=eR,_, (40.6) 


where R,_ = R* — Ris the radius vector from the centre of negative to the centre of positive 
charge. In particular, if we have altogether two charges, then R, _ is the radius vector 
between them. 

If the total charge of the system is zero, then the potential of the field of this system at 
large distances is 





g=-d-V—= : ‘i (40.7) 


The field intensity is: 


E = — grad A Roa peered Ro) ~ (d- Ro) grad L, 
R? R? 


or finally, 


kpa idma ou ae (40.8) 
Ro 


where n is a unit vector along Ro. Another useful expression for the field is 
E=(d-V)VL, (40.9) 
0 


Thus the potential of the field at large distances produced by a system of charges with total 
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charge equal to zero is inversely proportional to the square of the distance, and the field 
intensity is inversely proportional to the cube of the distance. This field has axial symmetry 
around the direction of d. In a plane passing through this direction (which we choose as the 
z axis), the components of the vector E are: 


29 _ ; 
xj oc E, = q3sin @cos 6 (40.10) 


E 
ni R 


The radial and tangential components in this plane are 


Zeh, k=- de. (40.11) 
0 


§ 41. Multipole moments 
In the expansion of the potential in powers of 1/Ro, 
$= 9 4 9 4 GM4..., (41.1) 


the term ¢ is proportional to 1/RẸ*!. We saw that the first term, ¢, is determined by the 
sum of all the charges; the second term, oP, sometimes called the dipole potential of the 
system, is determined by the dipole moment of the system. 

The third term in the expansion is 


ol 2 (1 
ow = 7 Z ex,Xp 3XðX; (+ } (41.2) 


where the sum goes over all charges; we here drop the index numbering the charges; x, are 
the components of the vector r, and Xg those of the vector Rọ. This part of the potential is 
usually called the quadrupole potential. If the sum of the charges and the dipole moment of 
the system are both equal to zero, the expansion begins with ¢. 

In the expression (41.2) there enter the six quantities Lexgxg. However, it is easy to see 
that the field depends not on six independent quantities, but only on five. This follows from 
the fact that the function 1/Ry satisfies the Laplace equation, that is, 


l 2? ( 1 ) 
A| =-|=6 > |=0 
(2 ) eP IXa0Xp \ Ro 
We can therefore write ¢® in the form 


@ 1 Se en \ 2 1) 
(o) = gE e( xax 3” ban JI (z x 


The tensor 
Dap = È elBxaxp— r Sop) (41.3) 


is called the quadrupole moment of the system. From the definition of Dgg it is clear that 
the sum of its diagonal elements is zero: 


Doo = 0. (41.4) 


Therefore the symmetric tensor Dgg has altogether five independent components. With the 
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aid of Dop, we can write 





D 2 
a eb oO? (1 
0 6 aKa, (4 } (5) 


or, performing the differentiation, 


02 1 z 3Xa Xp _ Sap. 
OX,0Xp Ro n RŽ RÈ a 





and using the fact that 6,5 Dog = Doa = 0, 


(41.6) 


Like every symmetric three-dimensional tensor, the tensor Dap can be brought to principal 
axes. Because of (41.4), in general only two of the three principal values will be independent. 
If it happens that the system of charges is symmetric around some axis (the z axis)} then this 
axis must be one of the principal axes of the tensor Dog, the location of the other two axes 
in the x, y plane is arbitrary, and the three principal values are related to one another: 


l 
2 
Denoting the component Dz by D (in this case it is simply called the quadrupole moment), 
we get for the potential a 


Dx = Dy = - Dz. (41.7) 


o? = rel (3 cos? 0- 1) = aR (cos 6), (41.8) 
0 0 


where 0 is the angle between Rọ and the z axis, and P, is a Legendre polynomial. 

Just as we did for the dipole moment in the preceding section, we can easily show that the 
quadrupole moment of a system does not depend on the choice of the coordinate origin, if 
both the total charge and the dipole moment of the system are equal to zero. 

In similar fashion we could also write the succeeding terms of the expansion (41.1). The 
lth term of the expansion defines a tensor (which is called the tensor of the 2'-pole moment) 
of rank /, symmetric in all its indices and vanishing when contracted on any pair of indices; 
it can be shown that such a tensor has 2/ + 1 independent components. + 

We shall express the general term in the expansion of the potential in another form, by 
using the well-known formula of the theory of spherical harmonics 





1 1 $ r! 
eo ee Een yi, (41.9) 
IRo -ri [RZ + r? — 2rRy cos x i Riv! 





where y is the angle between Ro and r. We introduce the spherical angles ©, ® and 6, @, 
formed by the vectors Rọ and r, respectively, with the fixed coordinate axes, and use the 
addition theorem for the spherical harmonics: 


t We are assuming a symmetry axis of any order higher than the second. 
+ Such a tensor is said to be irreducible. The vanishing on contraction means that no tensor of lower rank 
can be formed from the components. 
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L (d-imD! sim Imi ~im(®-$) 
P, (cos y) = 2) (dem Dl! (cos ©) P;” (cos @)e™ ’ (41.10) 


where the P?” are the associated Legendre polynomials. 
We also introduce the spherical functionst 


1(1— m) : j 
Yin (0, $) = 1)" o P" (cos 0ye™, m20, 


Y, -im(O, 9) = CD Yim - (41.11) 
Then the expansion (41.9) takes the form: 


1 Shr o ç m 


IRo -ri = % m=-l Re 2+ oem (O, P)¥in (8, D). 


Carrying out this expansion in each term of (40.1), we finally get the following expression 
for the /’th term of the expansion of the potential: 


l 
9 ~ RE! m=- 


OP = E eari tO Yn On.) (41.13) 


The set of 2/ + 1 quantities Q form the 2'-pole moment of the system of charges. 
The quantities QP defined in this way are related to the components of the dipole 
moment vector d by the formulas 


T Qt Ym(O, ®), (41.12) 








where 


0 = id, f= FS, + id,). (41.14) 


The quantities Q® are related to the tensor components Dap by the relations 


ie a ip D =ł Jg” t iDy,), 
(41.15) 
© =- 7 P» - Dy + iD). 


PROBLEM 


Determine the quadrupole moment of a uniformly charged ellipsoid with respect to its centre. 


Solution: Replacing the summation in (41.3) by an integration over the volume of the ellipsoid, we have: 
Dax =P fif (2x? - y? —z?)dxdydz, etc. 


+ In accordance with the definition used to quantum mechanics. 
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Let us choose the coordinate axes along the axes of the ellipsoid with the origin at its centre; from symmetry 
considerations it is obvious that these axes are the principal axes of the tensor Dap- By means of the 
transformation 


x=xa, y=yb, z=zc 


the integration over the volume of the ellipsoid 


is reduced to integration over the volume of the unit sphere 
x+y? l. 


As a result we obtain: 


Dy = 52a? -b? -c¢c?), Dy = 52b? ~-a? - c°), 


D, = 5 (2c? -a° — b?), 


where e = (47/3)abce@ is the total charge of the ellipsoid. 


§ 42. System of charges in an external field 


We now consider a system of charges located in an external electric field. We designate 
the potential of this external field by $(r). The potential energy of each of the charges is 
€a(¥,), and the total potential energy of the system is 


U= x €a9(T,)- a (42.1) 


We introduce another coordinate system with its origin anywhere within the system of 
charges; r, is the radius vector of the charge e, in these coordinates. 

Let us assume that the external field changes slowly over the region of the system of 
charges, i.e. is quasiuniform with respect to the system. Then we can expand the energy U 
in powers of r,: 


U=U!+ UP + UM +... (42.2) 
in this expansion the first term is 
UO = Qo >> €ns (42.3) 


where @p is the value of the potential at the origin. In this approximation, the energy of the 
system is the same as it would be if all the charges were located at one point (the origin). 
The second term in the expansion is 


U™ = (grad Q) - È esra 


Introducing the field intensity Eg at the origin and the dipole moment d of the system, we 
have 


UY =~d- Ep. (42.4) 


The total force acting on the system in the external quasiuniform field is, to the order we 
are considering, 
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F = Ep È ea + [V(d - E)]o. 
If the total charge is zero, the first term vanishes, and 
F=(d- VJE, (42.5) 


i.e. the force is determined by the derivatives of the field intensity (taken at the origin). The 
total moment of the forces acting on the system is 


K =F (r, X e,Ep) = d x Ep, (42.6) 


i.e. to lowest order it is determined by the field intensity itself. 

Let us assume that there are two systems, each having total charge zero, and with dipole 
moments d, and d,, respectively. Their mutual distance is assumed to be large in comparison 
with their internal dimensions. Let us determine their potential energy of interaction, U. To 
do this we regard one of the systems as being in the field of the other. Then 


U=-d)- E. 
where E, is the field of the first system. Substituting (40.8) for E,, we find: 


y = -d,)R? - 3(d, - R)(dp AA 


R5 
where R is the vector separation between the two systems. 


For the case where one of the systems has a total charge different from zero (and equal to 
e), we obtain similarly 


(42.7) 


U=e&R, (42.8) 
R 
where R is the vector directed from the dipole to the charge. 
The next term in the expansion (42.1) is 


3’ bo 


u® =1y ei 
2^ &XaXp OXg0Xp 


Here, as in § 41, we omit the index numbering the charge; the value of the second 
derivative of the potential is taken at the origin; but the potential @ satisfies Laplace’s 
equation, 


Therefore we can write 


or, finally, 


Da do . 
o ee OO 
UO Se ee P (42.9) 
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The general term in the series (42.2) can be expressed in terms of the 2'-pole moments 
DP defined in the preceding section. To do this, we first expand the potential oe in 
spherical harmonics; the general form of this expansion is 


a iy ED are Aaa} 42.1 
or) = àr 21+ 1 J “im Im ( ¢), ( . 0) 


where r, 0, ġ are the spherical coordinates of a point and the am are constants. Forming the 
sum (42.1) and using the definition (41.13), we obtain: 


l 
UY = R3 ; amO. (42.11) 


§ 43. Constant magnetic field 


Let us consider the magnetic field produced by charges which perform a finite motion, in 
which the particles are always within a finite region of space and the momenta also always 
remain finite. Such a motion has a “stationary” character, and it is of interest to consider the 
time average magnetic field H , produced by the charges; this field will now be a function 
only of the coordinates and not of the time, that is, it will be constant. 

In order to find equations for the average magnetic field H , we take the time average of 
the Maxwell equations 

1 OE 42 


div H = 0, curl H= 4S + j, E 


The first of these gives simply 
div H =0. (43.1) 


In the second equation the average value of the derivative 0 E/æt, like the derivative of any 
quantity which varies over a finite range, is zero (cf. the footnote on p. 90). Therefore the 
second Maxwell equation becomes 


curl H = = J- (43.2) 
These two equations determine the constant field H. 
We introduce the average vector potential A in accordance with 
curl A = H. 
We substitute this in equation (43.2). We find 


grad div A — AA = tj. 


But we know that the vector potential of a field is not uniquely defined, and we can impose 
an arbitrary auxiliary condition on it. On this basis, we choose the potential A so that 


div A =0. (43.3) 
Then the equation defining the vector potential of the constant magnetic field becomes 
4r - 


AA = -——J. (43.4) 
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It is easy to find the solution of this equation by noting that (43.4) is completely analogous 
to the Poisson equation (36.4) for the scalar potential of a constant electric field, where in 
place of the charge density @ we here have the current density j/c. By analogy with the 
solution (36.8) of the Poisson equation, we can write 


z Ifl 
A=? f RIV (43.5) 


where R is the distance from the field point to the volume element dV. 

In formula (43.5) we can go over from the integral to a sum over the charges, by substituting 
in place of j the product @v, and recalling that all the charges are pointlike. In this we must 
keep in mind that in the integral (43.5), R is simply an integration variable, and is therefore 
not subject to the averaging process. If we write in place of the integral 





€aVa 
? 


i 
| dev. the sum È R, 


then R, here are the radius vectors of the various particles, which change during the motion 
of the charges. Therefore we must write 





A, _— 1 €aVa 
A= A 2 R’ (43.6) 


a 


where we average the whole expression under the summation sign. 
Knowing A, we can also find the magnetic field, 


H=cut A =cut | $av. 
c R 


The curl operator refers to the coordinates of the field point. Therefore the curl can be 
brought under the integral sign and J can be treated as constant in the differentiation. 
Applying the well-known formula 


curl fa = f curl a + grad f x a, 


where f and a are an arbitrary scalar and vector, to the product J. 1/R, we get 





J 1.._JxR 
curl & = grad — XJ =’ 
and consequently, 
wz _1fixkR 
H= f dv (43.7) 


(the radius vector R is directed from dV to the field point). This is the Jaw of Biot and Savart. 


§ 44. Magnetic moments 


Let us consider the average magnetic field produced by a system of charges in stationary 
motion, at large distances from the system. 

We introduce a coordinate system with its origin anywhere within the system of charges, 
just as we did in § 40. Again we denote the radius vectors of the various charges by r,, and 
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the radius vector of the point at which we calculate the field by Ro. Then Ro — r3 is the radius 
vector from the charge e, to the field point. According to (43.6), we have for the vector 
potential: : 





Tai €aVa ; 
A= ERT (44.1) 


As in § 40, we expand this expression in powers of r,. To terms of first order (we omit 
the index a), we have 


In the first term we can write 
Lev-4 Se 
dt 


But the average value of the derivative of a quantity changing within a finite interval (like 
> er) is zero. Thus there remains for A the expression 


a 1 1 1 TENTEA TEN 
A=-——Levjr-V— |=—— bevr. R). 
c e ( x) cR3 ( o) 
We transform this expression as follows. Noting that v = t, we can write (remembering 
that Ro is a constant vector) 


Le(Ry -r)v= a4 Ler(r- Ro) + 5 Lelw(r- Ro) — r(v- Ro). 
Upon substitution of this expression in A, the average of the first term (containing the time 


derivative) again goes to zero, and we get 





— 1 ————— aaaaaaaaaaaasaaaaaaaasasassssiaħĖōŐŮ 
A= 2eR} £ elv(r - Ro) — r(v- Ro)] . 
We introduce the vector 
aul 
m= zc Ler xv, (44.2) 
which is called the magnetic moment of the system. Then we get for A: 
x mXRo _ 1 a 
oe Pg ee NR ee (44.3) 


Knowing the vector potential, it is easy to find the magnetic field. With the aid of the 
formula 


curl (a x b) = (b- V)a — (a - V) b + a div b — b div a, 


we find 


3 3 


B = curl A = ouri ( ZX Re ) = aiv Be cr vy Ro 
Ri R3 
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Furthermore, 
. Ro 1 1 |. 
div —2 = Rg - grad — + — div Rg =0 
1V R? 0 8g R? + R? 1V 0 
and 
pi R 1 = l z  3Ro(w- Ro) 
eV) = m-V)Ro +R aw-V)— = 4% -—- 
Thus, 
Hm D-* (44.4) 


3 

Ro 
where n is again the unit vector along Rọ. We see that the magnetic field is expressed in 
terms of the magnetic moment by the same formula by which the electric field was expressed 


in terms of the dipole moment [see (40.8)]. 
If all the charges of the system have the same ratio of charge to mass, then we can write 


wet.Laxv=-C arxv. 
c mc 


If the velocities of all the charges v << c then my is the momentum p of the charge and we 
get 


m=z Erxp=z M, (44.5) 


where M = >. r x p is the mechanical angular momentum of the system. Thus in this case, 
the ratio of magnetic moment to the angular momentum is constant and equal to e/2mc. 


PROBLEM 


Find the ratio of the magnetic moment to the angular momentum for a system of two charges (velocities 
V<<c). 


Solution: Choosing the origin of coordinates as the centre of mass of the two particles we have mr, + 
m r= 0 and pı =- p2 =P, where p is the momentum of the relative motion. With the aid of these relations, 
we find 


§ 45. Larmor’s theorem 


Let us consider a system of charges in an external constant uniform magnetic field. The 
time average of the force acting on the system, 


F-Zé£yxH-ŻE£rxH, 
c, dt c 


is zero, as is the time average of the time derivative of any quantity which varies over a finite 
range. The average value of the moment of the forces is 
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K =< (rx (v x H) 


and is different from zero. It can be expressed in terms of the magnetic moment of the 
system, by expanding the vector triple product: 


K=ZEE pe- D-Hv-)=2éfe-m-}a e) 


The second term gives zero after averaging, so that 
K=52£yQ- B)=-ZEei0 B) - wv} 
c 2c 
[the last transformation is analogous to the one used in deriving (44.3)], or finally 


K=7xH. , (45.1) 


We call attention to the analogy with formula (42.6) for the electrical case. 
The Lagrangian for a system of charges in an external constant uniform magnetic field 
contains (compared with the Lagrangian for a closed system) the additional term 


Ly =X EA v=} (Axe) va hs (rxv) H (45.2) 


[where we have used the expression (19.4) for the vector potential of a uniform field]. 
Introducing the magnetic moment of the system, we have: 


Ly = m-H. (45.3) 


We call attention to the analogy with the electric field; in a uniform electric field, the 
Lagrangian of a system of charges with total charge zero contains the term 


Le=d.- E, 


which in that case is the negative of the potential energy of the charge system (see § 42). 

We now consider a system of charges performing a finite motion (with velocities v << c) 
in the centrally symmetric electric field produced by a certain fixed charge. We transform 
from the laboratory coordinate system to a system rotating uniformly around an axis passing 
through the fixed particle. From the well-known formula, the velocity v of the particle in the 
new coordinate system is related to its velocity v’ in the old system by the relation 


v=v+Qxr, 
where r is the radius vector of the particle and Q is the angular velocity of the rotating co- 
ordinate system. In the fixed system the Lagrangian of the system of charges is 
2 
L=r™ _y, 


where U is the potential energy of the charges in the external field plus the energy of their 
mutual interactions. The quantity U is a function of the distances of the charges from the 
fixed particle and of their mutual separations; when transformed to the rotating system it 
obviously remains unchanged. Therefore in the new system the Lagrangian is 


L=Z5(v+Qxr)? - U. 
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Let us assume that all the charges have the same charge-to-mass ratio e/m, and set 


Q--& H (45.4) 


2mc 





Then for sufficiently small H (when we can neglect terms in H”) the Lagrangian becomes: 
L=" 4} L ZHxr-v-U. 
2 2c 


We see that it coincides with the Lagrangian which would have described the motion of the 
charges in the laboratory system of coordinates in the presence of a constant magnetic field 
(see (45.2)). 

Thus we arrive at the result that, in the nonrelativistic case, the behaviour of a system of 
charges all having the same e/m, performing a finite motion in a centrally symmetric electric 
field and in a weak uniform magnetic field H, is equivalent to the behaviour of the same 
system of charges in the same electric field in a coordinate system rotating uniformly with 
the angular velocity (45.4). This assertion is the content of the Larmor theorem, and the 
angular velocity Q = eH/2mc is called the Larmor frequency. 

We can approach this same problem from a different point of view. If the magnetic field 
H is sufficiently weak, the Larmor frequency will be small compared to the frequencies of 
the finite motion of the system of charges. Then we may consider the averages, over times 
small compared to the period 27/Q, of quantities describing the system. These new quantities 
will vary slowly in time (with frequency Q). 

Let us consider the change in the average angular momentum M of the system. According 
to a well-known equation of mechanics, the derivative of M is equal to the moment K of the 
forces acting on the system. We therefore have, using (45.1): 

dM =K=7x H. 
dt 
If the e/m ratio is the same for all particles of the system, the angular momentum and 
magnetic moment are proportional to one another, and we find by using formulas (44.5) and 
(45.4): 


dM __ox™M. (45.5) 


This equation states that the vector M (and with it the megnetic moment 7) rotates with 
angular velocity —Q around the direction of the field, while its absolute magnitude and the 
angle which it makes with this direction remain fixed. (This motion is called the Larmor 
precession.) 


CHAPTER 6 


ELECTROMAGNETIC WAVES 


§ 46. The wave equation 


The electromagnetic field in vacuum is determined by the Maxwell equations in which we 
must set p = 0, j = 0. We write them once more: 


-10H aye 

curl E = — T De’ div H = 0, (46.1) 
_19E WE- 

curl H = T Ir’ div E = 0. (46.2) 


These equations possess nonzero solutions. This means that an electromagnetic field can 
exist even in the absence of any charges. 

Electromagnetic fields occurring in vacuum in the absence of charges are called 
electromagnetic waves. We now take up the study of the properties of such waves. 

First of all we note that such fields must necessarily be time-varying. In fact, in the 
contrary case, JH/ot = OE/dt = 0 and the equations (46.1) and (46.2) go over into the 
equations (36.1), (36.2) and (43.1), (43.2) of a constant field in which, however, we now 
have p = 0, j = 0. But the solution of these equations which is given by formulas (36.8) and 
(43.5) becomes zero for p = 0, j = 0. 

We derive the equations determining the potentials of electromagnetic waves. 

As we already know, because of the ambiguity in the potentials we can always subject 
them to an auxiliary condition. For this reason, we choose the potentials of the electromagnetic 
wave so that the scalar potential is zero: 





¢=0. (46.3) 
Then 
aOR Vays 
=A r H = curd A. (46.4) 
Substituting these two expressions in the first of equations (46.2), we get 
2 
curl curl A = — AA + grad div A =~ 2A. (46.5) 
c 


Despite the fact that we have already imposed one auxiliary condition on the potentials, 
the potential A is still not completely unique. Namely, we can add to it the gradient of an 
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arbitrary function which does not depend on the time (meantime leaving ¢ unchanged). In 
particular, we can choose the potentials of the electromagnetic wave so that 


div A =O. (46.6) 
In fact, substituting for E from (46.4) in div E = 0, we have 
OA ð. 
—— = — d = 
Ji Fe ivA=0, 


that is, div A is a function only of the coordinates. This function can always be made zero 
by adding to A the gradient of a suitable time-independent function. 
The equation (46.5) now becomes 


div 





107A 
AA ae aye = 0. (46.7) 
This is the equation which determines the potentials of electromagnetic waves. It is called 
the d’Alembert equation, or the wave equation.} 

Applying to (46.7) the operators curl and o/dt, we can verify that the electric and magnetic 
fields E and H satisfy the same wave equation. 

We repeat the derivation of the wave equation in four-dimensional form. We write the 
second pair of Maxwell equations for the field in the absence of charges in the form 








oF 
2i =0 
ax* 
(This is equation (30.2) with j' = 0.) Substituting F ik expressed in terms of the potentials, 
p 9AN a 
Ox; OX, 
we get 
24k 24i 
ae oA =0. (46.8) 


ðx;ðx* ~ Ox ,ax* 


We impose on the potentials the auxiliary condition: 


oAk 

—-=0. 46.9 

xt (46.9) 
(This condition is called the Lorentz condition, and potentials that satisfy it are said to be in 
the Lorentz gauge.) Then the first term in (46.8) drops out and there remains 


24i 24i 
As gt TA _g. (46.10) 
Ox,OX Ox" dx 
+ The wave equation is sometimes written in the form l'A = 0, where 


G 2 n- L 
EERS ax,0x' c? oat? 








is called the d’Alembertian operator. 
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This is the wave equation expressed in four-dimensional form.+ 
In three-dimensional form, the condition (46.9) is: 


199 4 
<3, t+ divA=0. (46.11) 


It is more general than the conditions ¢ = 0 and div A = 0 that were used earlier; potentials 
that satisfy those conditions also satisfy (46.11). But unlike them the Lorentz condition has 
a relativistically invariant character: potentials satisfying it in one frame satisfy it in any 
other frame (whereas condition (46.6) is generally violated if the frame is changed). 


§ 47. Plane waves 


We consider the special case of electromagnetic waves in which the field depends only on 
one coordinate, say x (and on the time). Such waves are said to be plane. In this case the 
equation for the field becomes 


of oF 
Pa ax? rome 


where by f is understood any component of the vectors E or H. 
To solve this equation, we rewrite it in the form 


d o o d 
(3-2) (Steg) f°. 


and introduce new variables 





(47.1) 


so that the equation for f becomes 
2 
ae =0. 
acon 


The solution obviously has the form f= f,(¢) + f(n), where f, and fù are arbitrary functions. 
Thus 





ffi =) srli + z), (47.2) 


t- 
c 


ft It should be mentioned that the condition (46.9) still does not determine the choice of the potentials 
uniquely. We can add to A a term grad f, and subtract a term 1/c (df/ot) from ¢, where the function fis not 
arbitrary but must satisfy the wave equation Of = 0. 
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Suppose, for example, f2 = 0, so that 


f-fi(t-4}. 


Let us clarify the meaning of this solution. In each plane x = const, the field changes with 
the time; at each given moment the field is different for different x. It is clear that the field 
has the same values for coordinates x and times t which satisfy the relation t — (x/c) = const, 
that is, 


x= const + ct. 


This means that if, at some time t = 0, the field at a certain point x in space had some definite 
value, then after an interval of time f the field has that same value at a distance ct along the 
X axis from the original place. We can say that all the values of the electromagnetic field are 
propagated in space along the X axis with a velocity equal to the velocity of light, c. 


Thus, 
i(r-2) 


represents a plane wave moving in the positive direction along the X axis. It is easy to show 


that 
x 
hr (« + z) 


represents a wave moving in the opposite, negative, direction along the X axis. 

In § 46 we showed that the potentials of the electromagnetic wave can be chosen so that 
¢ = 0, and div A = 0. We choose the potentials of the plane wave which we are now 
considering in this same way. The condition div A = 0 gives in this case 





OA, 
Ox o; 


since all quantities are independent of y and z. According to (47.1) we then have also 
FALË = 0, that is, (A,/ot = const. But the derivative A/dt determines the electric field, 
and we see that the nonzero component A, represents in this case the presence of a constant 
longitudinal electric field. Since such a field has no relation to the electromagnetic wave, we 
can set A, = 0. 

Thus the vector potential of the plane wave can always be chosen perpendicular to the X 
axis, i.e. to the direction of propagation of that wave. 

We consider a plane wave moving in the positive direction of the X axis; in this wave, all 
quantities, in particular also A, are functions only of t — (x/c). From the formulas 


we therefore obtain 


=- tay H=VxA=V(1-ž)xa=-tnxas, (47.3) 
c c c 
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where the prime denotes differentiation with respect to t — (x/c) and n is a unit vector along 
the direction of propagation of the wave. Substituting the first equation in the second, we 
obtain 


H=nxE. i (47.4) 
We see that the electric and magnetic fields E and H of a plane wave are directed perpendicular 
to the direction of propagation of the wave. For this reason, electromagnetic waves are said 
to be transverse. From (47.4) it is clear also that the electric and magnetic fields of the plane 
wave are perpendicular to each other and equal to each other in absolute value. 
The energy flux in the plane wave, i.e. its Poynting vector is 


hEn ee oe 
S=4,ExH aq EX (nx E), 


and since E- n = 0, 


— © p2,_ © p72 
S=7,5 n=7,H n. 


Thus the energy flux is directed along the direction of propagation of the wave. Since 
-l pty H?) - E 
W= an E + Ht) = ir 


is the energy density of the wave, we can write 
S = cWn, (47.5) 


. in accordance with the fact that the field propagates with the velocity of light. 

The momentum per unit volume of the electromagnetic field is S/c. For a plane wave this 
gives (W/c)n. We call attention to the fact that the relation between energy W and momentum 
W/c for the electromagnetic wave is the same as for a particle moving with the velocity of 
light [see (9.9)]. 

The flux of momentum of the field is determined by the components Ogg of the Maxwell 
stress tensor (33.3). Choosing the direction of propagation of the wave as the X axis, we find 
that the only nonzero component of T” is 


T™ =- On = W. (47.6) 


As it must be, the flux of momentum is along the direction of propagation of the wave, and 
is equal in magnitude to the energy density. 

Let us find the law of transformation of the energy density of a plane electromagnetic 
wave when we change from one inertial reference system to another. To do this we start from 
the formula 


W= 





1 , Vis Ves 
y2 (w r2t sD on) 


ae 
c2 


(see the problem in § 33) and must substitute 
S} = cW’ cos a’, 0%, = — W’cos*a’, 


where œ is the angle (in the K’ system) between the X’ axis (along which the velocity V is 
directed) and the direction of propagation of the wave. We find: 
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y 2 
( + Pi cos a’) 
W= wa (47.7) 
E 


Since W = E?/47 = H2/4z, the absolute values of the field intensities in the wave transform 


like vW. 


PROBLEMS 


1. Determine the force exerted on a wall from which an incident plane electromagnetic wave is reflected 
(with reflection coefficient R). 


Solution: The force f acting on unit area of the wall is given by the flux of momentum through this area, 
ie., it is the vector with components 


fa =- Gag p - FapNp> 
where N is the vector normal to the surface of the wall, and 6,gand 0%, are the components of the energy- 
momentum tensors for the incident and reflected waves. Using (47.6), we obtain: 
f= Wn(N - n) + Wn'(N - n’). 


From the definition of the reflection coefficient, we have: W’ = RW. Also introducing the angle of 
incidence 6 (which is equal to the reflection angle) and writing out components, we find the normal force 
(“light pressure”) 


fy = WU + R) cos’ @ 
and the tangential force 
f,= WA —R) sin 0 cos 8. 


2. Use the Hamilton—Jacobi method to find the motion of a charge in the field of a plane electromagnetic 
wave with vector potential A[t— (x/c)]. 


Solution: We write the Hamilton—Jacobi equation in four-dimensional form: 


er (Set £4) (suet £m amet o 


The fact that the field is a plane wave means that the A! are functions of one independent variable, which 
can be written in the form & = kx’, where k' is a constant four-vector with its square equal to zero, k,k' = 0 
(see the following section). We subject the potentials to the Lorenjz condition 





for the variables field this is equivalent to the condition A‘k; = 0. 
We seek a solution of equation (1) in the form 


S=- fx + FQ, 


where f' = (f°, f) is a constant vector satisfying the condition f; f’ = mec (S =—f,x' is the solution of the 
Hamilton-Jacobi equation for a free particle with four-momentum p' = f*). Substitution in (1) gives the 
equation 
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e? i dF 
ZAA = yee Ais 
c? i 21 OE 2e f 


where the constant y = k;f'. Having determined F from this equation, we get 





E 2 i e? ; 
-fix - -> A'd A;A'dg. 2 
fxi- E | falas E g D 
Changing to three-dimensional notation with a fixed reference frame, we choose the direction of propagation 
of the wave as the x axis. Then & = ct — x, while the constant y= ie f!. Denoting the two-dimensional 
vector fy, fz by K, we find from the condition fif* = (f 02 _ (fP -k = me, 


m?c? +? 


ofl- 

ff 7 
We choose the potentials in the gauge in which ¢= 0, while A(6) lies in the yz plane. Then equation (2) takes 
the form: 


E y m?c? +k? È 
S=k:r- 7 (t+) -— y Sty 


2 
T, A? dE. 





According to the general rules (Mechanics, § 47), to determine the motion we must equate the derivatives 
OS/0K, OS/dyto certain new constants, which can be made to vanish by a suitable choice of the coordinate 
and time origins. We thus obtain the parametric equations in €: 


rap (PEPE 1) 5- f eaae sire | ara. ct = E+x. 


The generalized momentum P = p + (e/c)A and the energy “are found by differentiating the action with 
respect to the coordinates and the time; this gives: 





f= (Y+ Px)c- 


If we average these over the time, the terms of first degree in the periodic function A(&) vanish. We assume 
that the reference system has been chosen so that the particle is at rest in it on the average, i.e. so that its 
averaged momentum is zero. Then 

2 —— 


K=0, y =m? + A 


c 


The final formulas for determining the motion have the form: 


e? 2 z 
x a fe ya, y a yd, z T A, dé, 
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2 ae 
ct= E+ ya Í (A? — A?) dé; (3) 





2 — 
=e. 2 2 = e = e 
Px = 2yc? (A -A )} Py=-7ây P=- 7A 


= EL URE AZ l 
8= cyt Sye (A? — A”). (4) 


§ 48. Monochromatic plane waves 


A very important special case of electromagnetic waves is a wave in which the field is a 
simply periodic function of the time. Such a wave is said to be monochromatic. All quantities 
(potentials, field components) in a monochromatic wave depend on the time through a factor 
of the form cos (wt + œ). The quantity @ is called the cyclic frequency of the wave (we shall 
simply call it the frequency). 

In the wave equation, the second derivative of the field with respect to the time is now 
olor =— of, so that the distribution of the field in space is determined for a monochromatic 
wave by the equation 


Af + 2 f= 0. (48.1) 


In a plane wave (propagating along the x axis), the field is a function only of t — (a/c). 
Therefore, if the plane wave is monochromatic, its field is a simply periodic function of 
t- (xlc). The vector potential of such a wave is most conveniently written as the real part of 
a complex expression: 


A = Re {Aye} (48.2) 
Here Ag is a certain constant complex vector. Obviously, the fields E and H of such a wave 


have analogous forms with the same frequency œ. The quantity 


_ 2m 
A= a (48.3) 


is called the wavelength; it is the period of variation of the field with the coordinate x at a 
fixed time t. 


The vector 


k= A n (48.4) 


(where n is a unit vector along the direction of propagation of the wave) is called the wave 
vector. In terms of it we can write (48.2) in the form 


A = Re {Api ETA}, (48.5) 


which is independent of the choice of coordinate axes. The quantity which appears multiplied 
by i in the exponent is called the phase of the wave. 
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So long as we perform only linear operations, we can omit the sign Re for taking the real 
part, and operate with complex quantities as such.+ Thus, substituting 


A=A oe ET 


in (47.3), we find the relation between the intensities and the vector potential of a plane 
monochromatic wave in the form 


E = ikA, H=ikxA. (48.6) 


We now treat in more detail the direction of the field of a monochromatic wave. To be 
specific, we shall talk of the electric field 


E = Re {Epe} 


(everything stated below applies equally well, of course, to the magnetic field). The quantity 
Ep is a certain complex vector. Its square E? is (in general) a complex number. If the 
argument of this number is — 2@ (i.e. Ej =| Ej |e), the vector b defined by 


Ey = be (48.7) 
will have its square real, b? = | Eg I’. With this definition, we write: 
E = Re {bei Em2}, (48.8) 
We write b in the form à 
b = b, + iby, 


where b; and by are real vectors. Since b? = b? — b? + 2ib, - b, must be a real quantity, 
b; - b, =0, i.e. the vectors b, and b, are mutually perpendicular. We choose the direction of 
b; as the y axis (and the x axis along the direction of propagation of the wave). We then have 
from (48.8): 


Ey = b; cos (œt -k -r + o), 
E; = t b, sin (@t -k - r + o), (48.9) 


where we use the plus (minus) sign if b, is along the positive (negative) z axis. From (48.9) 
it follows that 


t If two quantities A(t) and B(t) are written in complex form 
A(t) = Age", B(t) = Bye", 


then in forming their product we must first, of course, separate out the real part. But if, as it frequently 
happens, we are interested only in the time average of this product, it can be computed as 


1 
z Re {A - B*}. 
In fact, we have: 
Re A . Re B = l (Age @ + Age) 2 (Bye + Boe). 
When we average, the terms containing factors e*¥* vanish, so that we are left with 


Re A -Re B= 7 (Ag - Bp + Ap - Bo) = 4 Re (A - B*). 
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E2 p 
ier Be 3) (48.10) 
bi b3 


Thus we see that, at each point in space, the electric field vector rotates in a plane 
perpendicular to the direction of propagation of the wave, while its endpoint describes the 
ellipse (48.10). Such a wave is said to be elliptically polarized. The rotation occurs in the 
direction of (opposite to) a right-hand screw rotating along the x axis, if we have the plus 
(minus) sign in (48.9). 

If b; = bo, the ellipse (48.10) reduces to a circle, i.e. the vector E rotates while remaining 
constant in magnitude. In this case we say that the wave is circularly polarized. The choice 
of the directions of the y and z axes is now obviously arbitrary. We note that in such a wave 
the ratio of the y and z components of the complex amplitude Ep is 

Foz = ae 

ia i (48.11) 
for rotation in the same (opposite) direction as that of a right-hand screw right and left 
polarizations). 

Finally, if b, or b, equals zero, the field of the wave is everywhere and always parallel (or 
antiparallel) to one and the same direction. In this case the wave is said to be linearly 
polarized, or plane polarized. An elliptically polarized wave can clearly be treated as the 
superposition of two plane polarized waves. 

Now let us turn to the definition of the wave vector and introduce the four-dimensional 
wave vector with components 


kis (2. k). (48.12) 
c 
That these quantities actually form a four-vector is obvious from the fact that we get a scalar 
the phase of the wave) when we nultiply by 2°: 
kx! = ot —k-r. (48.13) 


From the definitions (48.4) and (48.12) we see that the square of the wave four-vector is 
zero: 


kk; = 0. (48.14) 
This relation also follows directly from the fact that the expression 
A = Age" 


must be a solution of the wave equation (46.10). 

As is the case for every plane wave, in a monochromatic wave propagating along the x 
axis only the following components of the energy-momentum tensor are different from zero 
(see § 47): 


TO = T” =T" = W. 


By means of the wave four-vector, these equations can be written in tensor form as 
7 We2 . 
TH = —— K'k*. (48.15) 
@ 


+ We assume that the coordinate axes form a right-handed system. 
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Finally, by using the law of transformation of the wave four-vector we can easily treat the 
so-called Doppler effect—the change in frequency @ of the wave emitted by a source 
moving with respect to the observer, as compared to the “true” frequency @ of the same 
source in the reference system (Ky) in which it is at rest. 

Let V be the velocity of the source, i.e. the velocity of the Kọ system relative to K. 
According to the general formula for transformation of four-vectors, we have: 


ZO ce 


(the velocity of the K system relative to Ky is — V). Substituting k? = alc, k! = k cos a= 
a/c cos &, where ais the angle (in the K system) between the direction of emission of the 
wave and the direction of motion of the source, and expressing @ in terms of @p, we obtain: 


y2 
l--7 
O= Op — > (48.16) 
1~ ç COS a 


This is the required formula. For V << c, and if the angle ais not too close to 77/2, it gives: 


O = Op ( + X cos a), (48.17) 
For a = 7/2, we have: 
V2 & vV? \. 
@= Op 1-¥ =o( - 45) (48.18) 


in this case the relative change in frequency is proportional to the square of the ratio V/c. 


PROBLEMS 
1. Determine the direction and magnitude of the axes of the polarization ellipse in terms of the complex 
amplitude Ep. 
Solution: The problem consists in determining the vector b = b; + ib2, whose square is real. We have from 
(48.7): 


Ey: Ej =b? +b2, Eo xE} =—2ib, x bp, a) 
or 


b? -b2 =A? + B?, b,b = AB sin 6, 
where we have introduced the notation 


Eo Eoy iô 
l Eo, | =A, l Eo: | = B, y © 


for the absolute values of Eo, and Eo; and for the phase difference 6 between them. Then 





2b,2 = JA? + B? + 2ABsin 6 + JA? + B? — 2ABsin Ô, (2) 


§ 48 MONOCHROMATIC PLANE WAVES 127 


from which we get the magnitudes of the semiaxes of the polarization ellipse. 
To determine their directions (relative to the arbitrary initial axes y and z) we start from the equality 


Re {(Eo - b,)(Eo - b2)} = 0, 


which is easily verified by substituting Ey = (b; + ib2) €". Writing out this equality in the y, z coordinates, 
we get for the angle 0 between the direction of b; and the y axis: 


tan 20 = 2AB cos ô 8) 


A? 5 B? J 
The direction of rotation of the field is determined by the sign of the x component of the vector b; x bz. 
Taking its expression from (1) 


E E>. Y 
i = - = ee = 23| Z0z | _ | 2z 
2i(b, x b2); = Eo: Eoy EozEoy l Eol { Eo } (i ) l 


y 


we see that the direction of b; x b, (whether it is along or opposite to the positive direction of the x axis), 
and the sign of the rotation (whether in the same direction, or opposite to the direction of a right-hand screw 
along the x axis) are given by the sign of the imaginary part of the ratio Ep,/Eo, (plus for the first case and 
minus for the second). This is a generalization of the rule (48.11) for the case of circular polarization. 


2. Determine the motion of a charge in the field of a plane monochromatic linearly polarized wave. 


Solution: Choosing the direction of the field E of the wave as the y axis, we write: 
E, = E = Eo cos we, Ay =A = - © sin of 


(Ë = t — x/c). From formulas (3) and (4) of problem 2, § 47, we find (in the reference system in which 
the particle is at rest on the average) the following representation of the motion in terms of the parameter 


1) = o6): 
272 














e“ Ec . eEoc 
reg To sin 27, A cos, z=0, 
2 p2 2 2 
_n _ eE | 2_,2.2, E Eo. 
= 8770? sin 2), y^“ =m"c" + 70? 
2 p2 


e“ Eg eEo . 
Peno cos 27, Py =- Sinn, P, =0. 





The charge moves in the x, y plane in a symmetric figure-8 curve with its longitudinal axis along the y 
axis. During a period of the motion, 7) varies from 0 to 27. 


3. Determine the motion of a charge in the field of a circularly polarized wave. 
Solution: For the field of the wave we have: 
E, = E cos œ$, E, = Ey sin wf, 








A, =—-— sin af, A, =- cos a8 
The motion is given by the formulas: 
eck, Eo 
x=0, y=-= 2 cos @t, (ae 2 sin wt, 
yo 


eEo . eEo 
p, = 9, Py = 7 ae, Pa ees 
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22 
c Eo 
o? 


y? = m?c? + 





Thus the charge moves in the y, z plane along a circle of radius ecE)/yw" with a momentum having the 
constant magnitude p = eE)/q@; at each instant the direction of the momentum p is opposite to the direction 
of the magnetic field H of the wave. 


§ 49. Spectral resolution 


Every wave can be subjected to the process of spectral resolution, i.e. can be represented 
as a superposition of monochromatic waves with various frequencies. The character of this 
expansion varies according to the character of the time dependence of the field. 

One category consists of those cases where the expansion contains frequencies forming a 
discrete sequence of values. The simplest case of this type arises in the resolution of a purely 
periodic (though not monochromatic) field. This is the usual expansion in Fourier series; it 
contains the frequencies which are integral multiples of the “fundamental” frequency @ = 
2x/T, where T is the period of the field. We write it in the form 


f= È fyevioom (49.1) 


(where f is any of the quantities describing the field). The quantities f, are defined in terms 
of the function f by the integrals 


T2 
h=4 Í fe” dt. (49.2) 
-T2 
Because f (t) must be real, 
fn =f,- (49.3) 


In more complicated cases, the expansion may contain integral multiples (and sums of 
integral multiples) of several different incommensurable fundamental frequencies. 

When the sum (49.1) is squared and averaged over the time, the products of terms with 
different frequencies give zero because they contain oscillating factors. Only terms of the 
form f,f., = | fı Ê remain. Thus the average of the square of the field, i.e. the average 
intensity of the wave, is the sum of the intensities of its monochromatic components: 


fr = 2 if? =2 © ie: (49.4) 


(where it is assumed that the average of the function f over a period is zero, i.e. fo = f =0). 

Another category consists of fields which are expandable in a Fourier integral containing 
a continuous distribution of different frequencies. For this to be possible, the function f(4) 
must satisfy certain definite conditions; usually we consider functions which vanish for t > 
+ œ. Such an expansion has the form 


do 


f= | foe on’ (49.5) 
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where the Fourier components are given in terms of the function f(t) by the integrals 


= Í f(t)e dt. (49.6) 
Analogously to (49.3), 
fo =fo- (49.7) 


Let us express the total intensity of the wave, i.e. the integral of f? over all time, in terms 
of the intensity of the Fourier components. Using (49.5) and (49.6), we have: 


| ra- | ff tue #2 dt = f fo f arar w- eee 


| rae J iter 2-a? Í I fig |? ae (49.8) 
0 


§ 50. Partially polarized light 


Every monochromatic wave is, by definition, necessarily polarized. However we usually 
have to deal with waves which are only approximately monochromatic, and which contain 
frequencies in a small interval A@. We consider such a wave, and let @ be some average 
frequency for it. Then its field (to be specific we shall consider the electric field E) at a fixed 
point in space can be writen in the form 


E,(de" 


where the complex amplitude E,(2) is some slowly varying function of the time (for a strictly 
monochromatic wave Ey would be constant). Since E, determines the polarization of the 
wave, this means that at each point of the wave, its polarization changes with time, such a 
wave is said to be partially polarized. 

The polarization properties of electromagnetic waves, and of light in particular, are observed 
experimentally by passing the light to be investigated through various bodiest and then 
observing the intensity of the transmitted light. From the mathematical point of view this 
means that we draw conclusions concerning the polarization properties of the light from the 
values of certain quadratic functions of its field. Here of course we are considering the time 
averages of such functions. 

Quadratic functions of the field are made up of terms proportional to the products Eg Ep, 


E,,Ep, ot Eg Eg- Products of the form 
E,Eg = EooEope ”®, EgEp = EoaEo pe" » 


+2iot 


which contain the rapidly oscillating factors e~“'®’ give zero when the time average is taken. 


The products EE; B= = Epa Eo g do not contain such factors, and so their averages are not 


t For example, through a Nicol prism. 
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zero. Thus we see that the polarization properties of the light are completely characterized 
by the tensor 


Since the vector Ep always lies in a plane perpendicular to the direction of the wave, the 
tensor Jog has altogether four components (in this section the indices œ, B are understood to 
take on only two values: œ, B = 1, 2, corresponding to the y and z axes; the x axis is along 
the direction of propagation of the wave). 

The sum of the diagonal elements of the tensor Jop (we denote it by J) is a real quantity— 
the average value of the square modulus of the vector Ep (or E): 


J=Jogq = Ey - Eo. (50.2) 
This quantity determines the intensity of the wave, as measured by the energy flux density. 
To eliminate this quantity which is not directly related to the polarization properties, we 
introduce in place of Jag the tensor 
J 
Pap = E, (50.3) 
for which Pga = 1; we call it the polarization tensor. 


From the definition (50.1) we see that the components of the tensor J,g, and consequently 
also Pog, are related by 


Pop = Pha (50.4) 


(i.e. the tensor is hermitian). Consequently the diagonal components Pi, and pz are real 
(with P1; + Pz = 1) while p, = pj2. Thus the polarization is characterized by three real 
parameters. 

Let us study the conditions that the tensor Pop must satisfy for completely polarized light. 
In this case Ep = const, and so we have simply 


Jap = JPag = Epa Eog (50.5) 

(without averaging), i.e. the components of the tensor can be written as products of components 

of some constant vector. The necessary and sufficient condition for this is that the determinant 
vanish: 

| Pop! = PuP22 — Pi2P21 = 0. (50.6) 


The opposite case is that of unpolarized or natural light. Complete absence of polarization 
means that all directions (in the y, plane) are equivalent. In other words the polarization 
tensor must have the form: 


Pog = 75op - (50.7) 
The determinant is | Pog! = +. 
In the general case of arbitrary polarization the determinant has values between 0 and Lt 


f The fact that the determinant is positive for any tensor of the form (50.1) is easily seen by considering 
the averaging, for simplicity, as a summation over discrete values, and using the well-known algebraic 
inequality 


IZ xayol? <Zix,? Ly, I. 
a,b a b 
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By the degree of polarization we mean the positive quantity P, defined from 
IPagl = 401 — P?). l (50.8) 


It runs from the value 0 for unpolarized to 1 for polarized light. 
An arbitrary tensor Pap can be split into two parts—a symmetric and an antisymmetric 
part. Of these, the first 


Sop = 5 (Pag + Ppa ) 


is real because of the hermiticity of Pag. The antisymmetric part is pure imaginary. Like any 
antisymmetric tensor of rank equal to the number of dimensions, it reduces to a pseudo- 
scalar (see the footnote on p. 18): - 


(Pop ~ Pha ) = -5 ep A, 


where A is a real pseudoscalar, egg is the unit antisymmetric tensor (with components e12 
=- e21 = 1). Thus the polarization tensor has the form: 


Pop = Sap = a CopA, sop = Sba» (50.9) 


i.e. it reduces to one real symmetric tensor and one pseudoscalar. 
For a circularly polarized wave, the vector Ep = const, where 


Eo2 =+ iE}. 


It is easy to see that then Sag = ôg- while A = + 1. On the other hand, for a linearly 
polarized wave the constant vector Ey can be chosen to be real, so that A = 0. In the general 
case the quantity A may be called the degree of circular polarization; it runs through values 
from +1 to —1, where the limiting values correspond to right- and left-circularly polarized 
waves, respectively. 

The real symmetric tensor Sap, like any symmetric tensor, can be brought to principal 
axes, with different principal values which we denote by A, and A,. The directions of the 
principal axes are mutually perpendicular. Denoting the unit vectors along these directions 
by n” and n®, we can write Sag in the form: 


Sop = Aing ni? + AgnP nf, A, +d, = 1. (50.10) 
The quantities A, and A, are positive and take on values from 0 to 1. 

Suppose that A = 0, so that Pog = Sop- Each of the two terms in (50.10) has the form of a 
product of two components of a constant vector (4A, n® or \{A,n®). In other words, 
each of the terms corresponds to linearly polarized light. Furthermore, we see that there is 
no term in (50.10) containing products of components of the two waves. This means that the 
two parts can be regarded as physically independent of one another, or, as one says, they are 
incoherent. In fact, if two waves are independent, the average value of the product EY Ep 
is equal to the product of the averages of each of the factors, and since each of them is zero, 


EDER = 0. 
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Thus we arrive at the result that in this case (A = 0) the partially polarized light can be 
represented as a superposition of two incoherent waves (with intensities proportional to A, 
and A,), linearly polarized along mutually perpendicular directions.} (In the general case of 
a complex tensor Pop one can show that the light can be represented as a superposition of 
two incoherent elliptically polarized waves, whose polarization ellipses are similar and 
mutually perpendicular (see problem 2).) 

Let @ be the angle between the axis ! (the y axis) and the unit vector n“; then 


n” = (cos ¢, sin ¢), n® = (sin ¢, cos ¢). 


Introducing the quantity / = A, — A; (assume A, > Az), we write the components of the tensor 
(50.10) in the following form: 


‘ery I sin 2 


Sap = > 50.11 

Æ 2\ Isin2¢ 1 — I cos 2 ( ) 
Thus, for an arbitrary choice of the axes y and z, the polarization properties of the wave can 
be characterized by the following three real parameters: A—the degree of circular polarization, 
I—the degree of maximum linear polarization, and ¢—the angle between the direction n”? 
of maximum polarization and the y axis. 


In place of these parameters one can choose another set of three parameters: 
é =lsin2¢, & =A, & =I cos 2¢ (50.12) 
(the Stokes parameters). The polarization tensor is expressed in terms of them as 
‘i -ae a 
2G +i 1-6 
All three parameters run through values from —1 to +1. The parameter &3 characterizes the 
linear polarization along the y and z axes: the value é; = 1 corresponds to complete linear 
polarization along the y axis, and € = —1 to complete polarization along the z axis. The 


parameter &, characterizes the linear polarization along directions making an angle of 45° 
with the y axis: the value é; = 1 means complete polarization at an angle ¢ = 7/4, while 


(50.13) 


éi = —1 means complete polarization at @ = —7/4.¢ 
The determinant of (50.13) is equal to 
Papl = 301 — éP — 62 — &3). (50.14) 


Comparing with (50.8), we see that 


P= 4E? + E+E. (50.15) 


+ The determinant | Sap | = A142; suppose that A, > Az; then the degree of polarization, as defined in (50.8), 
is P = 1 — 2A). In the present case (A = 0) one frequently characterizes the degree of polarization by using 
the depolarization coefficient, defined as the ratio A,/A,. 

4 For a completely elliptically polarized wave with axes of the ellipse b, and b; (see § 48), the Stokes 
parameters are: 


&, = 0, €,=+2b,b,, é =b? —b3. 


Here the y axis is along b,, while the two signs in € correspond to directions of b, along and opposite to 
the direction on the z axis. 
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Thus, for a given overall degree of polarization P, different types of polarization are possible, 
characterized by the values of the three quantities é, &, &, the sum of whose squares is 
fixed; they form a sort of vector of fixed length. 


We note that the quantities € = A and ./&? + €? = l are invariant under Lorentz 


transformations. This remark is already almost obvious from the very meaning of these 
quantities as degrees of circular and linear polarization.+ 


PROBLEMS 


1. Resolve an arbitrary partially polarized light wave into its “natural” and “polarized” parts. 


Solution: This resolution means the representation of the tensor Jog in the form 
Jag = $I Sag + ESD ER . 


The first term corresponds to the natural, and the second to the polarized parts of the light. To determine the 
intensities of the parts we note that the determinant 


og — $5 Spl = IER EG" = 0. 


Writing Jap = Jpog in the form (50.13) and solving the equation, we get 
B= “pos 
J = (1 -P). 


The intensity of the polarized part is J = IEP? =J-J™® = JP. 

The polarized part of the light is in general an elliptically polarized wave, where the directions of the axes 
of the ellipse coincide with the principal axes of the tensor Sap- The lengths b, and b, of the axes of the 
ellipse and the angle @ formed by the axis b, and the y axis are given by the equations: 


b? +b? =JP, 2bby -JPE tan 2 -2. 


2. Represent an arbitrary partially polarized wave as a superposition of two incoherent elliptically 
polarized waves. 


Solution: For the hermitian tensor pag the “principal axes” are determined by two unit complex vectors 
n(n - n* = 1), satisfying the equations 
Pap np = Ang. f a) 
The principal values A, and A, are the roots of the equation 
| Pag — Adagl = 0. 
Multiplying (1) on both sides by A we have: 


: Le 
A= Popa p = 7 lEoangl? , 


{ For a direct proof, we note that since the field of the wave is transverse in any reference frame, it is clear 
from the start that the tensor Pog remains two-dimensional in any new frame. The transformation of Pag into 
Pop leaves unchanged the sum of absolute squares Pop Pag (in fact, the form of the transformation does not 
depend on the specific polarization properties of the light, while for a completely polarized wave this sum 
is 1 in any reference system). Because this transformation is real, the real and imaginary parts of the tensor 
Pog (50.9) transform independently, so that the sums of the squares of the components of each separately 
remain constant. and are expressed in terms of | and A. 
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from which we see that /,, A, are real and positive. Multiplying the equations 


Paps =n, Pops” = 2ang” 
for the first by n@” and for the second by n® , taking the difference of the results and using the hermiticity | 
of Pap, We get: l 


(A, - AnP nG” =0. 


It then follows that n” - n®* = 0, i.e. the unit vectors n® and n® are mutually orthogonal. 
The expansion of the wave is provided by the formula 


(1) „(D* 


2 (2 
Pop = Aina B + Aang ng”. 


One can always choose the complex amplitude so that, of the two mutually perpendicular components, one 
is real and the other imaginary (compare § 48). Setting 


ni =b, nP = ib, 


(where now b, and b, are understood to be normalized by the condition b? + b? = 1), we get from the 
equation n” - n®* = 0: 


n® = iby r n® = bı . 


We then see that the ellipses of the two elliptically polarized vibrations are similar (have equal axis ratio), 
and one of them is turned through 90° relative to the other. 


3. Find the law of transformation of the Stokes parameters for a rotation of they y, z axes through and 
angle @. ; 

Solution: The law is determined by the connection of the Stokes parameters to the components of the 
two-dimensional tensor in the yz plane, and is given by the formulas 


í = 61 cos 2¢ — §; sin 29, &3 = €, sin 2¢ + € cos 2¢, E = é. 


$ 51. The Fourier resolution of the electrostatic field 


The field produced by charges can also be formally expanded in plane waves (in a Fourier 
integral). This expansion, however, is essentially different from the expansion of electromagnetic 
waves in vacuum, for the field produced by charges does not satisfy the homogeneous wave 
equation, and therefore each term of this expansion does not satisfy the equation. From this 
it follows that for the plane waves into which the field of charges can be expanded, the 
relation kK? = a°/c?, which holds for plane monochromatic electromagnetic waves, is not 
fulfilled. 

In particular, if we formally represent the electrostatic field as a superposition of plane 
waves, then the “frequency” of these waves is clearly zero, since the field under consideration 
does not depend on the time. The wave vectors themselves are, of course, different from 
zero. 

We consider the field produced by a point charge e, located at the origin of coordinates. 
The potential @ of this field is determined by the equation (see § 36) 


Ag = —4reð(r). (51.1) 


We expand @ in a Fourier integral, i.e. we represent it in the form 
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ik-r 
= fe Px ay (51.2) 


where d°k denotes dk, dk, dk,. In this formula ¢, = Í o(rje“*"dV. Applying the Laplace 
operator to both sides of (51.2), we obtain 





2_ik-r 
-- Jee oon 


‘so that the Fourier component of the expression A@ is 
(Ak = Kor- 


On the other hand, we can find (Ag), by taking Fourier components of both sides of 
equation (51.1), 


(Ad), =- J 4ned(r)e~* "dV = — 4ze. 


Equating the two expressions obtained for (Ag), we find 








4re 
$k = y (51.3) 
This formula solves our problem. 
Just as for the potential ¢, we can expand the field 
+00 
E = Í Exe* oan (51.4) 
With the aid of (51.2), we have 
e 3 
E=- grad | ge™" = - fi ewr dk. 
aid J a = Kone ony? 
Comparing with (51.4), we obtain 
E, = -ik@, = -i aS (51.5) 


From this we see that the field of the waves, into which we have resolved the Coulomb field, 
is directed along the wave vector. Therefore these waves can be said to be longitudinal. 


§ 52. Characteristic vibrations of the field 


We consider an electromagnetic field (in the absence of charges) in some finite volume of 
space. To simplify further calculations we assume that this volume has the form of a rectangular 
parallelepiped with sides A, R, C, respectively. Then we can expand all quantities characterizing 
the field in this parallelepiped in a triple Fourier series (for the three coordinates). This 
expansion can be written (e.g. for the vector potential) in the form: 
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A= x A,e*r (52.1) 


explicitly indicating that A is real. The summation extends here over all possible values of 
the vector k whose components run through the values 
27n, 27n, 27n, 
ee E ce ala oe, 
where n, ny, n, are positive or negative integers. Since A is real, the coefficients in the 
expansion (52.1) are related by the equations A, = Ax. From the equation div A = 0 it 
follows that for each k, 








(52.2) 


k- A, = 0, (52.3) 


i.e., the complex vectors A, are “perpendicular” to the corresponding wave vectors k. The 
vectors A, are, of course, functions of the time; from the wave equation (46.7), they Satisfy 
the equation 


Ay + c?k? A, =0. (52.4) 


If the dimensions A, B, C of the volume are sufficiently large, then neighbouring values 
of k,, k,, k; (for which n,, ny, n. differ by unity) are very close to one another. In this case we 
may speak of the number of possible values of k,, k,, k, in the small intervals Ak,, Ak,, Ak,. 

Since to neighbouring values of, say, k,, there correspond values of n, differing by unity, 
the number An, of possible values of k, in the interval Ak, is equal simply to the number of 


values of n, in the corresponding interval. Thus, we obtain 


-A B 
* 2m 27 
The total number An of possible values of the vector k with components in the intervals Ak, 
Ak,, Ak, is equal to the product An, An, An, that is, 


V 
An = Gry or > (52.5) 
where V = ABC is the volume of the field. It is easy to determine from this the number of 
possible values of the wave vector having absolute values in the interval Ak, and directed 
into the element of solid angle Ao. To get this we need only transform to polar coordinates 


in the “k space” and write in place of Ak, Ak, Ak, the element of volume in these coordinates. 
Thus 


An Ak,, An, = Ak,, An, = -Ê Ak,. 
) ; = 2m 


-V 
(27)? 
Replacing Ao by 47, we find the number of possible values of k with absolute value in the 
interval Ak and pointing in all directions: An = (V/272)KAk. 
We calculate the total energy 


An k? AkAo. (52.6) 





_ 1 2 2 
sz fe + H*)dv 


of the field, expressing it in terms of the quantities A,. For the electric and magnetic fields 
we have 


E= -LÀ = = hy Aye, 
c Ck 
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H = curl A =i È (k x Ay )e®™. (52.7) 


When calculating the squares of these sums, we must keep in mind that all products of terms 
with wave vectors k and k’ such that k # k’ give zero on integration over the whole volume. 
In fact, such terms contain factors of the form e“****, and the integral, e.g. of 


f ix 
Je A * dx, 
0 


with integer n, different from zero, gives zero. In those terms with k’ = —k, the exponentials 
drop out and integration over dV gives just the volume V. 
As a result, we obtain 


w= LES AS + (kx Ar): (kx Aj}. 
From (52.3), we have 
(k x Ax) J (k x Ay) =k7 A, z Ak, 
so that ; 
V A A* . 
eat {Ak - Åk + k?°c? Ak - Ax}. (52.8) 


Each term of this sum corresponds to one of the terms of the expansion (52.1). 

Because of (52.4), the vectors Ay, are harmonic functions of the time with frequencies @, 
= ck, depending only on the absolute value of the wave vector. Depending on the choice of 
these functions, the terms in the expansion (52.1) can represent standing or running plane 
waves. We shall write the expansion so that its terms describe running waves. To do this we 
write it in the form 


A= z (a,e** + aje ™") (52.9) 
which explicitly exhibits that A is real, and each of the vectors a, depends on the time 
according to the law 

an ~ ek, QO, = ck. (52.10) 


Then each individual term in the sum (52.9) will be a function only of the difference 
k - r — @¢, which corresponds to a wave propagating in the k direction. 

Comparing the expansions (52.9 ) and (52.1), we find that their coefficients are related by 
the formulas 


A, =a, +a'x, 
and from (52.10) the time derivatives are related by 
Ax = —ick(a, = ay ). 


Substituting in (52.8), we express the field energy in terms of the coefficients of the expansion 
(52.9). Terms with products of the form ay- ax Or ay -@_, cancel one another; also noting 


138 ELECTROMAGNETIC WAVES § 52 


that the sums Za, - ak and Xa_,a*, differ only in the labelling of the summation index, 
and therefore coincide, we finally obtain: 


2 
f= LH, H= EE a, ar. (52.11) 


Thus the total energy of the field is expressed as a sum of the energies &,, associated with 
each of the plane waves individually. 


In a completely analogous fashion, we can calculate the total momentum of the field, 
+ | sav=— | Ex Hav, 
c? 4rc 


for which we obtain 


a 


x Pr (52.12) 


| 


This result could have been anticipated in view of the relation between the energy and 
momentum of a plane wave (see § 47). 

The expansion (52.9) succeeds in expressing the field in terms of a series of discrete 
parameters (the vectors a,), in place of the description in terms of a continuous series of 
parameters, which is essentially what is done when we give the potential A(x, y, z, t) at all 
points of space. We now make a transformation of the variables a,, which has the result that 
the equations of the field take on a form similar to the canonical equations (Hamilton 
equations) of mechanics. 

We introduce the real “canonical variables” Q, and P, according to the relations 


Qk = /——(ax + ay), (52.13) 


V 
4nc? 


P, = -i@, lag a - ak) = Qr- 


The Hamiltonian of the field is obtained by substituting these expressions in the energy 
(52.11): 


= È Hi = 2 T(P + @2Q?). (52.14) 


Then the Hamilton equation 07/0P, = Qk coincide with P, = Qk , which is thus a 
consequence of the equations of motion. (This was achieved by an appropriate choice of the 
coefficient in (52.13).) The equations of motion, 0#/0Q, = — P,, become the equations 


Ük + 02Q, =0, (52.15) 


that is, they are identical with the equations of the field. 

Each of the vectors Q, and P, is perpendicular to the wave vector k, i.e. has two independent 
components. The direction of these vectors determines the direction of polarization of the 
corresponding travelling wave. Denoting the two components of the vector Q, (in the plane 
perpendicular to k) by Qy;, j = 1, 2, we have 


ee 
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and similarly for P,. Then 
_ , — l(p2 202 
H= È kj» Hij = TAG + Of Qi; )- (52.16) 
We see that the Hamiltonian splits into a sum of independent terms %,, each of which 
contains only one pair of the quantities Q,;, P,;- Each such term corresponds to a travelling 
wave with a definite wave vector and polarization. The quantity %,; has the form of the 
Hamiltonian of a one-dimensional “oscillator”, performing a simple harmonic vibration. For 
this reason, one sometimes refers to this result as the expansion of the field in terms of 
oscillators. 


We give the formulas which express the field explicitly in terms of the variables Px, Q- 
From (52.13), we have 


a, =i /F iO), a-i [EO tioo) 621D 
Substituting these expressions in (52.1), we obtain for the vector potential of the field: 
A=2 {z $ L (chQ cos k- r — P, sin k r). (52.18) 
For the electric and magnetic fields, we find 


E = -2,/2 Y(ckQ, sink - r + P, cos k - r), 
V k 


= -2% » L fek(k x Qr )sin k -r + (k x P, ) cos k- r}. (52.19) 


CHAPTER 7 


THE PROPAGATION OF LIGHT 


§ 53. Geometrical optics 


A plane wave is characterized by the property that its direction of propagation and amplitude 
are the same everywhere. Arbitrary electromagnetic waves, of course, do not have this 
property. Nevertheless, a great many electromagnetic waves, which are not plane, have the 
property that within each small region of space they can be considered to be plane. For this, 
it is clearly necessary that the amplitude and direction of the wave remain practically 
constant over distances of the order of the wavelength. If this condition is satisfied, we can 
introduce the so-called wave surface, i.e. a surface at all of whose points the phase of the 
wave is the same (at a given time). (The wave surfaces of a plane wave are obviously planes 
perpendicular to the direction of propagation of the wave.) In each small region of space we 
can speak of a direction of propagation of the wave, normal to the wave surface. In this way 
we can introduce the concept of rays—curves whose tangents at each point coincide with 
the direction of propagation of the wave. 

The study of the laws of propagation of waves in this case constitutes the domain of 
geometrical optics. Consequently, geometrical optics considers the propagation of waves, in 
particular of light, as the propagation of rays, completely divorced from their wave properties. 
In other words, geometrical optics corresponds to the limiting case of small wavelength, 
A> 0. 

We now take up the derivation of the fundamental equation of geometrical optics—the 
equation determining the direction of the rays. Let J be any quantity describing the field of 
the wave (any component of E or H). For a plane monochromatic wave, f has the form 


f=aeik roa) © geiCkix’+a) (53.1) 


(we omit the Re; it is understood that we take the real part of all expressions). 
We write the expression for the field in the form 


f=ael¥. (53.2) 


In case the wave is not plane, but geometrical optics is applicable, the amplitude a is, 
generally speaking, a function of the coordinates and time, and the phase y, which is called 
the eikonal, does not have a simple form, as in (53.1). It is essential, however, that ybea 
large quantity. This is clear immediately from the fact that it changes by 27 when we move 
through one wavelength, and geometrical optics corresponds to the limit A > 0. 

Over small space regions and time intervals the eikonal y can be expanded in series; to 
terms of first order, we have 
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= eV 
w=Yotr oe Tae ay 


(the origin for coordinates and time has been chosen within the space region and time 
interval under consideration; the derivatives are evaluated at the origin). Comparing this 
expression with (53.1), we can write 


oy oy 
k= = grad =-=, 53.3 
gr V OS oy (53.3) 
which corresponds to the fact that in each small region of space (and each small interval of 
time) the wave can be considered as plane. In four-dimensional form, the relation (53.3) is 
expressed as 


pea (53.4) 


where k; is the wave four-vector. 
We saw in § 48 that the components of the four-vector k’ are related by k; A = 0. Substituting 
(53.4), we obtain the equation 


OV OW o, (53.5) 


This equation, the eikonal equation, is the fundamental equation of geometrical optics. 
The eikonal equation can also be derived by direct transition to the limit A — 0 in the wave 
equation. The field f satisfies the wave equation 











Pf _ 
Ox;Ox' 
Substituting f = ae”, we obtain 
3a iy da oy wy oy. ov 
-e' 2i eY 53.6 
wo oe oe a Oy ee (3410) 


But the eikonal y, as we pointed out above, is a large quantity; therefore we can neglect the 
first three terms compared with the fourth, and we arrive once more at equation (53.5). 

We shall give certain relations which, in their application to the propagation of light in 
vacuum, lead only to completely obvious results. Nevertheless, they are important because, 
in their general form, these derivations apply also to the propagation of light in material 
media. 

From the form of the eikonal equation there results a remarkable analogy between geometrical 
optics and the mechanics of material particles. The motion of a material particle is determined 
by the Hamilton-Jacobi equation (16.11). This equation, like the eikonal equation, is an 
equation in the first partial derivatives and is of second degree. As we know, the action S is 
related to the momentum p and the Hamiltonian 7 of the particle by the relations 
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Comparing these formulas with the formulas (53.3), we see that the wave vector plays the 
same role in geometrical optics as the momentum of the particle in mechanics, while the 
frequency plays the role of the Hamiltonian, i.e., the energy of the particle. The absolute 
magnitude k of the wave vector is related to the frequency by the formula k = alc. This 
relation is analogous to the relation P = čl between the momentum and energy of a particle 
with zero mass and velocity equal to the velocity of light. 

For a particle, we have the Hamilton equations 


pen ye Oe 
BS get "age 


In view of the analogy we have pointed out, we can immediately write the corresponding 
equations for rays: 


(ech ec E (53.7) 


In vacuum, w= ck, so that k = 0, v=cn (nis a unit vector along the direction of propagation); 
in other words, as it must be, in vacuum the rays are straight lines, along which the light 
travels with velocity c. 

The analogy between the wave vector of a wave and the momentum of a particle is made 
especially clear by the following consideration. Let us consider a wave which is a superposition 
of monochromatic waves with frequencies in a certain small interval and occupying some 
finite region in space (this is called a wave packet). We calculate the four-momentum of the 
field of this wave, using formula (32.6) with the energy-momentum tensor (48.15) (for each 
monochromatic component). Replacing k’ in this formula by some average value, we obtain 
an expression of the form 


Pi = AK, (53.8) 


where the coefficient of proportionality A between the two four-vectors P’ and K’ is some 
scalar. In three-dimensional form this relation gives: 


P=Ak, *=Aa,. (53.9) 


% by the equation L = p- 9 %18 p— 4 replacing the Hamiltonian # by the frequency @ and 
the momentum by the wave vector k, we should have to write for the Lagrangian in optics 
k - dw/0k — æ. But this expression is equal to zero, since @ = ck. The impossibility of 


Y=- or+ Wa, y, z), (53.10) 


where YW is a function only of the coordinates. The eikonal €quation (53.5) now takes the 
form E 
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2 
(grad Wo)” = a . (53.11) 
c 


The wave surfaces are the surfaces of constant eikonal, i.e. the family of surfaces of the form 
Wo (x, y, z) = const. The rays themselves are at each point normal to the corresponding wave 
surface; their direction is determined by the gradient V yo. 

As is well known, in the case where the energy is constant, the principle of least action for 
particles can also be written in the form of the so-called principle of Maupertuis: 


65=6f p-dl=0, 


where the integration extends over the trajectory of the particle between two of its points. In 
this expression the momentum is assumed to be a function of the energy and the coordinates. 
The analogous principle for rays is called Fermat’s principle. In this case, we can write by 
analogy: 


by=5[ k-di=0. (53.12) 
In vacuum, k = (@/c)n, and we obtain (dl - n = dl): 
af dl = 0, (53.13) 
which corresponds to rectilinear propagation of the rays. 


§ 54. Intensity 


In geometrical optics, the iight wave can be considered as a bundle of rays. The rays 
themselves, however, determine only the direction of propagation of the light at each point; 
there remains the question of the distribution of the light intensity in space. 

On some wave surface of the bundle of rays under consideration, we isolate an infinitesimal 
surface element. From differential geometry it is known that every surface has, at each of its 
points, two (generally different) principal radii of curvature. Let ac and bd (Fig. 7) be 
elements of the principal circles of curvature, constructed at a given element of the wave 
surface. Then the rays passing through a and c meet at the corresponding centre of curvature 
O,, while the rays passing through b and d meet at the other centre of curvature Op. 








Fic. 7. 
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For fixed angular openings of the beams starting from O, and O,, the lengths of the arcs 
ac and bd are, clearly, proportional to the corresponding radii of curvature R, and R, (i.e. to 
the lengths O;O and 020). The area of the surface element is proportional to the product of 
the lengths ac and bd, i.e., proportional to RR. In other words, if we consider the element 
of the wave surface bounded by a definite set of rays, then as we move along them the area 
of the element will change proportionally to R,R>. 

On the other hand, the intensity, i.e. the energy flux density, is inversely proportional to 
the surface area through which a given amount of light energy passes. Thus we arrive at the 
result that the intensity is 


const 

I= RR (54.1) 

This formula must be understood as follows. On each ray (AB in Fig. 7) there are definite 

points O, and OQ, which are the centres of curvature of all the wave surfaces intersecting the 

given ray. The distances OO, and OO, from the point O where the wave surface intersects 

the ray, to the points O, and Op, are the radii of curvature R, and R, of the wave surface at 

the point O. Thus formula (54.1) determines the change in intensity of the light along a given 

ray as a function of the distances from definite points on this ray. We emphasize that this 

formula cannot be used to compare intensities at different points on a single wave surface. 

Since the intensity is determined by the square modulus of the field, we can write for the 
change of the field itself along the ray 


f= —COUSL pik (54.2) 


where in the phase factor e™? we can write either e** or e#®. The quantities e*® and 
e*®.. (for a given ray) differ from each other only by a constant factor, since the difference 
R; — R, the distance between the two centres of curvature, is a constant. 

If the two radii of curvature of the wave surface coincide, then (54.1) and (54.2) have the 
form: 


l= rae f= const eP. (54.3) 


This happens always when the light is emitted from a point source (the wave surfaces are 
then concentric spheres and R is the distance from the light source). 

From (54.1) we see that the intensity becomes infinite at the points R, = 0, R, = 0, i.e. at 
the centres of curvature of the wave surface. Applying this to all the rays in a bundle, we find 
that the intensity of the light in the given bundle becomes infinite, generally, on two surfaces— 
the geometrical loci of all the centres of curvature of the wave surfaces. These surfaces are 
called caustics. In the special case of a beam of rays with spherical wave surfaces, the two 
caustics fuse into a single point (focus). 

We note from well-known results of differential geometry concerning the properties of the 
loci of centres of curvature of a family of surfaces, that the rays are tangent to the caustic. 

It is necessary to keep in mind that (for convex wave surfaces) the centres of curvature of 
the wave surfaces can turn out to lie not on the rays themselves, but on their extensions 
beyond the optical system from which they emerge. In such cases we speak of imaginary 
caustics (or foci). In this case the intensity of the light does not become infinite anywhere. 

As for the increase of intensity to infinity, in actuality we must understand that the 
intensity does become large at points on the caustic, but it remains finite (see the problem 
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in § 59). The formal increase to infinity means that the approximation of geometrical optics 
is never applicable in the neighbourhood of the caustic. To this is related the fact that the 
change in phase along the ray can be determined from formula (54.2) only over sections of 
the ray which do not include its point of tangency to the caustic. Later (in § 59), we shall 
show that actually in passing through the caustic the phase of the field decreases by 7/2. This 
means that if, on the section of the ray before its first intersection with the caustic, the field 
is proportional to the factor e” (x is the coordinate along the ray), then after passage through 
the caustic the field will be proportional to = _ The same thing occurs in the neighbourhood 
of the pout of tangency to the second caustic, and beyond that point the field is proportional 
to e xX — TC + 


§ 55. The angular eikonal 


A light ray travelling in vacuum and impinging on a transparent body will, on its emergence 
from this body, generally have a direction different from its initial direction. This change in 
direction will, of course, depend on the specific properties of the body and on its form. 
However, it turns out that one can derive general laws relating to the change in direction of 
a light ray on passage through an arbitrary material body. In this it is assumed only that 
geometrical optics is applicable to rays propagating in the interior of the body under 
consideration. As is customary, we shall call such transparent bodies, through which rays of 
light propagate, optical systems. 

Because of the analogy mentioned in § 53, between the propagation of rays and the motion 
of particles, the same general laws are valid for the change in direction of motion of a 
particle, initially moving in a straight line in vacuum, then passing through some electromagnetic 
field, and once more emerging into vacuum. For definiteness, we shall, however, always 
speak later of the propagation of light rays. 

We saw in a previous section that the eikonal equation, describing the propagation of the 
rays, can be written in the form (53.11) (for light of a definite frequency). From now on we 
shall, for convenience, designate by y the eikonal yọ divided by the constant @/c. Then the 
basic equation of geometrical optics has the form: 


(Vy)? = 1. (55.1) 


Each solution of this equation describes a definite beam of rays, in which the direction of 
the rays passing through a given point in space is determined by the gradient of y at that 
point. However, for our purposes this description is insufficient, since we are seeking general 
relations determining the passage through an optical system not of a single definite bundle 
of rays, but of arbitrary rays. Therefore we must use an eikonal expressed in such a form that 
it describes all the generally possible rays of light, i.e. rays passing through any pair of 
points in space. In its usual form the eikonal y(r) is the phase of the rays in a certain bundle 
passing through the point r. Now we must introduce the eikonal as a function y(r, r’) of the 
coordinates of two points (r, r’ are the radius vectors of the initial and end points of the ray). 
A ray can pass through each pair of points r, r’, and yr, r’) is the phase difference (or, as 
it is called, the optical path length) of this ray between the points r and r’. From now on we 
shall always understand by r and r’ the radius vectors to points on the ray before and after 
its passage through the optical system. 


t Although formula (54.2) itself is not valid near the caustic, the change in phase of the field corresponds 
formally to a change in sign (i.e. multiplication by e'”) of R, or R, in this formula. 
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If in y(r, r’) one of the radius vectors, say r’, is fixed, then y as a function of r describes 
a definite bundle of rays, namely, the bundle of rays passing through the point r’. Then y 
must satisfy equation (55.1), where the differentiations are applied to the components of r. 
Similarly, if r is assumed fixed, we again obtain an equation for Wr, r’), so that 


(V: J =1, (Ves yy" =1. (55.2) 


The direction of the ray is determined by the gradient of its phase. Since Wr, r’) is the 
difference in phase at the points r and r’, the direction of the ray at the point r’ is given by 
the vector n’ = Oy/dr’, and at the point r by the vector n = — dy/dr. From (55.2) it is clear 
that n and n’ are unit vectors: 


n’ =n? = |. (55.3) 


The four vectors r, r’, n, w are interrelated, since two of them (n, n’) are derivatives of a 
certain function y with respect to the other two (r, r’). The function y itself satisfies the 
auxiliary conditions (55.2). 

To obtain the relation between n,n’, r, r’, it is convenient to introduce, in place of Y, 
another quantity, on which no auxiliary condition is imposed (i.e., is not required to satisfy 
any differential equations). This can be done as follows. In the function y the independent 
variables are r and r’, so that for the differential dy we have 


dye drt Yet des n-ar’ 


We now make a Legendre transformation from r, r’ to the new independent variables n, 
n’, that is, we write 


dy=—d(n-r)+r-dn+ dw -r(-r . dw. 
from which, introducing the function 
x=w -r -n-r-y, (55.4) 
we have l 
dy=-r-dn+r’- dw. (55.5) 


The function y is called the angular eikonal, as we see from (55.5), the independent 
variables in it are n and n’. No auxiliary conditions are imposed on X. In fact, equation (55.3) 
now states only a condition referring to the independent variables: of the three components 
Ny, Ny, ny, Of the vector n (and similarly for n’), only two are independent. As independent 


P 


variables we shall use ny, n,, ny, nz; then 


n, =Jjl—-n?—n?, n= L- n? — n??. 


Substituting these expressions in 
d% = -x dn, — y dn, — z dn, +x'dn; + y’ dn, +z’ dni, 


we obtain for the differential dy: 


n n? , 
d% =- b - rx dn, — (z - Zex) dn, + G - ma x Jans + G — a x Nant, 
x x 
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From this we obtain, finally, the following equations: 


(55.6) 








which is the relation sought between n, n’, r, r’. The function x characterizes the special 
properties of the body through which the rays pass (or the properties of the field, in the case 
of the motion of a charged particle). 

For fixed values of n, n’, each of the two pairs of equations (55.6) represent a straight line. 
These lines are precisely the rays before and after passage through the optical system. Thus 
the equation (55.6) directly determines the path of the ray on the two sides of the optical 
system. 


§ 56. Narrow bundles of rays 


In studying the passage of beams of rays through optical systems, special interest attaches 
to bundles whose rays all pass through one point (such bundles are said to be homocentric). 

After passage through an optical system, homocentric bundles in general cease to be 
homocentric, i.e. after passing through a body the rays no longer come together in any one 
point. Only in exceptional cases will the rays starting from a luminous point come together 
after passage through an optical system and all meet at one point (the image of the luminous 
point).+ 

One can show (see § 57) that the only case for which all homocentric bundles remain 
strictly homocentric after passage through the optical system is the case of identical imaging, 
i.e. the case where the image differs from the object only in its position or orientation, or is 
mirror inverted. 

Thus no optical system can give a completely sharp image of an object (having finite 
dimensions) except in the trivial case of identical imaging. Only approximate, but not 
completely sharp images can be produced of an extended body, in any case other than for 
identical imaging. 

The most important case where there is approximate transition of homocentric bundles 
into homocentric bundles is that of sufficiently narrow beams (i.e. beams with a small 
opening angle) passing close to a particular line (for a given optical system). This line is 
called the optic axis of the system. 

Nevertheless, we must note that even infinitely narrow bundles of rays (in the three- 
dimensional case) are in general not homocentric; we have seen (Fig. 7) that even in such 
a bundle different rays intersect at different points (this phenomenon is called astigmatism). 
Exceptions are those points of the wave surface at which the two principal radii of curvature 
are equal—a small region of the surface in the neighbourhood of such points can be considered 
as spherical, and the corresponding narrow bundle of rays is homocentric. 


} The point of intersection can lie either on the rays themselves or on their continuations; depending on 
this, the image is said to be real or virtual. 
+ Such imaging can be produced with a plane mirror. 
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We consider an optical system having axial symmetry.+ The axis of symmetry of the 
system is also its optical axis. The wave surface of a bundle of rays travelling along this axis 
also has axial symmetry; as we know, surfaces of rotation have equal radii of curvature at 
their points of intersection with the symmetry axis. Therefore a narrow bundle moving in 
this direction remains homocentric. 

To obtain general quantitative relations, determining image formation with the aid of 
narrow bundles, passing through an axially-symmetric optical system, we use the general 
equations (55.6) after determining first of all the form of the function % in the case under 
consideration. 

Since the bundles of rays are narrow and move in the neighbourhood of the optical axis, 
the vectors n, n’ for each bundle are directed almost along this axis. If we choose the optical 
axis as the X axis, then the components, Ny, n, ny, n; will be small compared with unity. As 
for the components n,, n}; n, = 1 and n? can be approximately equal to either +1 or —1. In 
the first case the rays continue to travel almost in their ori ginal direction, emerging into the 
space on the other side of the optical system, which in this case is called a lens. In the second 
the rays change their direction to almost the reverse; such an optical system is called a 
mirror. 

Making use of the smallness of Ny, Na, n,n}, we expand the angular eikonal 
X (ny, nz, n$, n; ) in series and stop at the first terms. Because of the axial symmetry of the 
whole system, 7 must be invariant with respect to rotations of the coordinate system around 
the optical axis. From this it is clear that in the expansion of x there can be no terms of first 
order, proportional to the first powers of the y- and z-components of the vectors n and n’; 
such terms would not have the required invariance. The terms of second order which have 
the required property are the squares n? and n’? and the scalar product n - n’. Thus, to terms 
of second order, the angular eikonal of an axially-symmetric optical system has the form 


X = const + En? +n?) +f(nyni, + nni) + Elng? +ni7), (56.1) 


where f, g, h are constants. 

For definiteness, we now consider a lens, so that we set n; = 1; for a mirror, as we shall 
show later, all the formulas have a similar appearance. Now substituting the expression 
(56.1) in the general equations (55.6), we obtain: 


ny (x — g)—fn, =y, fn, +ny(x’+h)=y’, 
n(x—g)—fni=z, fn, +ni(x’+h)=2z’. (56.2) 


We consider a homocentric bundle emanating from the point x, y, z; let the point x’, y’, z 
be the point in which all the rays of the bundle intersect after passing through the lens. If the 
first and second pairs of equations (56.2) were independent, then these four equations, for 
given x, y, z, x’, y’, z’, would determine one definite set of values Ny, Nz, Ny, nz, that is, there 
would be just one ray starting from the point x, y, z, which would pass through the point x’, 
y’, z’. In order that all rays starting from x, y, z shall pass through x’, y’, z’, it is consequently 
necessary that the equations (56.2) not be independent, that is, one pair of these equations 
must be a consequence of the other. The necessary condition for this dependence is that the 


Ț It can be shown that the problem of image formation with the aid of narrow bundles, moving in the 
neighbourhood of the optical axis in a nonaxially-symmetric system, can be reduced to image formation in 
an axially-symmetric system plus a subsequent rotation of the image thus obtained, relative to the object. 
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coefficients in the one pair of equations be proportional to the coefficients of the other pair. 
Thus we must have 








X78 _ f a Ne ot Ze 
f = x’ + h a y’ og z” R (56.3) 
In particular, 
(x-g) +h) =-f?. (56.4) 


The equations we have obtained give the required connection between the coordinates of 
the image and object for image formation using narrow bundles. 

The points x = g and x’ = — h on the optical axis are called the principal foci of the optical 
system. Let us consider bundles of rays parallel to the optical axis. The source point of such 
rays is, clearly, located at infinity on the optical axis, that is, x = œ. From (56.3) we see that 
in this case, x’ =—h. Thus a parallel bundle of rays, after passage through the optical system, 
intersects at the principal focus. Conversely, a bundle of rays emerging from the principal 
focus becomes parallel after passage through the system. 

In the equation (56.3) the coordinates x and x’ are measured from the same origin of 
coordinates, lying on the optical axis. It is, however, more convenient to measure the 
coordinates of object and image from different origins, choosing them at the corresponding 
principal foci. As positive direction of the coordinates we choose the direction from the 
corresponding focus toward the side to which the light travels. Designating the new co- 
ordinates of object and image by capital letters, we have 


X=x-g, XxX’ =x’ +h, Y=y, Y=y, Z=z2, Z= z 
The equations of image formation (56.3) and (56.4) in the new coordinates take the form 
XX’ =-f?, (56.5) 





Y Z X Ff 
The quantity f is called the principal focal length of the system. 

The ratio Y’/Y is called the lateral magnification. As for the longitudinal magnification, 
since the coordinates are not simply proportional to each other, it must be written in differential 
form, comparing the length of an element of the object (along the direction of the axis) with 
the length of the corresponding element in the image. From (56.5) we get for the “longitudinal 
magnification” 





Vee ete (56.6) 


dx’ 
dX 





ae ca 
-5- (+) (56.7) 








We see from this that even for an infinitely small object, it is impossible to obtain a 
geometrically similar image. The longitudinal magnification is never equal to the transverse 
(except in the trivial case of identical imaging). 

A bundle passing through the point X = f on the optical axis intersects once more at the 
point X’ = -f on the axis; these two points are called principal points. From equation (56.2) 
(n,X — fn, = Y,n,X — fn; = Z) it is clear that in this case (X = f, Y = Z = 0), we have the 
equations n, = n,n, =nz. Thus every ray starting from a principal point crosses the 
optical axis again at the other principal point in a direction parallel to its original direction. 
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If the coordinates of object and image are measured from the principal points (and not 
from the principal foci), then for these coordinates € and €’, we have 


E=X +f E=X-f. 


Substituting in (56.5) it is easy to obtain the equations of image formation in the form 
eee (56.8) 


One can show that for an optical system with small thickness (for example, a mirror or a 
thin lens), the two principal points almost coincide. In this case the equation (56.8) is 
particularly convenient, since in it € and &’ are then measured practically from one and the 
same point. 

If the focal distance is positive, then objects located in front of the focus (X > 0) are 
imaged erect (Y’/Y > 0); such optical systems are said to be converging. If f < 0, then for 
X > 0 we have Y’/Y <0, that is, the object is imaged in inverted form; such systems are said 
to be diverging. 

There is one limiting case of image formation which is not contained in the formulas 
(56.8); this is the case where all three coefficients f, g, h are infinite (i.e. the optical system 
has an iñfinite focal distance and its principal foci are located at infinity). Going to the limit 
of infinite f, g, h in (56.4) we obtain 


a 
vahy LOP 
& & 


Since we are interested only in the case where the object and its image are located at finite 
distances from the optical system, f, g, h must approach infinity in such fashion that the 
ratios h/g, (f? — gh)/g are finite. Denoting them, respectively, by o? and B, we have 


x = ox + B. 


For the other two coordinates we now have from the general equation (56.7): 


r 
X -Z say 
Z 


y 
Finally, again measuring the coordinates x and x’ from different origins, namely from some 
arbitrary point on the axis and from the image of this point, respectively, we finally obtain 
the equations of image formation in the simple form 


X= 0?X, Y=+tay, Z =+072. (56.9) 


Thus the longitudinal and transverse magnifications are constants (but not equal to each 
other). This case of image formation is called telescopic. 

All the equations (56.5) through (56.9), derived by us for lenses, apply equally to mirrors, 
and even to an optical system without axial symmetry, if only the image formation occurs 
by means of narrow bundles of rays travelling near the optical axis. In this, the reference 
points for the x coordinates of object and image must always be chosen along the optical 
axis from corresponding points (principal foci or principal points) in the direction of propagation 
of the ray. In doing this, we must keep in mind that for an optical system not possessing axial 
symmetry, the directions of the optical axis in front of and beyond the system do not lie in 
the same plane. 
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PROBLEMS 


1. Find the focal distance for image formation with the aid of two axially-symmetric optical systems 
whose optical axes, coincide. 


Solution: Let f, and fz be the focal lengths of the two systems. For each system separately, we have 
X Xi = -fê X:X3 = -f?- 


Since the image produced by the first system acts as the object for the second, then denoting by / the 
distance between the rear principal focus of the first system and the front focus of the second, we have 
X, = Xj —I; expressing X; in terms of X,, we obtain 


Ps Xf? 
2 fè Hi 


2 
(0 


from which it is clear that the principal foci of the composite system are located at the points X, = 
~f7N, X3 =f2N and the focal length is 


or 





(to choose the sign of this expression, we must write the corresponding equation for the transverse magnification). 


Fic. 8. 
In case | = 0, the focal length f = ©, that is, the composite system gives telescopic image formation. In 
this case we have X3 = X,(fy/f,)*, that is, the parameter œ in the general formula (56.9) is © = fI fi. 


2. Find the focal length for charged particles of a “magnetic lens” in the form of a longitudinal homogeneous 
field in the section of length / (Fig. 8).t 


Solution: The kinetic energy of the particle is conserved during its motion in a magnetic field; therefore 
the Hamilton-Jacobi equation for the reduced action So(r) (where the total action is S = =, + So) is 


2 
(vso - ta) =p’, 
where 


2 
p= &  _ mc? = const. 
Using formula (19.4) for the vector potential of the homogeneous magnetic field, choosing the x axis along 
the field direction and considering this axis as the optical axis of an axially-symmetric optical system, we 
get the Hamilton—Jacobi equation in the form: 


t This might be the field inside a long solenoid, when we neglect the disturbance of the homogeneity of 
the field near the ends of the solenoid. 
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where r is the distance from the x axis, and Sp is a function of x and r. 
For narrow beams of particles propagating close to the optical axis, the coordinate r is small, so that 
accordingly we try to find Sọ as a power series in r. The first two terms of this series are 


So = px+4o(x)r?, (2) 
where 0(x) satisfies the equation 
2 
po(x)+o7 - qa? =0. . 8) 


In region 1 in front of the lens, we have: 


o= 
X-X 


where x, < 0 is a constant. This solution corresponds to a free beam of particles, emerging along straight 
line rays from the point x = x, on the optical axis in region 1. In fact, the action function for the free motion 
of a particle with a momentum p in a direction out from the point x = x, is 


2 
Spl 2 e E = pr 
So =pyr? +(x-%)* = p(x x) + Fee ay" 


Similarly, in region 2 behind the lens we write: 





o? = : 
X-X 


where the constant x is the coordinate of the image of the point x). 
In region 3 inside the lens, the solution of equation (3) is obtained by separation of variables, and gives: 


where C is an arbitrary constant. 
The constant C and x, (for given xy) are determined by the requirements of continuity of o(x) for x = 0 
and x = I: 


iP en P h oE 
a 2 cot C, T-a X cot (321+ c l 


Eliminating the constant C from these equations, we find: 


@- 8) G2 + h) =-f?, 


wheret 
_ 2cp eHl 
£= -7H C tp’ h=g+l, 
2cp 
FE 
eH sin 5z 


t The value of fis given with the correct sign. However, to show this requires additional investigation. 
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§ 57. Image formation with broad bundles of rays 


The formation of images with the aid of narrow bundles of rays, which was considered in 
the previous section, is approximate; it is the more exact (i.e. the sharper) the narrower the 
bundles. We now go over to the question of image formation with bundles of rays of 
arbitrary breadth. 

In contrast to the formation of an image of an object by narrow beams, which can be 
achieved for any optical system having axial symmetry, image formation with broad beams 
is possible only for specially constituted optical systems. Even with this limitation, as 
already pointed out in § 56, image formation is not possible for all points in space. 

The later derivations are based on the following essential remark. Suppose that all rays, 
starting from a certain point O and travelling through the optical system, intersect again at 
some other point O’. It is easy to see that the optical path length y is the same for all these 
rays. In the neighbourhood of each of the points O, O’, the wave surfaces for the rays 
intersecting in them are spheres with centres at O and O’, respectively, and, in the limit as 
we approach O and O’, degenerate to these points. But the wave surfaces are the surfaces of 
constant phase, and therefore the change in phase along different rays, between their points 
of intersection with two given wave surfaces, is the same. From what has been said, it 
follows that the total change in phase between the points O and O’ is the same (for the 
different rays). 

Let us consider the conditions which must be fulfilled in order to have formation of an 
image of a small line segment using broad beams; the image is then also a small line 
segment. We choose the directions of these segments as the directions of the € and &’ axes, 
with origins at any two corresponding points O and O’ of the object and image. Let ybe the 
optical path length for the rays starting from O and reaching O’. For the rays starting from 
a point infinitely near to O with coordinate dé, and arriving at a point of the image with 
coordinate d&’, the optical path length is y+ z where 


_ oy 
dy dë + dé’. 
36 8 5e 
We introduce the “magnification” 
dg’ 
ae = F dé 


as the ratio of the length d& of the element of the image to the length dé of the imaged 
element. Because of the smallness of the line segment which is being imaged, the quantity 
æ can be considered constant along the line segment. Writing, as usual, Oy/d§ = —nzg, OYI’ 
= nz (ng, nę are the cosines of the angles between the directions of the ray and the corresponding 
axes € and &’), we obtain 


As for every pair of corresponding points of object and image, the optical path length y+ 
dy must be the same for all rays starting from the point dé and arriving at the point dé’. 
From this we obtain the condition: 


Qng — ng = const. (57.1) 


This is the condition we have been seeking, which the paths of the rays in the optical system 
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must satisfy in order to have image formation for a small line segment using broad beams. 
The relation (57.1) must be fulfilled for all rays starting from the point O. 

Let us apply this condition to image formation by means of an axially-symmetric optical 
system. We start with the image of a line segment coinciding with the optical axis (x axis); 
clearly the image also coincides with the axis. A ray moving along the optical axis (n, = 1), 
because of the axial symmetry of the system, does not change its direction after passing 
through it, that is, n{ is also 1. From this it follows that const in (57.1) is equal in this case 
to œ, — 1, and we can rewrite (57.1) in the form 


l-n, 
l-n? 





= a,. 


Denoting by @ and 0’ the angles subtended by the rays with the optical axis at points of the 
object and image, we have 


l-n =1-cos @=2sin? $, 1 — ni =1-cos6’=2sin? Z. 





2 $ 
Thus we obtain the condition for image formation in the form 
sin g . 
—7 = const = Va. (57.2) 
sn 2 : 


Next, let us consider the imaging of a small portion of a plane perpendicular to the optical 
axis of an axially symmetric system; the image will obviously also be perpendicular to this 
axis. Applying (57.1) to an arbitrary segment lying in the plane which is to be imaged, we 
get: 


a, sin 6’ — sin @ = const, 
F 


where 0 and 6’ are again the angles made by the beam with the optical axis. For rays 
emerging from the point of intersection of the object plane with the optical axis, and directed 
along this axis (0 = 0), we must have 6’ = 0, because of symmetry. Therefore const is zero, 
and we obtain the condition for imaging in the form 





sin@ _ _ 
sino const = @,. (57.3) 
As for the formation of an image of a three-dimensional object using broad beams, it is 
easy to see that this is impossible even for a small volume, since the conditions (57.2) and 
(57.3) are incompatible. 


§ 58. The limits of geometrical optics 


From the definition of a monochromatic plane wave, its amplitude is the same everywhere 
and at all times. Such a wave is infinite in extent in all directions in space, and exists over 
the whole range of time from —ce to +20. Any wave whose amplitude is not constant everywhere 
at all times can only be more or less monochromatic. We now take up the question of the 
“degree of non-monochromaticity” of a wave. 

Let us consider an electromagnetic wave whose amplitude at each point is a function of 
the time. Let @ be some average frequency of the wave. Then the field of the wave, for 


§ 58 THE LIMITS OF GEOMETRICAL OPTICS 155 


example the electric field, at a given point has the form Eg (t)e ‘. This field, although it 
is of course not monochromatic, can be expanded in monochromatic waves, that is, in a 
Fourier integral. The amplitude of the component in the expansion, with frequency @, is 
proportional to the integral 


+00 


Í Eo (te! dt. 


— oo 


The factor e!(°-®0)! is a periodic function whose average value is zero. If Eg were exactly 
constant, then the integral would be exactly zero, for @ + @p. If, however, E,(2) is variable, 
but hardly changes over a time interval of order 1/1@— @pl, then the integral is almost equal 
to zero, the more exactly the slower the variation of Eo. In order for the integral to be 
significantly different from zero, it is necessary that Eo(t) vary significantly over a time 
interval of the order of I/l@— @pl- 

We denote by Ar the order of magnitude of the time interval during which the amplitude 
of the wave at a given point in space changes significantly. From these considerations, it 
now follows that the frequencies deviating most from @, which appear with reasonable 
intensity in the spectral resolution of this wave, are determined by the condition I/@— pl 
~ At. If we denote by Aw the frequency interval (around the average frequency @p) which 
enters in the spectral resolution of the wave, then we have the relation 


AaAt ~ 1. (58.1) 


We see that a wave is the more monochromatic (i.e. the smaller Aw) the larger Ar, i.e. the 
slower the variation of the amplitude at a given point in space. 

Relations similar to (58.1) are easily derived for the wave vector. Let Ax, Ay, Az be the 
orders of magnitude of distances along the X, Y, Z axes, in which the wave amplitude 
changes significantly. At a given time, the field of the wave as a function of the coordinates 
has the form 


Eo(rje*o', 
where kọ is some average value of the wave vector. By a completely analogous derivation 


to that for (58.1) we can obtain the interval Ak of values contained in the expansion of the 
wave into a Fourier integral: 


Ak, Ax ~1, Ak, Ay~l, Ak, Az ~ 1. (58.2) 


Let us consider, in particular, a wave which is radiated during a finite time interval. We 
denote by Aż the order of magnitude of this interval. The amplitude at a given point in space 
changes significantly during the time At in the course of which the wave travels completely 
past the point. Because of the relations (58.1) we can now say that the “lack of 
monochromaticity” of such a wave, A@, cannot be smaller than 1/Ar Git can of course be 
larger): 


Aw > (58.3) 


1 
Ar 

Similarly, if Ax, Ay, Az are the orders of magnitude of the extension of the wave in space, 
then for the spread in the values of components of the wave vector, entering in the resolution 
of the wave, we obtain 
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l Kies ee (58.4) 


Az ay? ozay MGA, 


From these formulas it follows that if we have a beam of light of finite width, then the 
direction of propagation of the light in such a beam cannot be strictly constant. Taking the 
X axis along the (average) direction of light in the beam, we obtain 


1 À 
6, 2 KAy ~ Ay š (58.5) 
where @, is the order of magnitude of the deviation of the beam from its average direction 
in the X Y plane and A is the wavelength. 

On the other hand, the formula (58.5) answers the question of the limit of sharpness of 
optical image formation. A beam of light whose rays, according to geometrical optics, would 
all intersect in a point, actually gives an image not in the form of a point but in the form of 
a spot. For the width A of this spot, we obtain, according to (58.5), 


1 =A 
A~ rE (58.6) 
where @ is the opening angle of the beam. This formula can be applied not only to the image 
but also to the object. Namely, we can state that in observing a beam of light emerging from 
a luminous point, this point cannot be distinguished from a body of dimensions A/@. In this 
way formula (58.6) determines the limiting resolving power of a microscope. The minimum 
value of A, which is reached for @ ~ 1, is A, in complete agreement with the fact that the limit 
of geometrical optics is determined by the wavelength of the light. 


PROBLEM 


Determine the order of magnitude of the smallest width of a light beam produced from a parallel beam 
at a distance / from a diaphragm. 

Solution: Denoting the size of the aperture in the diaphragm by d, we have from (58.5) for the angle of 
deflection of the beam (the “diffraction angle”), A/d, so that the width of the beam is of order d + (A/d)I. The 
smallest value of this quantity ~ VAL 


§ 59. Diffraction 


The laws of geometrical optics are strictly correct only in the ideal case when the wavelength 
can be considered to be infinitely small. The more poorly this condition is fulfilled, the 
greater are the deviations from geometrical optics. Phenomenon which are the consequence 
of such deviations are called diffraction phenomena. 

Diffraction phenomena can be observed, for example, if along the path of propagation of 
the light} there is an obstacle—an opaque body (we call it a screen) of arbitrary form or, for 
example, if the light passes through holes in opaque screens. If the laws of geometrical 
optics were strictly satisfied, there would be beyond the screen regions of “shadow” sharply 
delineated from regions where light falls. The diffraction has the consequence that, instead 
of a sharp boundary between light and shadow, there is a quite complex distribution of the 


¢ In what follows, in discussing diffraction we shall talk of the diffraction of light; all these same 
considerations also apply, of course, to any electromagnetic wave. `- 
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intensity of the light. These diffraction phenomena appear the more strongly the smaller the 
dimensions of the screens and the apertures in them, or the greater the wavelength. 

The problems of the theory of diffraction consists in determining, for given positions and 
shapes of the objects (and locations of the light sources), the distribution of the light, that is, 
the electromagnetic field over all space. The exact solution of this problem is possible only 
through solution of the wave equation with suitable boundary conditions at the surface of 
the body, these conditions being determined also by the optical properties of the material. 
Such a solution usually presents great mathematical difficulties. 

However, there is an approximate method which for many cases is a satisfactory solution 
of the problem of the distribution of light near the boundary between light and shadow. This 
method is applicable to cases of small deviation from geometrical optics, i.e. when firstly, 
the dimensions of all bodies are large compared with the wavelength (this requirement 
applies both to the dimensions of screens and apertures and also to the distances from the 
bodies to the points of emission and observation of the light); and secondly when there are 
only small deviations of the light from the directions of the rays given by geometrical optics. 

Let us consider a screen with an aperture through which the light passes from given 
sources. Figure 9 shows the screen in profile (the heavy line), the light travels from left to 
right. We denote by u some one of the components of E or H. Here we shall understand u 
to mean a function only of the coordinates, i.e. without the factor e determining the time 
dependence. Our problem is to determine the light intensity, that is, the field u, at any point 
of observation P beyond the screen. For an approximate solution of this problem in cases 
where the deviations from geometrical optics are small, we may assume that at the points of 
the aperture the field is the same as it would have been in the absence of the screen. In other 
words, the values of the field here are those which follow directly from geometrical optics. 
At all points immediately behind the screen, the field can be set equal to zero. In this the 
properties of the screen (i.e. of the screen material) obviously play no part. It is also obvious 
that in the cases we are considering, what is important for the diffraction is only the shape 
of the edge of the aperture, while the shape of the opaque screen is unimportant. 


Fic. 9. 


We introduce some surface which covers the aperture in the screen and is bounded by its 
edges (a profile of such a surface is shown in Fig. 9 as a dashed line). We break up this 
surface into sections with area df, whose dimensions are small compared with the size of the 
aperture, but large compared with the wavelength of the light. We can then consider each of 
these sections through which the light passes as if it were itself a source of light waves 
spreading out on all sides from this section. We shall consider the field at the point P to be 
the result of superposition of the fields produced by all the sections df of the surface 
covering the aperture. (This is called Huygens’ principle.) 
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The field produced at the point P by the section df is obviously proportional to the value 
u of the field at the section df itself (we recall that the field at df is assumed to be the same 
as it would have been in the absence of the screen). In addition, it is proportional to the 
projection df, of the area df on the plane perpendicular to the direction n of the ray coming 
from the light source to df. This follows from the fact that no matter what shape the element 
df has, the same rays will pass through it provided its projection df, remain fixed, and 
therefore its effect on the field at P will be the same. 

Thus the field produced at the point P by the section dfis proportional to u df,,. Furthermore, 
we must still take into account the change in the amplitude and phase of the wave during its 
propagation from df to P. The law of this change is determined by formula (54.3). Therefore 
u df, must be multiplied by (1/R)e** (where R is the distance from df to P, and k is the 
absolute value of the wave vector of the light), and we find that the required field is 

eR 
au R’ f, n> 


where a is an as yet unknown constant. The field at the point P, being the result of the 
addition of the fields produced by all the elements df, is consequently equal to 





ikR 
üp =a | uk df, (59.1) 


where the integral extends over the surface bounded by the edge of the aperture. In the 
approximation we are considering, this integral cannot, of course, depend on the form of this 
surface. Formula (59.1) is, obviously, applicable not only to diffraction by an aperture in a 
screen, but also to diffraction by a screen around which the light passes freely. In that case 
the surface of integration in (59.1) extends on all sides from the edge of the screen. 

To determine the constant a, we consider a plane wave propagating along the X axis; the 
wave surfaces are parallel to the plane YZ. Let u be the value of the field in the YZ plane. 
Then at the point P, which we choose on the X axis, the field is equal to up = ue". On the 
other hand, the field at the point P can be determined starting from formula (59.1), choosing 
as surface of integration, for example, the YZ plane. In doing this, because of the smallness 
of the angle of diffraction, only those points of the YZ plane are important in the integral 
which lie close to the origin, i.e. the points for which y, Z << x (x is the coordinate of the 
point P). Then 


and (59.1) gives 


where u is a constant (the field in the YZ plane); in the factor 1/R, we can put R = x = const. 
By the substitution y = €,/2x/k these two integrals can be transformed to the integral 


+0 +00 


| eas = ja E?dé + i J sin Erde = {Fa + i), 
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and we get 


a I 
Up = aue —— 


On the other hand, u, = ue, and consequently 


sale 
2ri` 
Substituting in (59.1), we obtain the solution to our problem in the form 
ku 
Up = aR Un . (59.2) 


In deriving formula (59.2), the light source was assumed to be essentially a point, and the 
light was assumed to be strictly monochromatic. The case of a real, extended source, which 
emits non-monochromatic light, does not, however, require special treatment. Because of 
the complete independence (incoherence) of the light emitted by different points of the 
source, and the incoherence of the different spectral components of the emitted light, the 
total diffraction pattern is simply the sum of the intensity distributions obtained from the 
diffraction of the independent components of the light. 

Let us apply formula (59.2) to the solution of the problem of the change in phase of a ray 
on passing through its point of tangency to the caustic (see the end of § 54). We choose as 
our surface of integration in (59.2) any wave surface, and determine the field u, at a point 
P, lying on some given ray at a distance x from its point of intersection with the wave surface 
we have chosen (we choose this point as coordinate origin O, and as YZ plane the plane 
tangent to the wave surface at the point O). In the integration of (59.2) only a small area of 
the wave surface in the neighbourhood of O is important. If the XY and XZ planes are chosen 
to coincide with the principal planes of curvature of the wave surface at the point O, then 
near this point the equation of the surface is 


where R} and R, are the radii of curvature. The distance R from the point on the wave surface 
with coordinates X, y, z, to the point P with coordinates x, 0, 0, is 


2 
= _ x2 Z Z= wae eg od Vee fh ek 
R= J (x-XY +y? +z +31 a)+5(4 i): 


On the wave surface, the field u can be considered constant; the same applies to the factor 
I/R. Since we are interested only in changes in the place of the wave, we drop coefficients 
and write simply 





i RA 2 +00 2 
; ikx wap. L pe {lb 
Up ~t f errape E dye (3 x) J dze r(3 r) (59.3) 


The centres of curvature of the wave surface lie on the ray we are considering, at the 
points x = R, and x = R}; these are the points where the ray is tangent to the caustic. Suppose 
R, < Rj. For x < R}, the coefficients of i in the exponentials appearing in the two integrands 
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are positive, and each of these integrals is proportional to (1 + i). Therefore on the part of 
the ray before its first tangency to the caustic, we have Up ~ e. For Ry < x < R,, that is, on 
the segment of the ray between its two points of tangency, the integral over y is proportional 
to 1 + i, but the integral over z is proportional to 1 — i, so that their product does not contain 
i. Thus we have here u, ~ —ie* = e- (2) that is, as the ray passes in the neighbourhood 
of the first caustic, its phase undergoes an additional change of —7/2. Finally, for x > R,, we 
have u, ~— ei — el) that is, on passing in the neighbourhood of the second caustic, the 
phase once more changes by — 7/2. 


PROBLEM 


Determine the distribution of the light intensity in the neighbourhood of the point where the ray is tangent 
to the caustic. 


Solution: To solve the problem, we use formula (59.2), taking the integral in it over any wave surface 
which is sufficiently far from the point of tangency of the ray to the caustic. In Fig. 10, ab is a section of 
this wave surface, and a’b’ is a section of the caustic; @’b’ is the evolute of the curve ab. We are interested 
in the intensity distribution in the neighbourhood of the point O where the ray QO is tangent to the caustic; 
we assume the length D of the segment QO of the ray to be large. We denote by x the distance from the point 
O along the normal to the caustic, and assume positive values x for points on the normal in the direction of 
the centre of curvature. 





Fic. 10. 


The integrand in (59.2) is a function of the distance R from the arbitrary point Q’ on the wave surface to 
the point P. From a well-known property of the evolute, the sum of the length of the segment Q’O’ of the 
tangent at the point O’ and the length of the arc OO’ is equal to the length QO of the tangent at the point 
O. For points O and O’ which are near to each other we have OO’ = @¢@ (ọ is the radius of curvature of the 
caustic at the point O). Therefore the length Q’O’ = D — 6@. The distance Q’O (along a straight line) is 
approximately (the angle @ is assumed to be small) 


3 

Q'O=Q'0' +e sin0=D- 09 + E sin@=D- ef. 

Finally, the distance R = Q’P is equal to R= Q’O — x sin 0 = Q’O — x@, that is, 
R=D-x0-1¢6°. 


Substituting this expression in (59.2), we obtain 


r —ikr0-i®& E re 
up ~ Je ee d0=2 | cos{ kx0+ Ze ao 


eo 0 
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(the slowly varying factor 1/D in the integrand is unimportant compared with the exponential factor, so we 
assume it constant). Introducing the new integration variable € = (koe/2)"? 0, we get 


2 N13 
Up -of (22) | 
e 
where (ft) is the Airy function. 
For the intensity I~ | u, 7, we write: 


(concerning the choice of the constant factor, cf, below). 
For large positive values of x, we have from this the asymptotic formula 


Is-4 ex AR 2k? 
a P 7 Vel 


that is, the intensity drops exponentially (shadow region). For large negative values of x, we have 


_yy32 faz2 
2A a x)? [2k zt 











—_ + — 
3 P 4 
that is, the intensity oscillates rapidly; its average value over these oscillations is 


A 


T=. 
-x 
From this meaning of the constant A is clear—it is the intensity far from the caustic which would be 
obtained from geometrical optics neglecting diffraction effects. 


ł The Airy function ®() is defined as 


@(t) = N | cos (5 + ais (1) 


(see Quantum Mechanics, Mathematical Appendices, § b). For large positive values of the argument, the 
asymptotic expression for ®(¢) is 


1 243 
O(t) = ue P (-3" } (2) 


that is, @(t) goes exponentially to zero. For large negative values of t, the function ®(#) oscillates with 
decreasing amplitude according to the law: 


sl onl 2p 4 Z 

P(t) = chia sin ( 3 ¢ tyr + 4 ) (3) 

The Airy function is related to the MacDonald function (modified Hankel function) of order 1/3: 
@(t) = J3r Kne”). (4) 


Formula (2) corresponds to the asymptotic expansion of K(f): 


Kvt) = [Ze . 
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The function ®(¢) attains its largest value, 0.949, for t =—1 -02; correspondingly, the maximum intensity 
is reached at x(2k7/0)'* = — 1.02, where 


T= 2.03 Ak8 97, 


At the point where the ray is tangent to the caustic (x = 0), we have I = 0.89 Akl? o-' [since ®(0) = 0.629]. 
Thus near the caustic the intensity is proportional to k'%, that is, to 47% (A is the wavelength). For 
A — 0, the intensity goes to infinity, as it should (see § 54). 


§ 60. Fresnel diffraction 


If the light source and the point P at which we determine the intensity of the light are 
located at finite distances from the screen, then in determining the intensity at the point P, 
only those points are important which lie in a small region of the wave surface over which 
we integrate in (59.2)—the region which lies near the line joining the source and the point 
P. In fact, since the deviations from geometrical optics are small, the intensity of the light 
arriving at P from various points of the wave surface decreases very rapidly as we move 
away from this line. Diffraction phenomena in which only a small portion of the wave 
surface plays a role are called Fresnel diffraction phenomena. 

Let us consider the Fresnel diffraction by a screen. From what we have just said, for a 
given point P only a small region at the edge of the screen is important for this diffraction. 
But over sufficiently small regions, the edge of the screen can always be considered to be 
a straight line. We shall therefore, from now on, understand the edge of the screen to mean 
just such a small straight line segment. 

We choose as the XY plane a plane passing through the light source Q (Fig. 11) and 
through the line of the edge of the screen. Perpendicular to this, we choose the plane XZ so 
that it passes through the point Q and the point of observation P, at which we try to 
determine the light intensity. Finally, we choose the origin of coordinates O on the line of 
the edge of the screen, after which the positions of all three axes are completely determined. 
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Let the distance from the light source Q to the origin be D,. We denote the x-coordinate 
of the point of observation P by D,, and its z-coordinate, i.e. its distance from the XY plane, 
by d. According to geometrical optics, the light should pass only through points lying above 
the XY plane; the region below the XY plane is the region which according to geometrical 
optics should be in shadow (region of geometrical shadow). 

We now determine the distribution of light intensity on the screen near the edge of the 
geometrical shadow, i.e. for values of d small compared with Dp and D,. A negative d means 
that the point P is located within the geometrical shadow. 

As the surface of integration in (59.2) we choose the half-plane passing through the line 
of the edge of the screen and perpendicular to the XY plane. The coordinates x and y of points 
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on this surface are related by the equation x = y tan a (ais the angle between the line of the 
edge of the screen and the Y axis), and the z-coordinate is positive. The field of the wave 
produced by the source Q, at the distance R, from it, is proportional to the factor ens, 
Therefore the field u on the surface of integration is proportional to 


u ~ exp{ik,{y? + z? + (D, + y tan @)?}. 


In the integral (59.2) we must now substitute for R, 





R=y? + (z- d)? +(D, -ytanq)’. 


The slowly varying factors in the integrand are unimportant compared with the exponential. 
Therefore we may consider 1/R constant, and write dy dz in place of df„. We then find that 
the field at the point P is 


+400 oo 
gat overs sree ay 
Up ~ Í J exp {ik (D; + ytan g)? +y? +27 


-œ~ 0 








+4{(Dp - ytan a)? +(z—d)? + y°)} dy dz. (60.1) 


As we have already said, the light passing through the point P comes mainly from points 
of the plane of integration which are in the neighbourhood of O. Therefore in the integral 
(60.1) only values of y and z which are small (compared with D, and D,,) are important. For 
this reason we can write 








een ee y2 +z? 
a{(D, + y tan œ)? +y’ +z’ =D; + 2D, + ytan Q, 
: _dy 2 
(D, — ytan a)? + (z - d)? +y = Dp + C-O +Y ytan æ. 
P 


We substitute this in (60.1). Since we are interested only in the field as a function of the 
distance d, the constant factor exp {ik(D, + D,)} can be omitted; the integral over y also 
gives an expression not containing d, so we omit it also. We then find 


üp ~ Í cx (3 z? + ap, @ -= a Jaz 
0) 


This expression can also be written in the form 


up ~ exp i XD, + D,) Z. (60.2) 


2 
1 1 1 d 
oo =~ — + r AE “a 
2 (z D, } D | 
0 


The light intensity is determined by the square of the field, that is, by the square modulus 
u. Therefore, when calculating the intensity, the factor standing in front of the integral is 
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irrelevant, since when multiplied by the complex conjugate expression it gives unity. An 
obvious substitution reduces the integral to 


co 


up ~ | ean, (60.3) 
where 
kD, 
wed |———_% i (60.4) 


2D, (D; + Dp) 


Thus, the intensity J at the point P is : 


2 
co 2 2 
p= 40) [2 Í e"? an = effc) + (se?) + 4) (60.5) 


where 


Jz Vz 
C(z) = {2 Í cos n? dn, S(z) = (2 Í sin n° dn 
0 0 


are called the Fresnel integrals. Formula (60.5) solves our problem of determining the light 
intensity as a function of d. The quantity Jy is the intensity in the illuminated region at points 
not too near the edge of the shadow; more precisely, at those points with w >> 1 (C(e) = 
S(cc) = 4 in the limit w — œ). 

The region of geometrical shadow corresponds to negative w. It is easy to find the asymptotic 
form of the function J(w) for large negative values of w. To do this we proceed as follows. 
Integrating by parts, we have 


it dn = — l ow? 4 L f em a 
fe d=- ta fe ne” 
Iwl Iwl 


Integrating by parts once more on the right side of the equation and repeating this process, 
we obtain an expansion in powers of 1/lwl: 





in? = iw? = 1 l a 
Í e” dn =e | mim | (60.6) 


Iwl 


Although an infinite series of this type does not converge, nevertheless, because the sucessive 
terms decrease very rapidly for large values of Iwl, the first term already gives a good 
representation of the function on the left for sufficiently large Iwl (such a series is said to be 
asymptotic). Thus, for the intensity [(w), (60.5), we obtain the following asymptotic formula, 
valid for large negative values of w: 


Io 
4nw?- 





l= (60.7) 
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We see that in the region of geometric shadow, far from its edge, the intensity goes to zero 
as the inverse square of the distance from the edge of the shadow. 
We now consider positive values of w, that is, the region above the XY plane. We write 


For sufficiently large w, we can use an asymptotic representation for the integral standing on 
the right side of the equation, and we have 


oo 


in? Jp = aja, l piw 
fe an= +D Z + zke l (60.8) 


-w 


Substituting this expression in (60.5), we obtain 


w 


sin(»? — z) 
1 4 
I=lo|l1+ 1 K (60.9) 


Thus in the illuminated region, far from the edge of the shadow, the intensity has an infinite 
sequence of maxima and minima, so that the ratio 7/2 oscillates on both sides of unity. With 
increasing w, the amplitude of these oscillations decreases inversely with the distance from 
the edge of the geometric shadow, and the positions of the maxima and minima steadily 
approach one another. 

For small w, the function J(w) has qualitatively this same character (Fig. 12). In the region 
of the geometric shadow, the intensity decreases monotonically as we move away from the 
boundary of the shadow. (On the boundary itself, Io = 5.) For positive w, the intensity has 
alternating maxima and minima. At the first (largest) maximum, l/l = 1.37. l 


Wo 






Illuminated 
region 


Geometrical 
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§ 61. Fraunhofer diffraction 


Of special interest for physical applications are those diffraction phenomena which occur 
when a plane parallel bundle of rays is incident on a screen. As a result of the diffraction, 
the beam ceases to be parallel, and there is light propagation along directions other than the 
initial one. Let us consider the problem of determining the distribution over direction of the 
intensity of the diffracted light at large distances beyond the screen (this formulation of the 
problem corresponds to Fraunhofer diffraction). Here we shall again restrict ourselves to 
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the case of small deviations from geometrical optics, i.e. we shall assume that the angles of 
deviation of the rays from the initial direction (the diffraction angles) are small. 

This problem can be solved by starting from the general formula (59.2) and passing to the 
limit where the light source and the point of observation are at infinite distances from the 
screen. A characteristic feature of the case we are considering is that, in the integral which 
determines the intensity of the diffracted light, the whole wave surface over which the 
integral is taken is important (in contrast to the case of Fresnel diffraction, where only the 
portions of the wave surface near the edge of the screens are important). 

However, it is simpler to treat this problem anew, without recourse to the general formula 
(59.2). 

Let us denote by up the field which would exist beyond the screens if geometrical optics 
were rigorously valid. This field is a plane wave, but its cross-section has certain regions 
(corresponding to the “shadows” of opaque screens) in which the field is zero. We denote by 
S the part of the plane cross-section on which the field up is different from zero; since each 
such plane is a wave surface of the plane wave. uo = const over the whole surface S. 

Actually, however, a wave with a limited cross-sectional area cannot be strictly plane (see 
§ 58). In its spatial Fourier expansion there appear components with wave vectors having 
different directions, and this is precisely the origin of the diffraction. 

Let us expand the field z into a two-dimensional Fourier integral with respect to the 
coordinates y, z in the plane of the transverse cross-section of the wave. For the Fourier 
components, we have: 


Ug = ff ue "dy dz, (61.1) 


where the vectors q are constant vectors in the y, z plane; the integration actually extends 
only over that portion S of the y, z plane on which ug is different from zero. If k is the wave 
vector of the incident wave, the field component uget" gives the wave vector k’ =k + q. 
Thus the vector q = k’ — k determines the change in the wave vector of the light in the 
diffraction. Since the absolute values k = K = a/c, the small diffraction angles 6,, 0, in the 
xy- and xz-planes are related to the components of the vector g by the equations 


qy= 09). 42 = 26. (61.2) 


For small deviations from geometrical optics, the components in the expansion of the field 
ug can be assumed to be identical with the components of the actual field of the diffracted 
light, so that formula (61.1) solves our problem. 


t The criteria for Fresnel and Fraunhofer diffraction are easily found by returning to formula (60.2) and 
applying it, for example. to a slit of width a (instead of to the edge of an isolated screen). The integration 
over z in (60.2) should then be taken between the limits from 0 to a. Fresnel diffraction corresponds to the 
case when the term containing <” in the exponent of the integrand is important, and the upper limit of the 
integral can be replaced by o-. For this to be the case, we must have 


On the other hand, if this inequality is reversed, the term in z? can be dropped; this corresponds to the case 
of Fraunhofer diffraction. 
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The intensity distribution of the diffracted light is given by the square lug? as a function 
of the vector q. The quantitative connection with the intensity of the incident light is 
established by the formula 


dq,dq. 
ff u2dydz = Í ua (61.3) 


[compare (49.8)]. From this we see that the relative intensity diffracted into the solid angle 
do = d0, dO, is given by 
2 

do. i (61.4) 


Ha 
Uy 





lu? dqydq, ( o | 
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Let us consider the Fraunhofer diffraction from two screens which are “complementary”: 
the first screen has holes where the second is opaque and conversely. We denote by u‘? and 
u? the field of the light diffracted by these screens (when the same light is incident in both 
cases). Since ua” and ug? are expressed by integrals (61.1) taken over the surfaces of the 
apertures in the screens, and since the apertures in the two screens complement one another 
to give the whole plane, the sum ug” + ug? is the Fourier component of the field obtained 
in the absence of the screens, i.e. it is simply the incident light. But the incident light is a 
rigorously plane wave with definite direction of. propagation, so that ug” + Ug” = 0 for all 
nonzero values of q. Thus we have ug” =- a, or for the corresponding intensities, 


lug PP = Ing? for q # 0. (61.5) 


This means that complementary screens give the same distribution of intensity of the 
diffracted light (this is called Babinet’s principle). 

We call attention here to one interesting consequence of the Babinet principle. Let us 
consider a black body, i.e. one which absorbs completely all the light falling on it. According 
to geometrical optics, when such a body is illuminated, there is produced behind it a region 
of geometrical shadow, whose cross-sectional area is equal to the area of the body in the 
direction perpendicular to the direction of incidence of the light. However, the presence of 
diffraction causes the light passing by the body to be partially deflected from its initial 
direction. As a result, at large distances behind the body there will not be complete shadow 
but, in addition to the light propagating in the original direction, there will also be a certain 
amount of light propagating at small angles to the original direction. It is easy to determine 
the intensity of this scattered light. To do this, we point out that according to Babinet’s 
principle, the amount of light deviated because of diffraction by the body under consideration 
is equal to the amount of light which would be deviated by diffraction from an aperture cut 
in an opaque screen, the shape and size of the aperture being the same as that of the 
transverse section of the body. But in Fraunhofer diffraction from an aperture all the light 
passing through the aperture is deflected. From this it follows that the total amount of light 
scattered by a black body is equal to the amount of light falling on its surface and absorbed 
by it. 


PROBLEMS 


1. Calculate the Fraunhofer diffraction of a plane wave normally incident on an infinite slit (of width 2a) 
with parallel sides cut in an opaque screen. 
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Solution: We choose the plane of the slit as the yz plane, with the z axis along the slit (Fig. 13 shows a 
section of the screen). For normally incident light, the plane of the slit is one of the wave surfaces, and we 
choose it as the surface of integration in (61.1). Since the slit is infinitely long, the light is deflected only 
in the xy plane [since the integral (61.1)] becomes zero for q, # 0}. 





Therefore the field should be expanded only in the y coordinate: 
f 2u 
Ug = uo J eM dy = ae sin qa. 


-a 


The intensity of the diffracted light in the angular range d@ is 


* dq _ Ipsin?ka® yg 
27 mak @ ” 


— Jo 
udI = 3% 


oe 
Uo 








where k = a/c, and Ip is the total intensity of the light incident on the slit. 

di/d@ as a function of diffraction angle has the form shown in Fig. 14. As @ increases toward either side 
from 0 = 0, the intensity goes through a series of maxima with rapidly decreasing height. The successive 
maxima are separated by minima at the points @ = nz/ka (where n is an integer); at the minima, the intensity 
falls to zero. 


sin? x 


x? 
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2. Calculate the Fraunhofer diffraction by a diffraction grating—a plane screen in which are cut a series 
of identical parallel slits (the width of the slits is 2a, the width of opaque screen between neighbouring slits 
is 2b, and the number of slits is N). 


Solution: We choose the plane of the grating as the yz plane, with the z axis parallel to the slits. 
Diffraction occurs only in the xy plane, and integration of (61.1) gives: 


N-1 


u, = u’ e2"ad =u 1 — e72iNad 
Ge" ED og. 


1—e id’ 


where d =a + b, and uj, is the result of the integration over a single slit. Using the results of problem 1, 
we get: 


dl 





_ loa (sin Ngd 2 sinqa Ý sie Ip (sin Nk@d a sin? kab y 
~ Nr \ sin qd ga ~ Nrak\ sin k@d 02? 
(Ip is the total intensity of the light passing through all the slits). 

For the case of a large number of slits (N > ©), this formula can be written in another form. For values 
q= mnid, where n is an integer, dI/dq has a maximum; near such a maximum (i.e. for gd = nr + £, with € 
small) 











dI = Toa e y an Xe dq. 
But for N — œ, we have the formulat 
n2 
nn. ae soy 
We therefore have, in the neighbourhood of each maximum: 
dl = n5 ge y Slede, 
d\ qa 


ie., in the limit the widths of the maxima are infinitely narrow and the total light intensity in the n’th 
maximum is 


d sin?(nza/d) 


na n? 


IP =l 


3. Find the distribution of intensity over direction for the diffraction of light which is incident normal to 
the plane of a circular aperture of radius a. 


Solution: We introduce cylindrical coordinates z, r, $ with the z axis passing through the centre of the 
aperture and perpendicular to its plane. It is obvious that the diffraction is symmetric about the z axis, so 
that the vector q has only a radial component q, = q = k@. Measuring the angle ¢ from the direction q, and 
integrating in (61.1) over the plane of the aperture, we find: 


+ For x + 0 the function on the left side of the equation is zero, while according to a well-known formula 
of the theory of Fourier series, 





sin? Nx 
ee 


lim SEG Eg dx | =f 


From this we see that the properties of this function actually coincide with those of the & function (see the 
footnote on p. 74). 
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a 2r 


Ug = uo Í J e~it os? rdgdr = 2ruo Í Jo(qr)rdr, 
0 v o 


where Jy is the zero’th order Bessel function. Using the well-known formula 


a 


J Jo(qr)rdr = g” (aq), 
0 


we then have 


uga 
uy = 2r -77 J (ag), 


«. 


and according to (61.4) we obtain for the intensity of the light diffracted into the element of solid angle do: 


J? (ak0 
i (a da 


dl=h— 


> 


where Jp is the total intensity of the light incident on the aperture. 


CHAPTER 8 


_ THE FIELD OF MOVING CHARGES 


$ 62. The retarded potentials 


In Chapter 5 we studied the constant field, produced by charges at rest, and in Chapter 6, 
the variable field in the absence of charges. Now we take up the study of varying fields in 
the presence of arbitrarily moving charges. 

We derive equations determining the potentials for arbitrarily moving charges. This derivation 
is most conveniently done in four-dimensional form, repeating the derivation at the end of 
§ 46, with the one change that we use the second pair of Maxwell equations in the form 
(30.2) 





oF* oe An i 
oxk c 
The same right-hand side also appears in (46.8), and after imposing the Lorentz condition 
OA 132% .. 
se LLE = Jl 
Ox! » ie z 1 + divA=0, (62.1) 


on the potentials, we get 





24i , 
"A ` An ji, (62.2) 
Ox,Ox c 
This is the equation which determines the potentials of an arbitrary elecuromaguetic field. 
In three-dimensional form it is written as two equations, for A and for @: 





10°A_ 4n, 
care Or =- b (62.3) 
TE A (62.4) 
e ore e- : 


For constant fields, these reduce to the already familiar equations (36.4) and (43.4), and for 
variable fields without charges, to the homogeneous wave equation. 

As we know, the solution of the inhomogeneous linear equations (62.3) and (62.4) can be 
represented as the sum of the solution of these equations without the right-hand side, and a 
particular integral of these equations with the right-hand side. To find the particular solution, 
we divide the whole space into infinitely small regions and determine the field produced by 
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the charges located in one of these volume elements. Because of the linearity of the field 
equations, the actual field will be the sum of the fields produced by all such elements. 

The charge de in a given volume element is, generally speaking, a function of the time. If 
we choose the origin of coordinates in the volume element under consideration, then the 
charge density is @ = de(t) 5(R), where R is the distance from the origin. Thus we must 
solve the equation 


1 0° 
A@ - = P = — 4r de(t) ô(R). (62.5) 
Everywhere, except at the origin, 6(R) = 0, and we have the equation 
1 2$ 
A@-+> => =0. 62.6 
¢ c? ot? ( ) 


It is clear that in the case we are considering ¢ has central symmetry, i.e. @is a function only 
of R. Therefore if we write the Laplace operator in spherical coordinates, (62.6) reduces to 


1 a (= $4] 1 0°¢ 





R? OR OR c or | 
To solve this equation, we make the substitution @ = x(R, f)/R. Then, we find for ¥ 
OX 1 eh 6 
oR? ce ot? ` 


But this is the equation of plane waves, whose solution has the form (see § 47): 


x=f(t-4) +h(t+ 4). 


Since we only want a particular solution of the equation, it is sufficient to choose only one 
of the functions f; and f2. Usually it turns out to be convenient to take fz = 0 (concerning this, 
see below). Then, everywhere except at the origin, @ has the form 


t x F 
Az) | 
ġ= F 5 (62.7) 


So far the function y is arbitrary; we now choose it so that we also obtain the correct value 
for the potential at the origin. In other words, we must select y so that at the origin equation 
(62.5) is satisfied. This is easily done noting that as R — 0, the potential increases to infinity, 
and therefore its derivatives with respect to the coordinates increase more rapidly than its 
time derivative. Consequently as R — 0, we can, in equation (62.5), neglect the term (1/c’)/ 
(O° lat?) compared with Ag. Then (62.5) goes over into the familiar equation (36.9) leading 
to the Coulomb law. Thus, near the origin, (62.7) must go over into the Coulomb law, from 
which it follows that y(t} = de(t), that is, 


oS R 
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From this it is easy to get to the solution of equation (62.4) for an arbitrary distribution of 
charges E(x, y, z, t). To do this, it is sufficient to write de = @dV (dV is the volume element) 
and integrate over the whole space. To this solution of the inhomogeneous equation (62.4) 
we can still add the solution ġo of the same equation without the right-hand side. Thus, the 
general solution has the form: 


(rr, t) = f + o (rr z) dV’ + Qos (62.8) 


R=r-r, dV = dx’ dy dz’ 
where 
r=(x%,y,2, r=, y,2); 


Ris the distance from the volume element dV to the “field point” at which we determine the 
potential. We shall write this expression briefly as 


o= Í PLRO AY + Ho, , (62.9) 


where the subscript means that the quantity @ is to be taken at the time t — (R/c), and the 
prime on dV has been omitted. 
Similarly we have for the vector potential: 


SUY Ji-cric) 
A => J RAV + Ao, (62.10) 


where Ag is the solution of equation (62.3) without the right-hand term. 

The potentials (62.9) and (62.10) (without @, and Ao) are called the retarded potentials. 

In case the charges are at rest (i.e. density p independent of the time), formula (62.9) goes 
over into the well-known formula (36.8) for the electrostatic field; for the case of stationary 
motion of the charges, formula (62.10), after averaging, goes over into formula (43.5) for 
the vector potential of a constant magnetic field. 

The quantities Ag and @y in (62.9) and (62.10) are to be determined so that the conditions 
of the problem are fulfilled. To do this it is clearly sufficient to impose initial conditions, that 
is, to fix the values of the field at the initial time. However we do not usually have to deal 
with such initial conditions. Instead we are usually given conditions at large distances form 
the system of charges throughout all of time. Thus, we may be told that radiation is incident 
on the system from outside. Corresponding to this, the field which is developed as a result 
of the interaction of this radiation with the system can differ from the external field only by 
the radiation originating from the system. This radiation emitted by the system must, at large 
distances, have the form of waves spreading out from the system, that is, in the direction of 
increasing R. But precisely this condition is satisfied by the retarded potentials. Thus these 
solutions represent the field produced by the system, while ġo and Ap must be set equal to 
the external field acting on the system. 


§ 63. The Lienard—Wiechert potentials 


Let us determine the potentials for the field produced by a charge carrying out an assigned 
motion along a trajectory r = ro(ż). 
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According to the formulas for the retarded potentials, the field at the point of observation 
P(x, y, z) at time t is determined by the state of motion of the charge at the earlier time f’, 
for which the time of propagation of the light signal from the point ro(¢’), where the charge 
was located, to the field point P just coincides with the difference t — t’. Let R(f) = r — ro(4) 
be the radius vector from the charge e to the point P; like rọ(f) it is a given function of the 
time. Then the time t’ is determined by the equation 


R(t’) _ 





t+ t. ; (63.1) 
For each value of ¢ this equation has just one root t’.+ 

In the system of reference in which the particle is at rest at time t’, the potential at the 
point of observation at time ż is just the Coulomb potential, 


e 
Pe =0. 63.2 
O= Ray A=0 (63.2) 
The expressions for the potentials in an arbitrary reference system can be found directly 
by finding a four-vector which for v = 0 coincides with the expressions just given for @ and 
A. Noting that, according to (63.1), @ in (63.2) can also be written in the form 





e 
r ce(t-r'yY 
we find that the required four-vector is: 
Ke 63.3 
ý R,u* ( ) 


where 1 is the four-velocity of the charge, R* = [e(t - t’), r—r’], where x’, y’, z’, t are related 
by the equation (63.1), which in four-dimensional form is 


R,R* = 0. í (63.4) 


Now once more transforming to three-dimensional notation, we obtain, for the potentials of 
the field produced by an arbitrarily moving point charge, the following expressions: 


PENDE PE ee ee a (63.5) 


ay eS) 


where R is the radius vector, taken from the point where the charge is located to the point 
of observation P, and all the quantities on the right sides of the equations must be evaluated 
at the time t’, determined from (63.1). The potentials of the field, in the form (63.5), are 
called the Lienard—Wiechert potentials. 


+ This point is obvious but it can be verified directly. To do this we choose the field point P and the time 
of observation ż as the origin O of the four-dimensional coordinate system and construct the light cone 
(§ 2) with its vertex at O. The lower half of the cone, containing the absolute past (with respect to the event 
O), is the geometrical locus of world points such that signals sent from them reach O. The points in which 
this hypersurface intersects the world line of the charge are precisely the roots of (63.1). But since the 
velocity of a particle is always less than the velocity of light, the inclination of its world line relative to the 
time axis is everywhere less than the slope of the light cone. It then follows that the world line of the particle 
can intersect the lower half of the light cone in only one point. : 
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To calculate the intensities of the electric and magnetic fields from the formulas 
E= oe Leen 9 H = curl A, 


we must differentiate @ and A with respect to the coordinates x, y, z of the point, and the time 
t of observation. But the formulas (63.5) express the potentials as functions of £’, and only 
through the relation (63.1) as implicit functions of x, y, z, t. Therefore to calculate the 
required derivatives we must first calculate the derivatives of £’. Differentiating the relation 
R(t’) = c(t — t’) with respect to t, we get 


OR _OR Ot Rv? _ ,_28 
ot or ot R ð — or) 
(The value of AR/dt’ is obtained by differentiating the identity R? = R? and substituting 


OR(t’)/ot’ = — v(t’). The minus sign is present because R is the radius vector from the charge 
e to the point P, and not the reverse.) 




















Thus, 
or’ 1 
Rc 
Similarly differentiating the same relation with respect to the coordinates, we find 
| n_ _1(9R ,,R 
grad t’ = - z Brad R(t )=- z (5 grad t’ + R | 
so that 
grad t’ = — E (63.7) 





{x-B=) 


With the aid of these formulas, there is no difficulty in carrying out the calculation of the 
fields E and H. Omitting the intermediate calculations, we give the final results: 


E-e — Z (R- 4 nk) + —£ rx {((R- Za) xf, (63.8) 
Gare ala 


H=4RxE. (63.9) 


Here, v = Ov/ot’: all quantities on the right sides of the equations refer to the time f’. It is 
interesting to note that the magnetic field turns out to be everywhere perpendicular to the 
electric. 

The electric field (63.8) consists of two parts of different type. The first term depends only 
on the velocity of the particle (and not on its acceleration) and varies at large distances like 
1/R*. The second term depends on the acceleration, and for large R it varies like 1/R. Later 
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(§ 66) we shall see that this latter term is related to the electromagnetic waves radiated by 
the particle. 

As for the first term, since it is independent of the acceleration it must correspond to the 
field produced by a uniformly moving charge. In fact, for constant velocity the difference 


Roz ZR =R; — v(t-t’) 


is the distance R, from the charge to the point of observation at precisely the moment of 
observation. It is also easy to show directly that 


Re- +R, v= [RF -LvxR,)? =R, 1- ¥ sin? 6, 


where 6, is the angle between R, and v. Consequently the first term in (63.8) is identical with 
the expression (38.8). 





PROBLEM 


Derive the Lienard—Wiechert potentials by integrating (62.9)—(62.10). 
Solution: We write formula (62.8) in the form: 





(x, t) = fee 2 a(t- t+ Lir- r'i) atav’ 


(and similarly for A(r, ż)), introducing the additional delta function and thus eliminating the implicit 
arguments in the function Q. For a point charge, moving in a trajectory r = ro(#); we have: 


ECT, D) = edi’ — ro(7)]. 


Substituting this expression and integrating over dV’, we get: 


1 
(r,t) =e Í rA [ers = Ir- na), 


ro(T)I 
The 7 integration is done using the formula 


ô ae ’ 
StF = an 


[where f is the root of F(t’) = 0], and gives formula (63.5). 


§ 64. Spectral resolution of the retarded potentials 


The field produced by moving charges can be expanded into monochromatic waves. The 
potentials of the different monochromatic components of the field have the form ¢,e7, 
Awe ™. The charge and current densities of the system of charges producing the field can 
also be expanded in a Fourier series or integral. It is clear that each Fourier component of 
@ and j is responsible for the creation of the corresponding monochromatic component of 
the field. 

In order to express the Fourier components of the field in terms of the Fourier components 
of the charge density and current, we substitute in (62.9) for ¢ and @ respectively, ¢,e°", 
and 0,e*. We then obtain 
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T pol) 
Gwe "= | Ca —p—4V 


Factoring e~”! and introducing the absolute value of the wave vector k = a/c, we have: 


eP 
Py = Cw p dV. (64.1) 
Similarly, for Ay we get 
0 eR 
Ao= Í jo “Rp V (64.2) 


We note that formula (64.1) represents a generalization of the solution of the Poisson 
equation to a more general equation of the form 


Abo + Kho =- 4n o ; (64.3) 


(obtained from equations (62.4) for @, @ depending on the time through the factor ei), 


If we were dealing with expansion into a Fourier integral, then the Fourier components of 
the charge density would be 


Substituting this expression in (64.1), we get 
+00 
do = ff È o ay at. (64.4) 


We must still go over from the continuous distribution of charge density to the point charges 
whose motion we are actually considering. Thus, if there is just one point charge, we set 


e = edr — ro(t)], 


where ro(t) is the radius vector of the charge, and is a given function of the time. Substituting 
this expression in (64.4) and carrying out the space integration [which reduces to replacing 
r by ro(f)], we get: 


ree J a j ERO dr, (64.5) 


where now R(#) is the distance from the moving particle to the point of observation. Similarly 
we find for the vector potential: 


c R(t) 


oo 


ee f v(t) eloteeRve) dt, (64.6) 


where v = fo(f) is the velocity of the particle. 
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Formulas analogous to (64.5), (64.6) can also be written for the case where the spectral 
resolution of the charge and current densities contains a discrete series of frequencies. Thus, 
for a periodic motion of a point charge (with period T = 27/4) the spectral resolution of the 
field contains only frequencies of the form næ, and the corresponding components of the 
vector potential are 


be a ar] pee ino [t+ ROC] gy ` (64.7) 


(and similarly for @,). In both (64.6) and (64.7) the Fourier F components are defined in 
accordance with § 49. 


PROBLEM 


Find the expansion in plane waves of the field of a charge in uniform rectilinear motion. 


Solution: We proceed in similar fashion to that used in § 51. We write the charge density in the form 
E = eðr — vt), where v is the velocity of the particle. Taking Fourier components of the equation :_'¢ = 
—4ne Àr — vt), we find © Qp = —4me oY W, 


On the other hand, from 








PR ik-r d*k 
t J oe On 
we have 
` 06 
ek =- k?p L U. 
(ro Ok 2 Oe 
Thus, 
o? ; 
+ at +k? gy = Aree, 
from which, finally 
be £ Ane -i(k-v)t 


Se 
k2- (=) 
c 


From this it follows that the wave with wave vector k has the frequency w= k - v. Similarly, we obtain 
for the vector potential, 


‘Aa hee ve itk-v)t 
k= as 


2_(Kkvy 
k -( : 


Finally, we have for the fields, 


ze i 
Ek ep Y Ay =4nei et ean, 
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§ 65. The Lagrangian to terms of second order 


In ordinary classical mechanics, we can describe a system of particles interacting with 
each other with the aid of a Lagrangian which depends only on the coordinates and velocities 
of these particles (at one and the same time). The possibility of doing this is, in the last 
analysis, dependent on the fact that in mechanics the velocity of propagation of interactions 
is assumed to be infinite. 

We already know that because of the finite velocity of propagation, the field must be 
considered as an independent system with its own “degrees of freedom”. From this it 
follows that if we have a system of interacting particles (charges), then to describe it we 
must consider the system consisting of these particles and the field. Therefore, when we take 
into account the finite velocity of propagation of interactions, it is impossible to describe the 
system of interacting particles rigorously with the aid of a Lagrangian, depending only on 
the coordinates and velocities of the particles and containing no quantities related to the 
internal “degrees of freedom” of the field. 

However, if the velocity v of all the particles is small compared with the velocity of light, 
then the system can be described by a certain approximate Lagrangian. It turns out to be 
possible to introduce a Lagrangian describing the system, not only when all powers of v/c 
are neglected (classical Lagrangian), but also to terms of second order, V/c?. This last 
remark is related to the fact that the radiation of electromagnetic waves by moving charges 
(and consequently, the appearance of a “self’-field) occurs only in the third approximation 
in v/c (see later, in § 67). 

As a preliminary, we note that in zero’th approximation, that is, when we completely 
neglect the retardation of the potentials, the Lagrangian for a system of charges has the form 


LO=> + mav? -5 Ler (65.1) 
a a>b ab 
(the summation extends over the charges which make up the system). The second term is the 
potential energy of interaction as it would be for charges at rest. 
To get the next approximation, we proceed in the following fashion. The Lagrangian for 
a charge e, in an external field is 


Lg=— mc? j-b ~ eg Av, (65.2) 


Choosing any one of the charges of the system, we determine the potentials of the field 
produced by all the other charges at the position of the first, and express them in terms of 
the coordinates and velocities of the charges which produce this field (this can be done only 
approximately—for @, to terms of order V7/c?, and for A, to terms in v/c). Substituting the 
expressions for the potentials obtained in this way in (65.2), we get the Lagrangian for one 


+ For systems consisting of particles with the same charge-to-mass ratio, the appearance of radiation is 
put off to the fifth approximation in v/c; in such a case there is a Lagrangian to terms of fourth order in 
vic. [See B.M. Barker and R.F. O’Connel, Can. J. Phys. 58, 1659 (1980).] 
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of the charges of the system (for a given motion of the other charges). From this, one can 
then easily find the Lagrangian for the whole system. 
We start from the expressions for the retarded potentials 


_ O1_Ric = 1 i-re 
p= | Sav, ant] Pav, 


If the velocities of all the charges are small compared with the velocity of light, then the 
charge distribution does not change significantly during the time R/c. Therefore we can 
expand p;_rıc and j,_ pj, in series of powers of R/c. For the scalar potential we thus find, to 
terms of second order: 


_f ed oS 
o= | -12 f odV + RodV 


(Q without indices is the value of @ at time t; the time differentiations can clearly be taken 
out from under the integral sign). But J @dV is the constant total charge of the system. 
Therefore the second term in our expression is zero, so that 


edV 1 g? 
= | S242 | RodV. : 
¢ Í k A edV (65.3) 


We can proceed similarly with A. But the expression for the vector potential in terms of 
the current density already contains 1/c, and when substituted in the Lagrangian is multiplied 
once more by 1/c. Since we are looking for a Lagrangian which is correct only to terms of 
second order, we can limit ourselves to the first term in the expansion of A, that is, 

F 


1} 2 
a=1| y av . (65.4) 


(we have substituted j = v). 
Let us first assume that there is only a single point charge e. Then we obtain from (65.3) 
and (65.4), 


e, e OR EKAA 
tR 2c? ot?’ ASR 





(65.5) 


where R is the distance from the charge. 
We choose in place of ¢ and A other potentials ¢’ and A’, making the transformation (see 
§ 18): 


one ie ay 
o=o- a oe A’ =A + gradf, 
in which we choose for f the function 
OR 
eee A 
f= 2c ot’ 
Then we gett 


-+ These potentials no longer satisfy the Lorentz condition (62.1), nor the equations (62.3)—(62.4). 
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rie r N, e VOR 
=R ASR 2c ot ` 


To calculate A’ we note first of all that V(OR/or) = (O/ot)VR. The grad operator here means 
differentiation with respect to the coordinates of the field point at which we seek the value 
of A’. Therefore VR is the unit vector n directed from the charge e to the field point, so that 


We also write: 


But the derivative -R fora given field point is the velocity v of the charge, and the 
derivative R is easily determined by differentiating R? = R?, that is, by writing 


RR=R-R=-R-v. 
Thus, 


-v+ n(n- v) 
aa San 


Substituting this in the expression for A’, we get finally: 


,_e ,_ elv+(v-n)n] 
¢’= R’ A’ = ZTR ; (65.6) 
If there are several charges then we must, clearly, sum these expressions over all the charges. 

Substituting these expressions in (65.2), we obtain the Lagrangian L, for the charge e, (for 
a fixed motion of the other charges). In doing this we must also expand the first term in 
(65.2) in powers of v,/c, retaining terms up to the second order. Thus we find: 











ma v ma Vi e e e 
„MaYa l at _e¢ D’ a 2 Eb 


+ 
2 8 c? b Ra 2c? b Ra 


(the summation goes over all the charges except e,; nap is the unit vector from e, to e,). 

From this, it is no longer difficult to get the Lagrangian for the whole system. It is easy 
to convince oneself that this function is not the sum of the L, for all the charges, but has the 
form 


La [Va Vpt (Va A NV, . na)] 














Lay mava p g iVi a's eap DI ab 


Va° Vpt (Va > Dap) Yp: D . 
2 8c? a>b Ra a>b 2c? Ra [ s á ( $ »X( á ab )I 


(65.7) 


Actually, for each of the charges under a given motion of all the others, this function L goes 
over into L, as given above. The expression (65.7) determines the Lagrangian of a system 
of charges correctly to terms of second order. (It was first obtained by C. G. Darwin, 1922.) 

Finally we find the Hamiltonian of a system of charges in this same approximation. This 
could be done by the general rule for calculating % from L; however it is simpler to proceed 
as follows. The second and fourth terms in (65.7) are small corrections to L©(65.1). On the 
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other hand, we know from mechanics that for small changes of L and % the additions to 
them are equal in magnitude and opposite in sign (here the variations of L are considered for 
constant coordinates and velocities, while the changes in “ refer to constant coordinates and 
momenta).T 

Therefore we can at once write % subtracting from 


2 
LO- ZLo y Z Sah 
a 4Ma a>b Rab 





the second and fourth terms of (65.7), replacing the velocities in them by the first approximation 
Va = Pa/Ma. Thus, 








sEm p? =y på +5 Calb _ 


2m, a 8c ima” a>b Rap 


eafb _ tp. Po + (Pa: Mas)(Pp: Da). (65.8) 


a>b 2c?m,m, Rap 


PROBLEMS 
1. Determine (correctly to terms of second order) the centre of inertia of a system of interacting particles, 
Solution: The problem is solved most simply by using the formula 
x G0, + J Wr dV 


R= 2 
Zea+f Wav 


[see (14.6)], where 2, is the kinetic energy of the particle (including its rest energy), and W is the energy 
density of the field produced by the particles. Since the , contain the large quantities m,c’, it is sufficient, 
in obtaining the next approximation, to consider only those terms in 4, and W which do not contain c, i.e. 
we need consider only the nonrelativistic kinetic energy of the particles and the energy of the electrostatic 
field. We then have: , 


| a-i | E?r dV 
8x 
= | (Vo)?rdv 
8m 


o1 ue 1 g? 1 
-4 f(a Vv re jY 7 dV ax | pAg-rdVv; 


the integral over the infinitely distant surface vanishes; the second integral also is transformed into a surface 
integral and vanishes, while we substitute Ag = — 47 in the third integral and obtain: 





Í Wr dV = 5 J pordv= 4 È egala, 


} See Mechanics, § 40. 
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where Q, is the potential produced at the point r, by all the charges other than e,.t 
Finally, we get: 








(with a summation over all b except b = a), where 





2 
w= E (macs Pa 4 > | 


a 2m, a>b Rap 


is the total energy of the system. Thus in this approximation the coordinates of the centre of inertia can 
actually be expressed in terms of quantities referring only to the particles. 

2. Write the Hamiltonian in second approximation for a system of two particles, omitting the motion of 
the system as a whole. 

Solution: We choose a system of reference in which the total momentum of the two particles is zero. 
Expressing the momenta as derivatives of the action, we have 


Pi + Po = S/d rı + OS/dr, = 0. 


From this it is clear that in the reference system chosen the action is a function of r = rz — r}, the difference 
of the radius vectors of the two particles. Therefore we have p, = — pı = p, where p = OS/or is the 
momentum of the relative motion of the particles. The Hamiltonian is 


Edo Ve ed L; |p 8, SIE p wy? 
( : Jp 8 2 í 1 j Jp 1 r + 2mym,c*r [p +(P yl. 





+ The elimination of the self-field of the particles corresponds to the mass “renormalization” mentioned 
in the footnote on p. 97). 


CHAPTER 9 


RADIATION OF ELECTROMAGNETIC WAVES 


§ 66. The field of a system of charges at large distances 


We consider the field produced by a system of moving charges at distances large compared 
with the dimensions of the system. 

We choose the origin of coordinates O anywhere in the interior of the system of charges. 
The radius vector from O to the point P, where we determine the field, we denote by Ro, and 
the unit vector in this direction by n. Let the radius vector of the charge element de = @ dV 
be r, and the radius vector from de to the point P be R. Obviously R = Ry - r. 

At large distances from the system of charges, Rp >> r, and we have approximately, 


R=I1IR)-rl=Ro-r-n. 


We substitute this in formulas (62.9), (62.10) for the retarded potentials. In the denominator 
of the integrands we can neglect r - n compared with Rp. In t — (R/c), however, this is 
generally not possible; whether it is possible to neglect these terms is determined not by the 
relative values of Ro/c and r - (n/c), but by how much the quantities @ and j change during 
the time r - (n/c). Since Ro is constant in the integration and can be taken out from under the 
integral sign, we get for the potentials of the field at large distances from the system of 
charges the expressions: 


zA 

= f 0, m,y. WV, (66.1) 
zi i 

A= Í j, toen WV. (66.2) 


At sufficiently large distances from the system of charges, the field over small regions of 
space can be considered to be a plane wave. For this it is necessary that the distance be large 
compared not only with the dimensions of the system, but also with the wavelength of the 
electromagnetic waves radiated by the system. We refer to this region of space as the wave 
zone of the radiation. 

In a plane wave, the fields E and H are related to each other by (47.4), E = H x n. Since 
H = curl A, it is sufficient for a complete determination of the field in the wave zone to 
calculate only the vector potential. In a plane wave we have H = (1/c)A x n [see (47.3)], 
where the dot indicates differentiation with respect to time. Thus, knowing A, we find H 


t In the present case, this formula is easily verified also by direct computation of the curl of the 
expression (66.2), and dropping terms in 1/R in comparison with terms ~ 1/Rp. 
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and E from the formulas: t 
H=1Axan, E=1(Axn)xn. (66.3) 


We note that the field at large distances is inversely proportional to the first power of the 
distance Rp from the radiating system. We also note that the time ¢ enters into the expressions 
(66.1) to (66.3) always in the combination t — (Ro/c). 

For the radiation produced by a single arbitrarily moving point charge, it turns out to be 
convenient to use the Lienard—Wiechert potentials. At large distances, we can replace the 
radius vector R in formula (63.5) by the constant vector Ro, and in the condition (63.1) _ 
determining t’, we must set R = Rọ — ro - n(r(f) is the radius vector of the charge). Thus,} 


Aes HOVE ER (66.4) 


cRo ( = zwe) 


where t’ is determined from the equality 


n=t- 


y- rol) | Ro (66.5) 
È c 


The radiated electromagnetic waves carry off energy. The energy flux is given by the 
Poynting vector which, for a plane wave, is 
zg 
S=c 4r ™ 
The intensity dI of radiation into the element of solid angle do is defined as the amount of 
_ energy passing in unit time through the element df = R2do of the spherical surface with 
centre at the origin and radius Rọ. This quantity is clearly equal to the energy flux density 
S multiplied by df, i.e. 


H? p2 
dI=c Ga Fo Rõdo. (66.6) 
Since the field H is inversely proportional to Ro, we see that the amount of energy radiated 
by the system in unit time into the element of solid angle do is the same for all distances (if 
the values of t — (Ro/c) are the same for them). This is, of course, as it should be, since the 
energy radiated from the system spreads out with velocity c into the surrounding space, not 
accumulating or disappearing anywhere. 

We derive the formulas for the spectral resolution of the field of the waves radiated by the 
system. These formulas can be obtained directly from those in § 64. Substituting in (64.2) 
R= Rọ- r - n (in which we can set R = Rọ in the denominator of the integrand), we get for 
the Fourier components of the vector potential: 





ikRg s 
A, = e > p-ikr dV a, 
o= Se | ive (66.7) 
+ The formula E = — (oA [see (47.3)] is here not applicable to the potentials ¢, A, since they do not 
satisfy the same auxiliary condition as was imposed on them in § 47. 
+ In formula (63.8) for the electric field, the present approximation corresponds to dropping the first term 
in comparison with the second. 
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(where k = kn). The components Ho and E,, are determined using formula (66.3). Substituting 
in it for H, E, A, respectively, Hoe”, Ege“, Age", and then dividing by e‘™, we find 


H,, = ik xX Aj, By = © (k x Ag) xk. (66.8) 


When speaking of the spectral distribution of the intensity of radiation, we must distinguish 
between expansions in Fourier series and Fourier integrals. We deal with the expansion into 
a Fourier integral in the case of the radiation accompanying the collision of charged particles. 
In this case the quantity of interest is the total amount of energy radiated during the time of 
the collision (and correspondingly lost by the colliding particles). Suppose d iw is the 
energy radiated into the element of solid angle do in the form of waves with frequencies in 
the interval dæ. According to the general formula (49.8), the part of the total radiation lying 
in the frequency interval da/27z is obtained from the usual formula for the intensity by 
replacing the square of the field by the square modulus of its Fourier component and 
multiplying by 2. Therefore we have in place of (66.6): 


dng) = Hl? Rido $2. (66.9) 

If the charges carry out a periodic motion, then the radiation field must be expanded in a 
Fourier series. According to the general formula (49.4) the intensities of the various components 
of the Fourier resolution are obtained from the usual formula for the intensity by replacing 
the field by the Fourier components and then multiplying by two. Thus the intensity of the 
radiation into the element of solid angle do, with frequency @ = n@p) equals 


dl, = ae 1H, |? Redo. (66.10) 


Finally, we give the formulas for determining the Fourier components of the radiation 
field directly from the given motion of the radiating charges. For the Fourier integral expansion, 
we have: - l 


oo 


jo= f je dt. 


co 


Substituting this in (66.7) and changing from the continuous distribution of currents to a 
point charge moving along a trajectory rp = ro(f) (see § 64), we obtain: 


A = eo ev(t)eiorkro(0)l dt l (66.11) - 
w= ? l 
cRo 4 i 





— o0 


Since v = droọ/dt, v dt = dro and this formula can also be written in the form of a line integral 
taken along the trajectory of the charge: 


Àp=e e™™ 
w cRo 





Í efor—le-ro) dr, (66.12) 


According to (66.8), the Fourier components of the magnetic field have the form: 
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+ ay pikR 
H, =e ae J eakop x dro. (66.13) 
c Ro 
If the charge carries out a periodic motion in a closed trajectory, then the field must be 
expanded in a Fourier series. The components of the Fourier series expansion are obtained 
by replacing the integration over all times in formulas (66.11) to (66.13) by an average over 
the period T of the motion (see § 49). For the Fourier component of the magnetic field with 
frequency @ = na = n(27/T), we have 


f T 

2mine”®o ; 

H, = e — -zz eilreo-ko n x v(t) dt 
c T Ro A 


> ikRo . 
=e TR d e`root-kron x dro (66.14) 
T 0 


In the second integral, the integration goes over the closed orbit of the particle. 


PROBLEM 


Find the four-dimensional expression for the spectral resolution of the four-momentum radiated by a 
charge moving along a given trajectory. 


Solution: Substituting (66.8) in (66.9), and using the fact that, because of the condition (62.1), k¢y = 
k - A,,, we find: 


> 


dlro = (KIA gl? IK Aol?) RB do $2 
k? dw k? p dw 
= Sr Aol - Ql?) RG do Sy =- Sy Ai Aa Ro do 5. 


Representing the four-potential A;,, in a form analogous to (66.12), we get: 


2,2 “5 
dno = — k L Xix” do dk, 
4n 





where y’ denotes the four-vector 
y= Í exp (— ik,x') dx! 
and the integration is performed along the world line of the trajectory of the particle. Finally, changing to 


four-dimensional notation [including the four-dimensional “volume element” in k-space, as in (10.1a)], we 
find for the radiated four-momentum: 





i_ e?ki i my 74 
dP’ = apie Hid O(K kK”) d*k. 7 


§ 67. Dipole radiation 


The time r - (n/c) in the integrands of the expressions (66.1) and (66.2) for the retarded 
potentials can be neglected in cases where the distribution of charge changes little during 
this time. It is easy to find the conditions for satisfying this requirement. Let T denote the 
order of magnitude of the time during which the distribution of the charges in the system 
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changes significantly. The radiation of the system will obviously contain periods of order T 
(i.e. frequencies of order 1/T). We further denote by a the order of magnitude of the dimensions 
of the system. Then the time r - (n/c) ~ a/c. In order that the distribution of the charges in 
the system shall not undergo a significant change during this time, it is necessary that a/c << T. 
But cT is just the wavelength A of the radiation. Thus the condition a << cT can be written 
in the form 


a<<i, (67.1) 


that is, the dimensions of the system must be small compared with the radiated wavelength. 
We note that this same condition (67.1) can also be obtained from (66.7). In the integrand, 
r goes through values in an interval of the order of the dimensions of the system, since 
outside the system j is zero. Therefore the exponent ik - r is small, and can be neglected for 
those waves in which ka << 1, which is equivalent to (67.1). 
This condition can be written in still another form by noting that T ~ a/v, so that A ~ ca/v, 
if vis of the order of magnitude of the velocities of the charges. From a << A, we then find 


V<<c, (67.2) 


that is, the velocities of the charges must be small compared with the velocity of light. 
We shall assume that this condition is fulfilled, and take up the study of the radiation at 
distances from the radiating system large compared with the wavelength (and consequently, 
in any case, large compared with the dimensions of the system). As was pointed out in § 66, 
at such distances the field can be considered as a plane wave, and therefore in determining 
the field it is sufficient to calculate only the vector potential. 
The vector potential (66.2) of the field now has the form 


A= -Í jvdV, (67.3) 


where the time t’ = t — (Ro/c) now no longer depends on the variable of integration. Substituting 
j = v, we rewrite (67.3) in the form 


A= aR (Zev) 


(the summation goes over all the charges of the system; for brevity, we omit the index t’— 
all quantities on the right side of the equation refer to time t’). But 


-4 -à 
Lev=7 Ler=d, 


where d is the dipole moment of the system. Thus, 


sadeg °° 3 
= oR (67.4) 


With the aid of formula (66.3) we find that the magnetic field is equal to 





H=! (67.5) 
c 


and the electric field to 








(67.6) 
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We note that in the approximation considered here, the radiation is determined by the 
second derivative of the dipole moment of the system. Radiation of this kind is called dipole 
radiation. 

Since d= X er, d = Lev. Thus the charges can radiate only if they move with acceleration. 
Charges in uniform motion do not radiate. This also follows directly from the principle of 
relativity, since a charge in uniform motion can be considered in the inertial system in which 
it is at rest, and a charge at rest does not radiate. 

Substituting (67.5) in (66.6), we get the intensity of the dipole radiation: 


d? 


1 .. 2 
dx do = 
( med 4nc3 


mc? 








d=7 sin? @do, (67.7) 
where @ is the angle between d and n. This is the amount of energy radiated by the system 
in unit time into the element of solid angle do. We note that the angular distribution of the 
radiation is given by the factor sin? @. 

Substituting do = 27 sin @ d@ and integrating over © from @ to 7, we find for the total 
. radiation 


2 42 , 
I=- d’. 67.8 
303 (67.8) 
If we have just one charge moving in the external field, then d = er and d = ew, where 
w is the acceleration of the charge. Thus the total radiation of the moving charge is 


2e?w? 
l= =. 67.9 
3c? (67.9) 
We note that a closed system of particles, for all of which the ratio of charge to mass is the 
same, cannot radiate (by dipole radiation). In fact, for such a system, the dipole moment 


d= Ler = < mr = const Z mr, 


where const is the charge-to-mass ratio common to all the charges. But © mr = R È m, 
where R is the radius vector of the centre of inertia of the system (remember that all of the 
velocities are small, v << c, so that non-relativistic mechanics is applicable). Therefore d 
is proportional to the acceleration of the centre of inertia, which is zero, since the centre of 
inertia moves uniformly. 

Finally, we give the formula for the spectral resolution of the intensity of dipole radiation. 
For radiation accompanying a collision, we introduce the quantity d&,, of energy radiated 
throughout the time of the collision in the form of waves with frequencies in the interval 
do/27 (see § 66). It is obtained by replacing the vector d in (67.8) by its Fourier component 
də and multiplying by 2: 


- 4 @q 2d 
d& = 303 (do) 2m x 
For determining the Fourier components, we have 
ie. 2 ; 
d,e i” = T (de) es ode, 


from which do =- Ody. Thus, we get 
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4 
Ildo? ——. (67.10) 


For periodic motion of the particles, we obtain in similar fashion the intensity of radiation 
with frequency @ = n@p in the form 


4 44 
i= S id,12. : (67.11) 
PROBLEMS 


1. Find the radiation from a dipole d, rotating in a plane with constant angular velocity Q.f 


Solution: Choosing the plane of the rotation as the x, y plane, we have: 
d, = dọ cos Qt, d, = dọ sin Qt. 


Since these functions are monochromatic, the radiation is also monochromatic, with frequency @ = Q. From 
formula (67.7) we find for the angular distribution of the radiation (averaged over the period of the 
rotation): 


204 


= dQ j 
dI = y (1 + cos* 0)do, 
8rc° 





where @ is the angle between the direction n of the radiation and the z axis. The total radiation is 


2dZQ4 


l= 
3c3 





The polarization of the radiation is along the vector d x n = @’n x d. Resolving it into components in 
the n, z plane and perpendicular to it, we find that the radiation is elliptically polarized, and that the ratio 
of the axes of the ellipse is equal to n, = cos @; in particular, the radiation along the z axis is circularly 
polarized. 


2. Determine the angular distribution of the radiation from a system of charges, moving as a whole (with 
velocity v), if the distribution of the radiation is known in the reference system in which the system is at 
rest as a whole. 


Solution: Let 
dl = ficos 6’, ¢’) do’, do = d(cos 6°) dg’ 


be the intensity of the radiation in the K’ frame which is attached to the moving charge system (6’, @’ are 
the polar coordinates; the polar axis is along the direction of motion of the system). The energy d “radiated 
during a time interval dt in the fixed (laboratory) reference frame K, is related to the energy d &’ radiated 
in the K’ system by the transformation formula 


V 
. 1-—cos@ 
“—~V-dP 
ponina vid = dë —— 
V V 
1--—> 1--— 
g2 ce 


(the momentum of radiation propagating in a given direction is related to its energy by the equation 


t The radiation from a rotator or a symmetric top which has a dipole moment is of this type. In the first 
case, d is the total dipole moment of the rotator; in the second case d is the projection of the dipole moment 
of the top on a plane perpendicular to its axis of precession (i.e. the direction of the total angular momentum). 
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|dP | = d &/c). The polar angles, 0, @’ of the direction of the radiation in the K and K’ frames are related 
by formulas (5.6), and the azimuths @ and ¢’ are equal. Finally, the time interval dt’ in the K’ system 
corresponds to the time 


in the K system. 
As a result, we find for the intensity dI = (d 4/dt) do in the K system: 


Thus, for a dipole moving along the direction of its own axis, f = const - sin? 9’, and by using the formula 
just obtained, we find: 





§ 68. Dipole radiation during collisions 


In problems of radiation during collisions, one is seldom interested in the radiation 
accompanying the collision of two particles moving along definite trajectories. Usually we 
have to consider the scattering of a whole beam of particles moving parallel to each other, 
and the problem consists in determining the total radiation per unit current density of 
particles. 

If the current density is unity, i.e. if one particle passes per unit time across unit area of 
the cross-section of the beam, then the number of particles in the flux which have “impact 
parameters” between @ and @ + dọ is 27@ dọ (the area of the ring bounded by the circles 
of radius @ and @ + dọ). Therefore the required total radiation is gotten by multiplying the 
total radiation A< from a single particle (with given impact parameter) by 2g de and 
integrating over @ from 0 to œ. The quantity determined in this way has the dimensions of 
energy times area. We call it the effective radiation (in analogy to the effective cross-section 
for scattering) and denote it by x: 


x= Í Aé: 270 de. ; (68.1) 
0 
We can determine in completely analogous manner the effective radiation in a given solid 
angle element do, in a given frequency interval da, etc. 


+ The ratio of x to the energy of the radiating system is called the cross section for energy loss by 
radiation. 

t If the expression to be integrated depends on the angle of orientation of the projection of the dipole 
moment of the particle on the plane transverse to the beam, then we must first average over all directions 
in this plane and only then multiply by 27@ dọ and integrate. 
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We derive the general formula for the angular distribution of radiation emitted in the 
scattering of a beam of particles by a centrally symmetric field, assuming dipole radiation. 

The intensity of the radiation (at a given time) from each of the particles of the beam under 
consideration is determined by formula (67.7), in which d is the dipole moment of the 
particle relative to the scattering centre.} First of all we average this expression over all 
directions of the vectors d in the plane perpendicular to the beam direction. Since (d x n)? 
= d? — (n- d )’, the averaging affects only (n- d)*. Because the scattering field is centrally 
symmetric and the incident beam is parallel, the scattering, and also the radiation, has axial 
symmetry around an axis passing through the centre. We choose this axis as x axis. From 
symmetry, it is obvious that the first powers d,, d; give zero on averaging, and since d, is 
not subjected to the averaging process, 





Te eae 
The average values of d? and d2 are equal to each other, so that 
d? =d? = 416? - a2). 
Keeping all this in mind, we find without difficulty: 
(d x n)?= 4 (d? + d2) + 1 (d? — 3d2) cos? 6, 
where @ is the angle between the direction n of the radiation and the x axis. 
Integrating the intensity over the time and over all impact parameters, we obtain the 


following final expression giving the effective radiation as a function of the direction of 
radiation: 


_ do 3 cos? @- 1 
dx, = an [4 +B Joos ot), (68.2) 
where 
= 2 ‘a F 1 = i “5 
A= 3 d‘dt2xe de, B= 3 (d — 3dz) dt27e de. (68.3) 
0 ~o 0 - 


The second term in (68.2) is written in such a form that it gives zero when averaged over all 
directions, so that the total effective radiation is x = A/c?. We call attention to the fact that 
the angular distribution of the radiation is symmetric with respect to the plane passing 
through the scattering centre and perpendicular to the beam, since the expression (68.2) is 
unchanged if we replace @ by z — @. This property is specific to dipole radiation, and is no 
longer true for higher approximations in v/c. 

The intensity of the radiation accompanying the scattering can be separated into two 
parts—radiation polarized in the plane passing through the x axis and the direction n (we 
choose this plane as the xy plane), and radiation polarized in the perpendicular plane xz. 

The vector of the electric field has the direction of the vector 


+ Actually one usually deals with the dipole moment of two particles—the scatterer and the scattered 
particle—relative to their common centre of inertia. 
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nx (dx n)=n(n-d)-—d 


[see (67.6)]. The component of this vector in the direction perpendicular to the xy plane is— 
d,, and its projection on the xy plane is Isin Od, — cos @d,|. This latter quantity is most 
conveniently determined from the z-component of the magnetic field which has the direction 
dxn. 

Squaring E and averaging over all directions of the vector d in the yz plane, we see first 
of all that the product of the projections of the field on the xy plane and perpendicular to it, 
vanishes. This means that the intensity can actually be represented as the sum of two 
independent parts—the intensities of the radiation polarized in the two mutually perpendicular 
planes. 

The intensity of the radiation with its electric vector perpendicular to the xy plane is 
determined by the mean square of d? = 4(d? — d?). For the corresponding part of the 
effective radiation, we obtain the expression 





dx} = £ 4 J Í (d2 — d2) dt27ọ de. (68.4) 
JJ l 


We note that this part of the radiation is isotropic. It is unnecessary to give the expression 
for the effective radiation with electric vector in the xy plane since it is clear that 


dx! + dx} = dxn. 


In a similar way we can get the expression for the angular distribution of the effective 
radiation in a given frequency interval da: 


2 — 


where 





ade ` 
A(o) = 22 Í d32n¢ de, Blo) = & Í (d2 -3d2,) 2mo de (68.6) 
0 0 


§ 69. Radiation of low frequency in collisions 


Let us consider the low-frequency “tail” of the spectral distribution of the bremsstrahlung: 
the range of frequencies that is low compared to the frequency @ around which the main 
part of the radiation is concentrated: 


@ << My. (69.1) 


We shall not assume that the velocities of the colliding particles are small compared to the 
light velocity, as was done in the preceding paragraph; the following formulas are valid for 
arbitrary velocities. In the nonrelativistic case, Wp ~ 1/7, where 7 is the order of magnitude 
of the duration of the collision; in the ultrarelativistic case, œ is proportional to the square 
of the energy of the radiating particle (cf. § 77). 

In the integral 
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H, = Í He'@' dt, 


—oo 


the field H of the radiation is significantly different from zero only during a time interval of 
the order of 1/@p. Therefore, in accord with condition (69.1), we can assume that œt << 1 in 
the integral, so that we can replace e’™ by unity; then 


H, = J Hat. 


=% 


Substituting H = Å x n/c and carrying out the time integration, we get: 
H, =4(A2— Ay) Xn, (69.2) 


where A, — A, is the change in the vector poential produced by the colliding particles during 
the time of the collision. 

The total radiation (with frequency @) during the time of the collision is found by substituting 
(69.2) in (66.9): 


R2 
dro = —*> (Az - Ai) x n]? do do. (69.3) 
4cn 


We can use the Lienard—Wiechert expression (66.4) for the vector potential, and obtain: 


2 
£ ee Ba Na a E E 
dene = alte fi (icm v; 1- (len v; H ORO AR 


where v, and v; are the velocities of the particle before and after the collision, and the sum 
is taken over the two colliding particles. We note that the coefficient of dw is independent 
of frequency. In other words, at low frequencies [condition (69.1)], the spectral distribution 
is independent of frequency, i.e. d 4,,/d@ tends toward a constant limit as œ > 0.T 

If the velocities of the colliding particles are small compared with the velocity of light, 
then (69.4) becomes - 


déo = — [E ev: - v1) x n}? dodo. (69.5) 
4n*c 


This expression corresponds to the case of dipole radiation, with the vector potential given 
by formula (67.4). 

An interesting application of these formulas is to the radiation produced in the emission 
of a new charged particle (e.g. the emergence of a B-particle from a nucleus). This process 
is to be treated as an instantaneous change in the velocity of the particle from zero to its 


+ By integrating over the impact parameters, we can obtain an analogous result for the effective radiation 
in the scattering of a beam of particles. However it must be remembered that this result is not valid for the 
effective radiation when there is a Coulomb interaction of the colliding particles, because then the integral 
over p is divergent (logarithmically) for large p. We shall see in the next section that in this case the 
effective radiation at low frequencies depends logarithmically on frequency and does not remain constant. 
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actual value. [Because of the symmetry of formula (69.5) with respect to interchange of v; 
and vz, the radiation originating in this process is identical with the radiation which would 
be produced in the inverse process—the instantaneous stopping of the particle.] The essential 
point is that, since the “time” for the process is T — 0, condition (69.1) is actually satisfied 
for all frequencies.t 


PROBLEM 


Find the spectral distribution of the total radiation produced when a charged particle is emitted which 
moves with velocity v. 


Solution: According to formula (69.4) (in which we set v, = v, vı = 0), we have: 





n 
2 e 
df, = do LX- J ——sin 6 ___ asin 040. 
(i - cos o) 
c 


Evaluation of the integral gives:t 








_er(c, c+v 
dea = Z (Sin 22% 2) de. (1) 
For v << c, this formula goes over into 
2 
dt, = 2EY do, 
zc 


which can also be obtained directly from (69.5). 


§ 70. Radiation in the case of Coulomb interaction 


In this section we present, for reference purposes, a series of formulas relating to the 
dipole radiation of a system of two charged particles; it is assumed that the velocities of the 
particles are small compared with the velocity of light. 

Uniform motion of the system as a whole, i.e. motion of its centre of mass, is not of 
interest, since it does not lead to radiation, therefore we need only consider the relative 
~ motion of the particles. We choose the origin of coordinates at the centre of mass. Then the 
dipole moment of the system d = e;r; + ezr, has the form 


_m— erm (A e 
d= iin r=u(= l)e (70.1) 


where the indices 1 and 2 refer to the two particles, and r = r; — r, is the radius vector 
between them, and 


+ However, the applicability of these formulas is limited by the quantum condition that h@ be small 
compared with the total kinetic energy of the particle. 

$ Even though, as we have already pointed out, condition (69.1) is satisfied for all frequencies, because 
the process is “instantaneous” we cannot find the total radiated energy by integrating (1) over @—the 
integral diverges at high frequencies. We mention that, aside from the violation of the conditions for 
classical behaviour at high frequencies, in the present case the cause of the divergence lies in the incorrect 
formulation of the classical problem, in which the particle has an infinite acceleration at the initial time. 
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mm 
m + m 


H= 


is the reduced mass. 

We start with the radiation accompanying the elliptical motion of two particles attracting 
each other according to the Coulomb law. As we know from mechanicsț, this motion can be 
expressed as the motion of a particle with mass 4 in the ellipse whose equation in polar 
coordinates is 

a(l — £?) 


1 + €cosg= Z (70.2) 


where the semimajor axis a and the eccentricity £ are 


_ a B 21 1M? 
a= EF 1- ae (70.3) 
Here & is the total energy of the particles (omitting their rest energy!) and is negative for a 
finite motion; M = pr’ @ is the angular momentum, and æ is the constant in the Coulomb 
law: 


a= lejezl. 


The time dependence of the coordinates can be expressed in terms of the parametric equations 


: Nina! 
r=a(l—ecos&), t= Joe gest E). (70.4) 


One full revolution in the ellipse corresponds to a change of the parameter & from 0 to 27; 
the period of the motion is 
3 
T=27 i Ee ; 
a 


We calculate the Fourier components of the dipole moment. Since the motion is periodic 
we are dealing with an expansion in Fourier series. Since the dipole moment is proportional 
to the radius vector r, the problem reduces to the calculation of the Fourier components of 
the coordinates x = r cos ¢, y = r sin ¢. The time dependence of x and y is given by the 
parametric equations 





x=a(cos€-€) y=ayl-e?’ sin é, 
@ot= € — esin É. (70.5) 
Here we have introduced the frequency 


3 
2 


© = 2n/T = Jalpa? = EL : 
au? 


+ See Mechanics, § 15. 
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Instead of the Fourier components of the coordinates, it is more convenient to calculate 








the Fourier components of the velocities, using the fact that x, = — i@pnxX;3 Yn =— iMpNnyn. 
We have 
‘ T 
Xn i iwgnt + 
Xn = — = e xdt. 
” ion OonT Í 
0 


But x dt = dx = — a sin & dé; transforming from an integral over t to one over &, we have 





‘ 27 
X ,=— Fe ein(S-€sin€) sin E dE, 
0 
Similarly, we find 
g 7 27 7 27 
n= iayl -E° ein(S-€ sin £) cog EdE = iayl - €* ein(é-€sin 6) dé 
27n — 2mne 
0 0 


(in going from the first to the second integral, we write the integrand as cos & = (cos € — 
1/£) + 1/£; then the integral with cos € — 1/£ can be done, and gives identically zero). Finally, 
we use a formula of the theory of Bessel functions, 


27 


T 

E i(n€—xsin€ ) 2 i _ > _ 

z7 iz dé = = Í cos (né — x sin €) d& = J„( x), (70.6) 
0 0 


where J,,(x) is the Bessel function of integral order n. As a final result, we obtain the 
following expression for the required Fourier components: 


iavyl-€" 5 (ne) (70.7) 


a 
Xn = 7 In (ne), Yn = nE 


(the prime on the Bessel function means differentiation with respect to its argument). 
The expression for the intensity of the monochromatic components of the radiation is 
obtained by substituting x, and y, into the formula 


4@on* ofe e y 2 2 
I, = 3c? H (2-2 (Ix,] + ly,,l ) 





[see (67.11)]. Expressing a and @ in terms of the characteristics of the particles, we obtain 
finally: 





4e 4 2 
j (= = 2] [v:e +i 


mı mı 


cs (ne), (70.8) 


In particular, we shall give the asymptotic formula for the intensity of very high harmonics 
(large n) for motion in an orbit which is close to a parabola (€ close to 1). For this purpose, 
we use the formula 
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2 1/3 n 2/3 
J,(n€) = +.(2 } al(5) a-n] (10.9) 


n>>l, 1-e<<l, 


where ©® is the Airy function defined on p. 161.+ 
Substituting in (70.8) gives: 


64.228 net (ey ee) Sny” A 
n=% BE (E-E) Ja -27)07|(F] a-e) 


2 2/3 n 2/3 
+(2} o2 |(3) a-e) (70.10) 


This result can also be expressed in terms of the MacDonald function Ky: 


2 2 
ongie- aoier] eao] 


(the necessary formulas are given in the footnote on p. 218). 
Next, we consider the collision of two attracting charged particles. Their relative motion 
is described as the motion of a particle with mass 4 in the hyperbola 





2 
1 + ecos p= E, (70.11) 
where 
Per: eee 2¢M? 
=z EF 1+ jie? (70.12) 


(now & > 0). The time dependence of r is given by the parametric equations 


t For n >> 1, the main contributions to the integral 


J,(né) = 1 


Í cos [n(& — g sin €)] dě 
0 


come from small values of & (for larger values of &, the integrand oscillates rapidly). In accordance with 
this, we expand the argument of the cosine in powers of &: 
es | ae; 


| (438 
because of the rapid convergence of the integral, the upper limit has been replaced by ©; the term in E? must 


be kept because the first order term contains the small coefficient 1 — £ = (1 — £)/2. The integral above is 
reduced to the form (70.9) by an obvious substitution. 


oo 





Soy 
x 
~ 
= 
M 
w 

| 

ale 
o tu 

io) 
[e] 
a 
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3 
r=a(ecosh€—1), t= JEZ (esinn €- £), (70.13) 
where the parameter € runs through values from —ce to +20. For the coordinates x, y, we have 
x=a(e-—cosh€é), y=ae?-I1sinhé. (70.14) 


The calculation of the Fourier components (we are now dealing with expansion in a 
Fourier integral) proceeds in complete analogy to the preceding case. We find the result: 


; zae? -1 
Xo = HY (ive) yo=- —pp  HVlve). (10.15) 


where H m is the Hankel function of the first kind, of order iv, and we have introduced the 
notation 





ye noa (10.16) 
a H 
Ha? 


(Vo is the relative velocity of the particles at infinity; the energy &= uv /2).+ In the calculation 
we have used the formula from the theory of Bessel functions: 


+o z 
Í erŝ-ixsinh g qE = in H® (ix). (70.17) 


—oo 


Substituting (70.15) in the formula 


4w? (e e, \ 
dg, = — (= = <2) (xol? + lyo) $2 
[see (67.10)], we get: 
mete (a eY larger, EHD 
diy = a7 (2 -$ ) LAD Give + SF LHP vey } deo. (70.18) 


A quantity of greater interest is the “effective radiation” during the scattering of a parallel 
beam of particles (see § 68). To calculate it, we multiply d č» by 27e dọ and integrate over 
all ọ from zero to infinity. We transform from an integral over @ to one over € (between the 
limits 1 and œ) using the fact that 27@ de = 27a’ede; this relation follows from the 
definition (70.12), in which the angular momentum M and the energy # are related to the 
impact parameter ọ and the velocity vo by 


ve 
M = HEW, =u 


The resultant integral can be directly integrated with the aid of the formula 


+ Note that the function H® (ive) is purely imaginary, while its derivative H{ (ive) is real. 
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2 
e| + (5 - i)z l-4 rA (ZpZi), 


where Z,(z) is an arbitrary solution of the Bessel equation of order p.t Keeping in mind that 
for € — ©, the Hankel function H (ive) goes to zero, we get as our result the following 
formula: 


23 2 ; 
dxo = ae (£ = 2) IH® (ivJH® (iv) do. (70.19) 
0 


, 


Let us consider the limiting cases of low and high frequencies. In the integral 


J evé- © JE = inH (iv) (70.20) 


—o0 


defining the Hankel function, the only important range of the integration parameter € is that 
in which the exponent is of order unity. For low frequencies (v << 1), only the region of 
large & is important. But for large € we have sinh € >> &. Thus, approximately, 


Hy iv) = omens A ife —ivsinh € dé = (iv). 


Similarly, we find that 
HQ (iv) = HP (iv). 
Using the approximate expression (for small x) from the theory of Bessel functions: 


iH (ix) = = 2 in 2 

m K 

(y= e°, where C is the Euler constant; y= 1.781...), we get the following expression for the 
effective radiation at low frequencies: 


_l6a2 (e e Y, (24% W 
dxo = ave ( — <2.) n 2 dæ for @<< —— a (70.21) 





It depends logarithmically on the frequency. 

For high frequencies (v >> 1), on the other hand, the region of small & is important in the 
integral (70.20). In accordance with this, we expand the exponent of the integrand in powers 
of & and get, approximately, 


t This formula is a direct consequence of the Bessel equation 


2 
zraizs (1-4 ]z=0. 
z z 
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m 


=o 


ota ive} 2i T ivg? 
Hiv) =- 4 Í e & d&=- Re Í e © dé]. 
0 


By the substitution iv&?/6 = n, the integral goes over into the T-function, and we obtain the 


result: 
, 6\'3_ 74 
Hiv =- ($) r(3)- 
Vas-y) T3 


ai 6X 1/2 
Hy (iv)= a3 (£) r(3} 


Next, using the formula of the theory of the T-function, 


Similarly, we find 


rA -x)= ao’ 





we obtain for the effective radiation at high frequencies: 
2 
_ lóra? (a & HY 
dx= zan EE (£ A } do, for @>> ee (70.22) 


that is, an expression which is independent of the frequency. 
We now proceed to the radiation accompanying the collision of two particles repelling 
each other according to the Coulomb law U = a/r(a@> 0). The motion occurs in a hyperbola, 


a(€? - 1) 
r 7 


-—1+ecos d= (70.23) 


x=a(e+coshé), y=a,e*—-I1sinhé, 


3 
t= |= (esinh £ + &) (10.24) 


[a and £ as in (70.12)]. All the calculations for this case reduce immediately to those given 
above, so it is not necessary to present them. Namely, the integral 


1 
400 


Xo = ia | givesinbé+6) sinh EdE 


—oo 


for the Fourier component of the coordinate x reduces, by making the substitution € > i7 — 
E, to the integral for the case of attraction, multiplied by —e~”; the same holds for y.. 

Thus the expressions for the Fourier components Xe» Yo in the case of repulsion differ from 
the corresponding expressions for the case of attraction by the factor e ™. So the only 
change in the formulas for the radiation is an additional factor e?" In particular, for low 
frequencies we get the previous formula (70.21) (since for v << 1, e?"” = 1). For high 
frequencies, the effective radiation has the form 
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16ra? fea e Y 2nwa aa 
domaa (ae ae) exp | — m do, for @>> —— Ae (70.25) 


It drops exponentially with increasing frequency. 


PROBLEMS 


1. Calculate the average total intensity of the radiation for elliptical motion of two attracting charges. 


Solution: From the expression (70.1) for the dipole moment, we have for the total intensity of the 


radiation: 
2 2 2 
1= 38> (2-2) 2 _ 2a? (2-2) 4 
32 \m =m 3c? (m m) rt 


where we have used the equation of motion HF = — or/r’, We express the coordinate r in terms of ¢ from 
the orbit equation (70.2) and, by using the equation dt = ° dg/M, we replace the time integration by an 
integration over the angle ¢ (from 0 to 27). As a result, we find for the average intensity: 


T. 

-1 232 fe e, Y pale? 212 IM? 

IA [rast | | ee, 
J 3c M Ha 





2. Calculate the total radiation Ax’ for the collision of two charged particles. 


Solution: In the case of attraction the trajectory is the hyperbola (70.11) and in the case of repulsion, 
(70.23). The angle between the asymptotes of the hyperbola and its axis is ¢), determined from + cos ¢ = 
1/e, and the angle of deflection of the particles (in the system of coordinates in which the centre of mass is 
at rest) is y = lm — 2@ol. The calculation proceeds the same as in Problem 1 (the integral over ¢ is taken 
between the limits —¢) and +). The result for the case of attraction is 


ge Mae 22) x (2-2) 
Ae= Ful tan? Z faso (1+ 31m 7 + 6 tan > ; 





and for the case of repulsion: 


_ wv 3X 2% Lla aY 
Ač = ae OF (7+ 7)| 143 tan > + 6 tan 5 m iy ; 





In both, y is understood to be a positive angle, determined from the relation 


%_ e 


col 
‘2 a 


Thus for a head-on collision (@ — 0, 7 — 7) of charges repelling each other: 


3. Calculate the total effective radiation in the scattering of a beam of particles in a repulsive Coulomb 
field. 


Solution: The required quantity is 
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We replace the time integration by integration over r along the trajectory of the charge, writing dt = dr/v,, 
where the radial velocity v, = r is expressed in terms of r by the formula 


_ fal. M? _ fo ČN 2a 
v= 2 i un) = è r? ur: 


The integration over r goes between the limits from œ to the distance of closest approach ro = ro(@) (the 
point at which v, = 0), and then from rg once again to infinity; this reduces to twice the integral from rọ to 
co, The calculation of the double integral is conveniently. done by changing the order of integration— 
integrating first over @ and then over r. The result of the calculation is: 











4. Calculate the angular distribution of the total radiation emitted when one charge passes by another, if 
the velocity is so large (though still small compared with the velocity of light) that the deviation from 
straight-line motion can be considered small. 


Solution: The angle of deflection is small if the kinetic energy piv/2 is large compared to the potential 
energy, which is of order o/e(pc? >> ale). We choose the plane of the motion as the x, y plane, with the 
origin at the centre of inertia and the x axis along the direction of the velocity. In first approximation, the 
trajectory is the straight line x = vt, y = @. In the next approximation, the equations of motion give 


ax. av ~. ay _ ae 
x= 52s, ==, 
H= at eae a ar 
with 
r= x+y g? + vt? 


Using formula (67.7), we have: 





L? e e 2? 2: e2 pe = 9 
d& = do malm m [x* + y* — (xn, + yny) ldt, 


where n is the unit vector in the direction of do. Expressing the integrand in terms of t and performing the 
integration, we get: 


§ 71. Quadrupole and magnetic dipole radiation 


We now consider the radiation associated with the succeeding terms in the expansion of 
the vector potential in powers of the ratio a/A of the dimensions of the system to the wave- 
length. Since a// is assumed to be small, these terms are generally small compared with the 
first (dipole) term, but they are important in those cases where the dipole moment of the 
system is zero, so that dipole radiation does not occur. 

Expanding the integrand in (66.2), 


in powers of r - n/c, we find, correct to terms of first order: - 


204 RADIATION OF ELECTROMAGNETIC WAVES § 71 








ee ae 1 2 nyi 
A= cRo jy dV+ oR, oF Í (r-n) j, dV. 
Substituting j = @v and changing to point charges, we obtain: 
Lev 1 ð 
=R + OR > Lev(r-n). (71.1) 


(From now on, as in § 67, we drop the index č in all quantities). 
In the second term we write 


v(r-n)= rar) +5 var) — 5 rn) 


1 
a r(n-r)+ 5 (rX v) xn. 
We then find for A the expression 


(ree: EEEE! ae E ree EE E (71.2) 
CRo =. 2c? Ry Ot? cRo 


where d is the dipole moment of the system, and 





aE 
m= ac Xv 


is its magnetic moment. For further transformation, we note that we can, without changing 
the field, add to A any vector proportional to n, since according to formula (66.3), H and E 
are unchanged by this. For this reason we can replace (71.2) by 
EE EE ok . fja ee 
A= TR; + 6c2R at È e[3r(n - r) — nr?] + CR, 7 xn. 

But the expression under the summation sign is just the product ng Dag of the vector n and 
the quadrupole moment tensor Dag = È e(3xaxg— Supt”) (see § 41). We introduce the vector 
D with components Da = Dog ng, and get the final expression for the vector potential: 





Pe ee ae ree ae 
A= TR; + 6c?R, D+ TR, a Xn. (71.3) 





Knowing A, we can now determine the fields H and E of the radiation, using the general 
formula (66.3): 





H 1 {xa goBoms axma, 





= c? Ro 6c 
_1 fa dis : 
ESR {Gam xm 2 Bxmxnenx ih (71.4) 


The intensity dI of the radiation in the solid angle do is given by the general formula 
(66.6). We calculate here the total radiation, i.e., the energy radiated by the system in unit 
time in all directions. To do this, we average dI over all directions of n; the total radiation 
is equal to this average multiplied by 47. In averaging the square of the magnetic field, all 
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the cross-products of the three terms in H vanish, so that there remain only the mean squares 
of the three. A simple calculation} gives the following result for J: 


2° 1 ove pee 
=r P+ os Pa tga (71.5) 


Thus the total radiation consists of three independent parts; they are called, respectively, 
dipole, quadrupole, and magnetic dipole radiation. 

We note that the magnetic dipole radiation is actually not present for many systems. Thus 
it is not present for a system in which the charge-to-mass ratio is the same for all the moving 
charges (in this case the dipole radiation also vanishes, as already shown in § 67). Namely, 
for such a system the magnetic moment is proportional to the angular momentum (see § 44) 
and therefore, since the latter is conserved, = 0. For the same reason, magnetic dipole 
radiation does not occur for a system consisting of just two particles (cf. the problem in 
§ 44. In this case we cannot draw any conclusion concerning the dipole radiation). 


PROBLEMS 


1. Calculate the total effective radiation in the scattering of a beam of charged particles by particles 
identical with them. 


Solution: In the collision of identical particles, dipole radiation (and also magnetic dipole radiation) does 
not occur, so that we must calculate the quadrupole radiation. The quadrupole moment tensor of a system 
of two identical particles (relative to their centre of mass) is 


Dog = (3xaxXp -17 5a), 


where x, are the components of the radius vector r between the particles. After threefold differentiation of 
Dog, we express the first, second, and third derivatives with respect to time of x, in terms of the relative 
velocity of the particles vy as: 


2 
m» € Xa m os 


; x x 2 Val — 3XaV, 
Xa = Vas Ma = 5 Xa => axa —— g T 
2 r? 2 


r > 
r 

where .v, = v - r/r is the radial component of the velocity (the second equality is the equation of motion of 
the charge, and the third is obtained by differentiating the second). The calculation leads to the following 


expression for the intensity: 


D2 6 
P 2e 1? 41143) 


T= = 
180c5 —-15m?c3 rt 





+ We present a convenient method for averaging the products of components of a unit vector. Since the 
tensor ngfg is symmetric, it can be expressed in terms of the unit tensor xp- Also noting that its trace is 1, 
we have: 





Nang = 55g. 
The average value of the product of four components is: 
NgNpgny Ng = T5 Gop 5y5 + S07 65 + 5055 py)» 


The right side is constructed from unit tensors to give a fourth-rank tensor that is symmetric in all its 
indices; the overall coefficient is determined by contracting on two pairs of indices, which must give unity. 
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(Vv = v? + v); vand vy are expressible in terms of r by using the equalities 
4e? eu 
Vor? MOP 


We replace the time integration by an integration over r in the same way as was done in Problem 3 of § 70, 
namely, we write 





a 
E C V 4e? 
a-Si se 


In the double integral (over @ and r), we first carry out the integration over ọ and then over r. The result 
of the calculation is: 
4n ew 


= o7 me 





2. Find the force reacting on a radiating system of particles which is carrying out a stationary finite 
motion. 


Solution: The required force F is obtained by calculating the loss of momentum of the system per unit 
time, i.e. it is the momentum flux carried off by the electromagnetic waves radiated by the system: 


Fy = — fo og dfa = — fo pang Rè do; 


the integration is over a large sphere of radius Ro. The stress tensor is given by formula (33.3) and the fields 
E and H by (71.4). In view of the transversality of these fields, the integral reduces to 


sack 2 nR? 
=~ Í 2H?nR? do. 


The average over the direction of n is done using the formulas in the footnote on p. 205 (where the product 
of an odd number of components of n gives zero). The result is:+ 


aes ec ae 
Fan ~ gir [is Banda 3 xa. X 


§ 72. The field of the radiation at near distances 


The formulas for the dipole radiation were derived by us for the field at distances large 
compared with the wavelength (and, all the more, large compared with the dimensions of the 
radiating system). In this section we shall assume, as before, that the wavelength is large 
compared with the dimensions of the system, but shall consider the field at distances which 
are not large compared with, but of the same order as, the wavelength. 

The formula (67.4) for the vector potential 

=l å 
A= TR, d (72.1) 
is still valid, since in deriving it we used only the fact that Rọ was large compared with the 
dimensions of the system. However, now the field cannot be considered to be a plane wave 


t We note that this force is of higher order in 1/c than the Lorentz frictional forces (§ 75). The latter give 
no contribution to the total force of recoil: the sum of the forces (75.5) acting on the particles of an 
electrically neutral system is zero. 
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even over small regions. Therefore the formulas (67.5) and (67.6) for the electric and 
magnetic fields are no longer applicable, so that to calculate them, we must first determine 
both A and @¢. 

The formula for the scalar potential can be derived directly from that for the vector 
potential, using the general condition (62.1), 


imposed on the potentials. Substituting (72.1) in this, and integrating over the time, we get 


. d 
$ div Ry’ (72.2) 
The integration constant (an arbitrary function of the coordinates) is omitted, since we are 
interested only in the variable part of the potential. We recall that in the formula (72.2) as 
well as in (72.1) the value of d must be taken at the time t’ = t — (Ro/c).t+ 
Now it is no longer difficult to calculate the electric and magnetic field. From the usual 
formulas, relating E and H to the potentials, 


alo 

Bee (72.3) 
yd ld 

a cy Te (72.4) 


The expression for E can be rewritten in another form, noting that d,/Ro is as any 


; : j R Te ; 
function of coordinates and time of the form -L f (« - *)) satisfies the wave equation: 


Ro 
13? (=) on (z). 
c? ot? \ Ro Ro 


curl curl a = grad div a — Aa, 


Also using the formula 


we find that 
d 
E = curl curl —. (72.5) 
Ro 
The results obtained determine the field at distances of the order of the wavelength. It is 


+ Sometimes one introduces the so-called Hertz vector, defined by 


Then 
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understood that in all these formulas it is not permissible to take 1/Rp out from under the 
differentiation sign, since the ratio of terms containing 1/R{ to terms with 1/Ro is just of the 
same order as A/Rp. 

Finally, we give the formulas for the Fourier components of the field. To determine H,, we 
substitute in (72.3) for H and d their monochromatic components H,e“™ and d,e"™ 
respectively. However, we must remember that the quantities on the right sides of equations 
(72.1) to (72.5) refer to the time t’ = t — (Ro/c). Therefore we must substitute in place of d 
the expression 


Ro 


t-— 


Eee 
dpe c = dette 


Making the substitution and dividing by e*™, we get 











ie s e ikRo = e Po 
H, = — ik curl (a. Ro } = ikd, x V Re 
or, performing the differentiation, 
H,, = — ikd, xn| & — 1 | e"o (72.6) 
w @ Ro R2 , . 
where n is a unit vector along Ro. 
In similar fashion, we find from (72.4): 
_ 24 emo eikRo 
E,=k*dy Ro + (do: V)V R 
and differentiation gives T 
= Ke, ik _ 1) pier ; _ Kk? _ 3ik , 3 | pine 
Edk ak °+n(n-d,,) Ro RR e™"o, (72.7) 


At distances large compared to the wavelength (kRọ >> 1), we can neglect the terms in 


1/RẸ and 1/RẸ in formulas (72.7) and (72.6), and we arrive at the field in the “wave zone”, 
2 ; 2 ; 
E, = nx (dy x n) e*®o , H, =- <a, x neo, 
Ro Ro 


At distances which are small compared to the wavelength (kRy << 1), we neglect the terms 
in 1/Ro and 1/R¢ and set e*® = 1; then 


Eo = -Ł Gn(d,-n) - de), 
Ro 


which corresponds to the static field of an electric dipole (§ 40); in this approximation, the 
magnetic field vanishes. 


PROBLEMS 


1. Calculate the quadrupole and magnetic dipole radiation fields at near distances. 


Solution: Assuming, for brevity, that dipole radiation is not present, we have (see the calculation carried 
out in § 71) 
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where we have expanded in powers of r = Rọ — R. In contrast to what was done in § 71, the factor 1/Ro 
cannot here be taken out from under the differentiation sign. We take the differential operator out of the 
integral and rewrite the integral in tensor notation: 





(Xg are the components of the radius vector Ro). Transforming from the integral to a sum over the charges, 
we find 


1 8 (Levaxg)y 


Ay =-— 
ki TF Ro 


In the same way as in § 71, this expression breaks up into a quadrupole part and a magnetic dipole part. The 
corresponding scalar potentials are calculated from the vector potentials in the same way as in the text. As 
a result, we obtain for the quadrupole radiation: 


2 m = 
A = curl Ro’ o=0 


{all quantities on the right sides of the equations refer as usual to the time t’ = t — (Ro/c)]. 
The field intensities for magnetic dipole radiation are: 


1 
- z erl o rA H = curl curl 2 R 
Comparing with (72.3), (72.5), we see that in the magnetic dipole case, E and H are expressed in terms of 
m in the same way as—H and E are expressed in terms of d for the electric dipole case. 
The spectral components of the potentials of the quadrupole radiation are: 


A®) = ik po 2 eto 


w 1 pw o? eo 
6 B ox, Ro’ 9 2 


6 8 OX aX pg Ro 





Bacause of their complexity, we shall not give the expressions for the field. 


2. Find the rate of loss of angular momentum of a system of charges through dipole radiation of 
electromagnetic waves. 

Solution: According to (32.9) the density of flux of angular momentum of the electromagnetic field is 
given by the spatial components of the four-tensor xX’ T™ — 47". Changing to three-dimensional notation, we 
introduce the three-dimensional angular momentum vector with components + CopyM PY; the flux density 
is given by the three-dimensional tensor 


2 Copy (XpO yw — XO p5) = €opXpOw> 
where Ogg = T°? is the three-dimensional Maxwell stress tensor (and we write all indices as subscripts in 
accordance with the usual three-dimensional notation). The total angular momentum lost by the system per 
unit time is equal to the flux of angular momentum of the radiation field through a spherical surface of 
radius Ro: 
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dM 
di -$ apy X pO Ns, 





where df= R2do, and n is a unit vector in the direction of Ro. Using the tensor Ogg from (33.3), we find: 


dM _ Fò 
mM He {(n x E)(n- E) + (n x H)(n- H)} do. oo (1) 

In applying this formula to the radiation field at large distances from the system, we must not, however, 
stop at terms ~1 Ro; in this approximation n - E = n - H = 0, so that the integrand vanishes. These terms 
[given by (67.5)(67.6)] are sufficient only for calculating the factors n x E and n x H; the longitudinal 
field components n - E and n - H arise from terms ~ 1/R? (as a result, the integrand in (1) becomes ~1 1/R3, 
and the distance Ry drops out of the answer, as it should). In the dipole approximation À >> a, and we must 
distinguish between terms containing additional factors [relative to (67.5)-(67.6)] ~À Ro or ~a Ro; it is 
sufficient to keep only the former. These terms can be obtained from (72.3) and (72.5); a calculation to 
second order in 1 Ro gives: 


n-d, H-n=0. (2) 


Substituting (2) and (67.6) in (1), we find: 





dM _ 1 a = 
“a one? Í (n d)(n d)do. 


Finally, writing the integrand in the form eappdynsds and averaging over the direction of n, we obtain: 
M -2 4a, (3) 


We note that for a linear oscillator (d + dọ cos œt with real amplitude dp) the expression (3) vanishes; 
there is no loss of angular momentum in the radiation. 


§ 73. Radiation from a rapidly moving charge 


Now we consider a charged particle moving with a velocity which is not small compared 
with the velocity of light. 

The formulas of § 67, derived under the assumption that v << c, are not immediately 
applicable to this case. We can, however, consider the particle in that system of reference in 
which the particle is at rest at a given moment; in this system of reference the formulas 
referred to are of course valid (we call attention to the fact that this can be done only for the 
case of a single moving particle; for a system of several particles there is generally no 
system of reference in which all the particles are at rest simultaneously). 

Thus in this particular system of reference the particle radiates, in time dt, the energy 


Ze" w? dt (73.1) 


[in accordance with formula (67.9)], where w is the acceleration of the particle in this system 
of reference. In this system of reference, the total radiated momentum is zero: 


dP =0. (73.2) 


+ A nonzero value of n - H would be obtained only if one included terms of higher order in a/Ro. 
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In fact, the radiated momentum is given by the integral of the momentum flux density in the 
radiation field over a closed surface surrounding the particle. But because of the symmetry 
of the dipole radiation, the momenta carried off in opposite directions are equal in magnitude 
and opposite in direction; therefore the integral is identically zero. 

For the transformation to an arbitrary reference system, we rewrite formulas (73.1) and 
(73.2) in four-dimensional form. It is easy to see that the “radiated four-momentum” dP; 
must be written as 


i_ _ 2e? duf duk ,; __ 2e? dut duk i; 
E 3c ds ds =- "36 ds ds “ ae 32) 
In fact, in the reference frame in which the particle is at rest, the space components of the 
four-velocity u' are equal to zero, and 
duk du, w?, 


‘ds ds = Fe 
therefore the space components of dP’ become zero and the time component gives equation 
(73.1). 
The total four-momentum radiated during the time of passage of the particle through a 
given electromagnetic field is equal to the integral of (73.3), that is, 


i _ 2e? f dut du pi 
AP' = — 3c as ds Z (73.4) 


We rewrite this formula in another form, expressing the four-acceleration du‘/ds in terms of 
the electromagnetic field tensor, using the equation of motion (23.4): 





du 
me es Fuu. 
We then obtain 
Piet 2e* ly km i 
APi = -E | (Fuu) (Fun) dei. (73.5) 
3m~*c 


The time component of (73.4) or (73.5) gives the total radiated energy A: Substituting for 
all the four-dimensional quantities their expressions in terms of three-dimensional quantities, 
we find 


2 w 2 
Ag = 2e Í ae i (73.6) 


(w = ý is the acceleration of the particle), or, in terms of the external electric and magnetic 
fields: 


dt. (73.7) 
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The expressions for the total radiated momentum differ by having an extra factor v in the 
integrand. 

It is clear from formula (73.7) that for velocities close to the velocity of light, the total 
energy radiated per unit time varies with the velocity essentially like [1 — (V/c)}', that is, 
proportionally to the square of the energy of the moving particle. The only exception is 
motion in an electric field, along the direction of the field. In this case the factor [1 — 
IA standing in the denominator is cancelled by an identical factor in the numerator, and 
the radiation does not depend on the energy of the particle. 

Finally there is the question of the angular distribution of the radiation from a rapidly 
moving charge. To solve this problem, it is convenient to use the Lienard—Wiechert expressions 
for the fields (63.8) and (63.9). At large distances we must retain only the term of lowest 
order in 1/R [the second term in (63.8)]. Introducing the unit vector n in the direction of the 
radiation (R = nR), we get the formulas f 


E = —_ ——____~_—-, H=nxE, (73.8) 





where all the quantities on the right sides of the equations refer to the retarded time t’ = 
t — (Ric). 
The intensity radiated into the solid angle do is dI = (c/4m)E?R? do. Expanding E’, we get . 


Ferment ley hd La A nS AO De 


4nc3 i v-n) i v-n\ 
TT ~ e 


If we want to determine the angular distribution of the total radiation throughout the 
whole motion of the particle, we must integrate the intensity over the time. In doing this, it 
is important to remember that the integrand is a function of ¢’; therefore we must write 

















ot o, n-v),, 
dt = 5; de -(1- - Ja (73.10) 


[see (63.6)], after which the integration over £ is immediately done. Thus we have the 
following expression for the total radiation into the solid angle do: 





DARE 
a Ea we ( gaw 


= 4nc3 say 1 v-n\ 1 n-v)\> 
S c — e — e 


As we see from (73.9), in the general case the angular distribution of the radiation is quite 
complicated. In the ultrarelativistic case, (1 — (v/c) << 1) it has a characteristic appearance, 
which is related to the presence of high powers of the difference 1 — (v - n/c) in the 
denominators of the various terms in this expression. Thus, the intensity is large within the 
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narrow range of angles in which the difference 1 — (v - n/c) is small. Denoting by @ the small 
angle between n and v, we have: 


Y ~1-¥, 8-1 Vv og). 
1-Yeos 921-¥+% =} (1-4 +67}, 


this difference is small for 


ee | ee ee (73.12) 
c 
Thus an ultrarelativistic particle radiates mainly along the direction of its own motion, 
within the small range (73.12) of angles around the direction of its velocity. 

We also point out that, for arbitrary velocity and acceleration of the particle, there are 
always two directions for which the radiated intensity is zero. These are the directions for 
which the vector n — (v/c) is parallel to the vector w, so that the field (73.8) becomes zero. 
(See also problem 2 of this section.) 

Finally, we give the simpler formulas to which (73.9) reduces in two special cases. 

If the velocity and acceleration of the particle are parallel, 


e wxn 


oe S A S 
cR( n-v\? 
| 2) 


2 2 cin? 
[| ae eee eae (73.13) 





and the intensity is 





It is naturally, symmetric around the common direction of v and w, and vanishes along 
(8 = 0) and opposite to (8 = 7) the direction of the velocity. In the ultrarelativistic case, the 
intensity as a function of @ has a sharp double maximum in the region (73.12), with a steep 
drop to zero for 0 = 0. 

If the velocity and acceleration are perpendicular to one another, we have from (73.9): 


ns (i z 5) sin? 0 cos? ġ 
_ ew 1 ie Aa SEE es do, (73.14) 


~ Ane3 4 6 
c (1-žcos0) (1-žcos0) 


where @ is again the angle between n and v, and @ is the azimuthal angle of the vector n 
relative to the plane passing through v and w. This intensity is symmetric only with respect 
to the plane of v and w, and vanishes along the two directions in this plane which form the 
angle @ = cos~!(v/c) with the velocity. 





PROBLEMS 


1. Find the total radiation from a relativistic particle with charge e, which passes with impact parameter 
@ through the Coulomb field of a fixed centre (with potential ¢ = e,/r). 
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Solution: In passing through the field, the relativistic particle is hardly deflected at all.t We may therefore 
regard the velocity v in (73.7) as constant, so that the field at the position of the particle is 


err e:r 





Fic. 15. 


with x = vt, y = Q. Performing the time integration in (73.7), we obtain: 


Age te: aCe 
12m?c’ g? v c?-Vv ' 
2. Find the directions along which the intensity of the radiation from a moving particle vanishes. 


Solution: From the geometrical construction (Fig. 15) we find that the required directions n lie in the 
plane passing through v and w, and form an angle y with the direction of w where 


siny=* sina, 


and œ is the angle between v and w. 


3. Find the intensity of the radiation from a particle which is carrying out a statonáry motion in the field 
of a circularly polarized plane electromagnetic wave. 


Solution: According to the results of problem 3 of § 48, the particle moves in a circle, and its velocity at 
each moment is parallel to H and perpendicular to E. Its kinetic energy is 


erra =cy 
-vc 


(where we use the notation of the problem cited). From formula (73.7) we find the intensity of the radiation: 


E E N Eos. (=) 
3m?c? 1- vec? 3m°c? moj | 
4. The same problem in the field of a linearly polarized wave. 


Solution: According to the results of problem 2 of § 48, the motion occurs in the plane xy, passing through 


+ For v~c, deviations through sizable angles can occur only for impact parameters @ ~e*/me’, which 
cannot in general be treated classically. 
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the direction of propagation of the wave (the x axis) and the direction of E (the y axis); the field H is along 
the z direction (and H, = E,). Form (73.7) we find: 
p- 22E? (= v0)? 
. ~ 3m 1-ve? ~ 
The average over the period of the motion, which was done using a parametric representation in the 
problem cited, gives the result 








§ 74. Synchrotron radiation (magnetic bremsstrahlung) 


We consider the radiation from a charge moving with arbitrary velocity in a circle in a 
uniform constant magnetic field; such radiation is called magnetic bremsstrahlung. The 
radius of the orbit r and the cyclic frequency of the motion @, are expressible in terms of 
the field intensity H and the velocity of the particle v, by the formulas (see § 21): 

mcv v_eH |}_Vv (74.1) 


r= ——_ o,= i 
Ti Hr” me c? 





The total intensity of the radiation over all directions is given directly by (73.7), omitting 
the time integration, in which we must set E = 0 and H L v: 


2e H? V . (74.2) 
3m?c’ (i - 5) 
c 
We see that the total intensity is proportional to the square of the momentum of the particle. 
If we are interested in the angular distribution of the radiation, then we must use formula 
(73.11). One quantity of interest is the average intensity during a period of the motion. For 
this we integrate (73.11) over the time of revolution of the particle in the circle and divide 
the result by the period T = 27/@y- 


We choose the plane of the orbit as the XY plane (the origin is at the centre of the circle), 
and we draw the YZ plane to pass through the direction n of the radiation (Fig. 16). The 


I= 
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magnetic field is along the negative Z axis (the direction of motion of the particle in Fig. 16 
corresponds to a positive charge e). Further, let @ be the angle between the direction k of the 
radiation and the Y axis, and ¢ = @yt be the angle between the radius vector of the particle 
and the X axis. Then the cosine of the angle between k and the velocity v is cos @ cos @ (the 
vector v lies in the XY plane, and at each moment is perpendicular to the radius vector of the 
particle). We express the acceleration w of the particle in terms of the field H and the 
velocity v by means of the equation of motion [see (21.1)]: 


After a simple calculation, we get: 


2 
aie P 27 fı iat ¥) sin?0 + (z — cos @cos o) 
e | Se 
° 8am ( c? v 3 
0 1 — cos 0 cos o 


(the time integration has been converted into integration over @ = @pf). The integration is 
elementary, though rather lengthy. As a result one finds the following formula: 


etH? v (1 = +) 24 y cos? 0 (1 — 5 + ve cos? o) cos? 8 
Cc pen ONG 2s Ae 


do (74.3) 


i ye SE E A PEE c? 
F 8azm?c5 52 7/2 
pe (1 = Me cos? 4 (1 == ve cos? e) 
\ c c 


(74.4) 


The ratio of the intensity of radiation for @ = 7/2 (perpendicular to the plane of the orbit) 
to the intensity for 0 = 0 (in the plane of the orbit) is 


de ca (74.5) 


As v> 0, this ratio approaches +, but for velocities close to the velocity of light, it becomes 
very large. 

Next we consider the spectral distribution of the radiation. Since the motion of the charge 
is periodic, we are dealing with expansion in a Fourier series. The calculation starts conveniently 
with the vector potential. For the Fourier components of the vector potential we have the 
formula [see (66.12)]: 


A e ikRo 
=e 
z cRo T 





d eount-kr) dr 


where the integration is taken along the trajectory of the particle (the circle). For the coordinates 
of the particle we have x = r cos @pt, y = r sin @yt. As integration variable we choose the 
angle @ = @,t. Noting that 
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k - r = kr cos @sin ọ = (nv/c) cos @ sin ġ 
(k = n@plc = nvicr), we find for the Fourier components of the x-component of the vector 
potential: 
27 


y 
z in| ġ-— — cos 8 sin ¢ 
A EV eko fe ( e liga 
0 


"=~ FcR 


We have already had to deal with such an integral in § 70. It can be expressed in terms of 
the derivative of a Bessel function: 


— _ 1eV pikeo ze | PV 
As, cR, emo J), ( z Cos o) (74.6) 
Similarly, one calculates A,„: 
____ €e pkoy ( MY 
Ayn = cs eo J, ( z Cos o) (74.7) 


The component along the Z axis obviously vanishes. 
From the formulas of § 66 we have for the intensity of radiation with frequency @ = nOp, 
in the element of solid angle do: 


dl, = oR IH „1? R3do = T Ik x A„l? R? do. 


Noting that 
~ JA x KI? = A2k? + A?k? sin? 0, 


and substituting (74.6) and (74.7), we get for the intensity of radiation the following formula 
(G.A. Schott, 1912): 


22472 
_ neH v 2 2, nV vV pol nv 
a= eH (1-5) [en 0-J;i = cos @ foes -y cos 8 do. (74.8) 
To determine the total intensity over all directions of the radiation with frequency @= NOp, 
this expression must be integrated over all angles. However, the integration cannot be 
carried out in finite form. By a series of transformations, making use of certain relations 
from the theory of Bessel functions, the required integral can be written in the following 
form: 


Jon (2n€) dé |. (14.9) 





Vv 
2e4H?2 Pia : 
: e ( 5) Hae m) - (1-4) 
c c 


Dt ^ |< 


We consider in more detail the ultrarelativistic case where the velocity of motion of the 
particle is close to the velocity of light. 

Setting v = c in the numerator of (74.2), we find that in the ultrarelativistic case the 
total intensity of the synchrotron radiation is proportional to the square of the particle 
energy &: 
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2e*H? ( A | 

EE s 74.10 

3m?c? \ mc? ( ) 

The angular distribution of the radiation is highly anisotropic. The radiation is concentrated 

mainly in the plane of the orbit. The “width” A@ of the angular range within which most of 

the radiation is included is easily evaluated from the condition 1 — (Vic*) cos? 0 ~ 1 - 
(Vic?), writing @ = 7/2 + AO, sin 0 = 1 — (A6)*/2. It is clear that} 








2 
Ao~ |L-% = me. (74.11) 


We shall see below that in the ultrarelativistic case the main role in the radiation is played 
by frequencies with large n (Arzimovich and Pomeranchuk, 1945). We can therefore use the 
asymptotic formula (70.9), according to which: 





Jon 2n€) = —— [nia - E?) (74.12) 
: mmn 


wl 


Substituting in (74.9), we get the following formula for the spectral distribution of the 
radiation for large values of n: i 


2et pM? u? uf 
1, = — —————__  ®"(u) + A f P(u)duş, ` - (74.13) 





For u —> 0 the function in the curly brackets approaches the constant limit (0) = — 0.4587 
... § Therefore for u << 1, we have 





4H2 2X? 4 P 

I, = 0.52 = (zŻ) uw, l<<n<< ( 7 } i 74.14 

mo \ # mc? ( ) 

For u >> 1, we can use the asymptotic expression for the Airy function (see the footnote 
on p. 161, and obtain): 


+ This result is, of course, in agreement with the angular distribution of the instantaneous intensity which 
we found in the preceding section [see (73.12)]; however, the reader should not confuse the angle 0 of this 
section with the angle @ between n and v in § 73! 

$ In making the substitution, the limit n?’ of the integral can be changed to infinity, to within the required 
accuracy: we have also set v= c wherever possible. Even though values of € close to 1 are important in the 
integral (74.9), the use of formula (74.12) is still permissible, since the integral converges rapidly at the 
lower limit. 

§ From the definition of the Airy function, we have: 


co 


3 36 r2 
gsin 5 d=- | Pee ney ee 
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5 
2\2 1 
4 H2 | me 2 
eH (s ) n 2 253 e 3 
L= 4 — eir e] p r>a (74.15) 


that is, the intensity drops exponentially for large n. 
Consequently the spectrum has a maximum for 


(5) 
mc? ? 


and the main part of the radiation is concentrated in the region of frequencies for which 


3 ys N2 
o~ on( ©) =H (4). (74.16) 








mc me \ mc 


These values of @ are very large, compared to the distance @, between neighbouring 
frequencies. We may say that the spectrum has a “quasicontinuous” character, consisting of 
a large number of closely spaced lines. 

In place of the distribution function 7, we can therefore introduce a distribution over the 
continuous series of frequencies @ = n@,, writing 


daiman 22. 
On 
For numerical computations it is convenient to express this distribution in terms of the 


MacDonald function K,.t After some simple transformations of formula (74.13), it can be 
written as 





V3e3H ( @ } Í 
dl = dæ ——— F | — |, F(o)= K dé, 74.17 
wie r a) FEE f Kéa (74.17) 
l3 
where we use the notation 
3eH ( # 2 
QO. = ie ( ) . (74.18) 


Figure 17 shows a graph of the function F (). 

Finally, a few comments on the case when the particle moves, not in a plane orbit, but in 
a helical trajectory, i.e. has a longitudinal velocity (along the field) vı = v cos % (where 7 is 
the angle between H and v). The frequency of the rotational motion is given by the same 


+ The connection between the Airy function and the function Kj, is given by formula (4) of the footnote 
on p. 161, In the further transformations one uses the recursion relations 


© Kya) Ky = 2% Ky, 2KO =- Kya) - Kyi 


where K_,(x) = K,(x). In particular, it is easy to show that 


@’(t) =- T Ko; (5 al J 
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by 


0.5 PSEC 
0 i 
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Fic. 17. 


formula (74.1), but now the vector v moves, not in a circle, but on the surface of a cone with 
its axis along H and with vertex angle 2%. The total intensity of the radiation (defined as the 
total energy loss per sec from the particle) will differ from (74.2) in having H replaced by 
A L= H sin X 

In the ultrarelativistic case the radiation is concentrated in directions near the generators 
of the “velocity cone”. The spectral distribution and the total intensity (in the same sense as 
above) are obtained from (74.17) and (74.10) by the substitution H —> H.. If we are talking 
about the intensity as seen in these directions by an observer at rest, then we must introduce 
an additional factor which takes into account the approach or moving away of the radiator 
(a particle moving in a circle). This factor is given by the ratio dt/dt,,,, Where dtops is the time 
interval between arrival at the observer of signals emitted by the source at an interval dt. It 
is obvious that 


At obs = dt (1 a 5 Vi COS o} 
where 0 is the angle between the directions of k and H (the latter being taken as the positive 


direction of the velocity vı). In the ultrarelativistic case, when the direction of k is close to 
the direction of v, we have 0 = y, so that 








-1 
dt _ |; _“ ye ll 


PROBLEMS 


1. Find the law of variation of energy with time for a charge moving in a circular orbit in a constant 
uniform magnetic field, and losing energy by radiation. 


Solution: According to (74.2), we have for the energy loss per unit time: 





(£ is the energy of the particle). From this we find: 


& 2e4H 
= coth =f + const 
3m?c5 








mc? 3 
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As t increases, the energy decreases monotonically, approaching the value &— mc” (for complete stopping 
of the particle) asymptotically as £ —> >. 


2. Find the asymptotic formula for the spectral distribution of the radiation at large values of n for a 
particle moving in a circle with a velocity which is not close to the velocity of light. 


Solution: We use the well-known asymptotic formula of the theory of Bessel functions 


1 g 1-€? 
J, (n£) = —— s | — =e 7 
= Tana -e i Vi- e? | 
which is valid for n(1 — £)” >> 1. Using this formula, we find from (74.9): 


2n 


4 p72 „1/2 5/4 ql-4 
1 sen (1-4) c N A 


” Wame3 N 2 
1+ Vli--> 
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This formula is applicable for n[1 — (Vic)? >> 1; if in addition 1 - (V/c*) is small, the formula goes over 
into (74.15). 


3. Find the polarization of the synchrotron radiation. 


Solution: The electric field E, is calculated from the vector potential A, (74.6-74.7) according to the 
formula 


E,- È (k x A) xk- Å k(k : A,) + ikAn: 


Let e,, ez be unit vectors in the plane perpendicular to k, where e; is parallel to the x axis and e; lies in the 
yz plane (their components are e; = (1, 0, 0), e, = (0, sin 0, — cos 6); the vectors €), €2 and k form a right- 
hand system). Then the electric field will be: 


E,, = ikA,,e; + ik sin @A,,e2, 


or, dropping the unimportant common factors: 
nv nv ; 
E,, ~ oa (= cos o) e, +tan ðJ, (z cos o) iez, 


The wave is elliptically polarized (see § 48). 
In the ultrarelativistic case, for large n and small angles 6, the functions J, and J , are expressed in terms 
of Ky, and K23, where we set 


2 \2 
1- v cost = 1-44 0? - (2>) ne: 


c? c? 


in the arguments. As a result we get: 


n z n 2\? 
E,, = eWKas( 5 v) + ie2Kis( 5 wv}, v- (25) +0?. 


For 0 = 0 the elliptical polarization degenerates into linear polarization along e4. For large @(| 0| >> mel 
& n@ >> 1), we have K1,(x) = Koa(x) = 472x e™*, and the polarization tends to become circular: E, ~ 
e; + ies; the intensity of the radiation, however. also becomes exponentially small. In the intermediate range 
of angles the minor axis of the ellipse lies along ez and the major axis along e,. The direction of rotation 
depends on the sign of the angle 6(6 > 0 if the directions of H and k lie on opposite sides of the orbit plane, 
as shown in Fig. 16). 
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§ 75. Radiation damping 


In § 65 we showed that the expansion of the potentials of the field of a system of charges 
in a series of powers of v/c leads in the second approximation to a Lagrangian completely 
describing (in this approximation) the motion of the charges. We now continue the expansion 
of the field to terms of higher order and discuss the effects to which these terms lead. 

In the expansion of the scalar potential 


1 
ġ= Í Re- R dV, 
the term of third order in 1/c is 


1 A 
~ 6c3 ot 
For the same reason as in the derivation following (65.3), in the expansion of the vector 
potential we need only take the term of second order in 1/c, that is, 


9? = R? 0 dV, (75.1) 


ga l2 Í : 
A +S | iav. (75.2) 
We make a transformation of the potentials: 
pag Oe. ep 
¢’=¢0 cf’ A’=A + gradf, 
choosing the function f so that the scalar potential @’°) becomes zero: : 
1l 8 2 
= R*o dv. 
f ~ 6c? at? £ 


Then the new vector potential is equal to 


2 
pre-e 2 le. jav- A, | R?ọ dV 


Making the transition from the integral to a sum over individual charges, we get for the 
first term on the right the expression 


1 Ea 
-— Lev. 
c? 
In the second term, we write R = Rọ — r, where Roy and r have their usual meaning (see § 66); 
then R =- r = -— v and the second term takes the form 
y 
— Lev 
3c 
Thus, 


MODs ar Lev, (75.3) 
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The magnetic field corresponding to this potential is zero (H = curl A’®) = 0), since A’) 


does not contain the coordinates explicitly. The electric field E =— (1/c)A’ is 
2 ene 
E=— d, 75.4 
33 (75.4) 


where d is the dipole moment of the system. 

Thus the third order terms in the expansion of the field lead to certain additional forces 
acting on the charges, not contained in the Lagrangian (65.7); these forces depend on the 
time derivatives of the accelerations of the charges. 

Let us consider a system of charges carrying out a stationary motion} and calculate the 
average work done by the field (75.4) per unit time. The force acting on each charge e is 
f = eE, that is, 


2e 3 

f=-—d. 75.5 
302 (75.5) 
The work done by this force in unit time is f - v, so that the total work performed on all the 
charges is equal to the sum, taken over all the charges: 


ere eee De a -2 daiar 
rf ele Lev=zad d= 35 J; a d) 303 (d)*. 


When we average over the time, the first term vanishes, so that the average work is equal to 





i oo 2 "2 
Lf-v= 303 d*. (75.6) 
The expression standing on the right is (except for a sign reversal) just the average energy 
radiated by the system in unit time [see (67.8)]. Thus, the forces (75.5) appearing in third 
approximation, describe the reaction of the radiation on the charges. These forces are called 
radiation damping or Lorentz frictional forces. 

Simultaneously with the energy loss from a radiating system of charges, there also occurs 
acertain loss of angular momentum. The decrease in angular momentum per unit time, dM/ 
dt, is easily calculated with the aid of the expression for the damping forces. Taking the time 
derivative of the angular momentum M = È r x p, we have M = Srx p, since Lr X p= 
5, m(v x v) = 0. We replace the time derivative of the momentum of the particle by the 
friction force (75.5) acting on it, and find 


M=Erxf=2,Eeaxd=4,axd. 
3c 3c 
We are interested in the time average of the loss of angular momentum for a stationary 


motion, just as before, we considered the time average of the energy loss. Writing 
e.. = d oe 7 . .. 
dxd=z4x® dxd 


and noting that the time derivative (first term) vanishes on averaging, we finally obtain the 
following expression for the average loss of angular momentum of a radiating system: 


+ More precisely, a motion which, although it would have been stationary if radiation were neglected, 
proceeds with continual slowing down. 
+ In agreement with the result (3) obtained in problem 2 of § 72. 
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dM 2% 
Radiation damping occurs also for a single charge moving in an external field. It is equal 
to 


2 
f= 22%, : (75.8) 


For a single charge, we can always choose such a system of reference that the charge at 
the given moment is at rest in it. If, in this reference frame, we calculate the higher terms in 
the expansion of the field produced by the charge, it turns out that they have the following 
property. As the radius vector R from the charge to the field point approaches zero, all these 
terms become zero. Thus in the case of a single charge, formula (75.8) is an exact formula 
for the reaction of the radiation, in the system of reference in which the charge is at rest. 

Nevertheless, we must keep in mind that the description of the action of the charge “on 
itself” with the aid of the damping force is unsatisfactory in general, and contains contradictions. 
The equation of motion of a charge, in the absence of an external field, on which only the 
force (75.8) acts, has the form — 


2 
my = 22 Š. 
3c 


This equation has, in addition to the trivial solution v = const, another solution in which the . 
acceleration v is proportional to exp (3mc’t/2e7), that is, increases indefinitely with the 
time. This means, for example, that a charge passing through any field, upon emergence 
from the field, would have to be infinitely “self-accelerated”. The absurdity of this result is 
evidence for the limited applicability of formula (75.8). 

One can raise the question of how electrodynamics, which satisfies the law of conservation 
of energy, can lead to the absurd result that a free charge increases its energy without limit. 
Actually the root of this difficulty lies in the earlier remarks (§ 37) concerning the infinite 
electromagnetic “intrinsic mass” of elementary particles. When in the equation of motion 
we write a finite mass for the charge, then in doing this we essentially assign to it formally 
an infinite negative “intrinsic mass” of nonelectromagnetic origin, which together with the 
electromagnetic mass should result in a finite mass for the particle. Since, however, the 
subtraction of one infinity from another is not an entirely correct mathematical operation, 
this leads to a series of further difficulties, among which is the one mentioned here. 

In a system of coordinates in which the velocity of the particle is small, the equation of 
motion when we include the radiation damping has the form 

. e 2e. 
my =eKE+—vxH+5-— v. (75.9) 
c 3 c? 
From our discussion, this equation is applicable only to the extent that the damping force is 
small compared with the force exerted on the charge by the external field. 

To clarify the physical meaning of this condition, we proceed as follows. In the system of 
reference in which the charge is at rest at a given moment, the second time derivative of the 
velocity is equal, neglecting the damping force, to 


v=£E+—“ x8. 
m me 
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In the second term we substitute (to the same order of accuracy) v = (e/m)E, and obtain 


Corresponding to this, the damping force consists of two terms: 





2e7 ¢ 2e* 
f =<- E+ E xH. 75.10 
3mc? 3m?c4 ( ) 
If wis the frequency of the motion, then E is proportional to WE and, consequently, the first 
term is of order (e7@/mc)E; the second is of order (e*/m*c*)EH. Therefore the condition for 
the damping force to be small compared with the force eE exerted by the external field on 
the charge gives, first of all, 
2 
—_w<<1l, 


mc? 


or, introducing the wavelength A ~ c/a, 


e2 
À >> mt (75.11) 


Thus formula (75.8) for the radiation damping is applicable only if the wavelength of the 
radiation incident on the charge is large compared with the “radius” of the charge elme. 
We see that once more a distance of order e?/mc? appears as the limit at which electrodynamics 
leads to internal contradictions (see § 37). 

Secondly, comparing the second term in the damping force to the force eE, we find the 
condition 


2 





4 
H << F ' (75.12) 
Thus it is also necessary that the field itself be not too large. A field of order míle also 
represents a limit at which classical electrodynamics leads to internal contradictions. Also 
we must remember here that actually, because of quantum effects, electrodynamics is already 
not applicable for considerably smaller fields.t 

To avoid misunderstanding, we remind the reader that the wavelength in (75.11) and the 
field value in (75.12) refer to the system of reference in which the particle is at rest at the 


given moment. 


PROBLEM 


Calculate the time in which two attracting charges, performing an elliptic motion (with velocity small 
compared with the velocity of light) and losing energy due to radiation, “fall in” toward each other. 


Solution: Assuming that the relative energy loss in one revolution is small, we can equate the time 
derivative of the energy to the average intensity of the radiation (which was determined in problem 1 of 
§ 70): 


+ For fields of order m2c3/he, i.e., when hay ~ mc”. This limit is hc/e ? = 137 times smaller than the limit 
set by the condition (75.12). The ratio of these distances to Ro is of order hcle® ~ 137. 
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where œ = le,e,l. Together with the energy, the particles lose angular momentum. The loss of angular 
momentum per unit time is given by formula (75.7); substituting the expression (70.1) for d, and noting that 
LE =- ar/r and M = pr x v, we find: 


We average this expression over a period of the motion. Because of the slowness of the changes in M, it is 
sufficient to average on the right only over rœ; this average value is computed in precisely the same way 
as the average of r^ was found in problem 1 of § 70. As a result we find for the average loss of angular 
momentum per unit time the following expression: 


IM 2a(2pl £13? fe e Y ; i 
fi! Mac oh) (e _ e2 (2) 


[as in equation (1), we omit the average sign]. Dividing (1) by (2), we get the differential equation 








which, on integration, gives: 





2 
Ix l= #2 (eke 8) 


The constant of integration is chosen so that for M = Mọ, we have “= o, where Mo and &% are the initial 
angular momentum and energy of the particles. 

The “falling in” of the particles toward one another corresponds to M — 0. From (3) we see that then 
& > — 00, 

We note that the product | ¢ 1M? tends toward yo?/2, and from formula (70.3) it is clear that the 
eccentricity € — 0, i.e. as the particles approach one another, the orbit approaches a circle. Substituting (3) 
in (2), we determine the derivative dt/dM expressed as a function of M, after which integration with respect 
to M between the limits Mp and 0 gives the time of fall: í 


c Mò (2 ez y 2 
taz —— 2 |£ - 22) Wua? + [22 11). 
fall x Ma p? m m “ig 10 . 


§ 76. Radiation damping in the relativistic case 


We derive the relativistic expression for the radiation damping (for a single charge), which 
is applicable also to motion with velocity comparable to that of light. This force is now a 
four-vector g, which must be included in the equation of motion of the charge, written in 
four-dimensional form: 





me -E F*y, +g!'. (76.1) 


dsc 

To determine g' we note that for v << c, its three space components must go over into the 
components of the vector f/c (75.8). It is easy to see that the vector (2e7/3c)(du'/ds”) has 
this property. However, it does not satisfy the identity g'u; = 0, which is valid for any force 
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four-vector. In order to satisfy this condition, we must add to the expression given a certain 
auxiliary four-vector, made up from the four-velocity u’ and its derivatives. The three space 
components of this vector must become zero in the limiting case v = 0, in order not to 
change the correct values of f which are already given by (2e7/3c)/(d7u'/ds*). The four- 
vector u! has this property, and therefore the required auxiliary term has the form ou’. The 
scalar œ must be chosen so that we satisfy the auxiliary relation g'u; = 0. As a result we find 


i_ 2e? (d2ui i p d'ur 
=a, [4 — u'u gF (76.2) 








In accordance with the equations of motion, this expression can be written in another 
form, by expressing d’u'/ds? directly in terms of the field tensor of the external field acting 
on the particle: 











d?ui e oF* 1 e? ik I 
2 = : zg F" Fau’. 


In making substitutions, we must keep in mind that the product of the tensor 0F“/dx!, which 
is antisymmetric in the indices i, k, and the symmetric tensor u,v; gives identically zero. So, 





F 3 ik 4 ; 4 ; 
i = 25 x mu! — -Ey F" Fuh -Ey (Fuu (Funu. (76.3) 

The integral of the four-force g' over the world line of the motion of a charge, passing 
through a given field, must coincide (except for opposite sign) with the total four-momentum 
AP’ of the radiation from the charge [just as the average value of the work of the force f in 
the nonrelativistic case coincides with the intensity of dipole radiation; see (75.6)]. It is easy 
to check that this is actually so. The first term in (76.2) goes to zero on performing the 
integration, since at infinity the particle has no acceleration, i.e. (du'/ds) = 0. We integrate 
the second term by parts and get: 


ia 2e? k iduk ae pi 
- | s'as= ef tu as? ds = — 22 d; 


which coincides exactly with (73.4). 

When the velocity of the particle approaches the velocity of light, those terms in the space 
components of the four-vector (76.3) increase most rapidly which contain the components 
of the four-velocity in the third degree. Therefore, keeping only these terms in (76.3) and 
using the relation (9.18) between the space components of the four-vector g‘ and the three- 
dimensional force f, we find for the latter: 





2e4 
f= SmiS (Fuu F" um), 
where n is a unit vector in the direction of v. Consequently, in this case the force f is opposite 
to the velocity of the particle; choosing the latter as the X axis, and writing out the four- 
dimensional expressions, we obtain: 
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__2e4 (E, — H,)’ + (E,+ Hy)’ 
3m?c4 v 


c? 


(76.4) 





fx= 


(where we have set v = c everywhere except in the denominator). 

We see that for an ultrarelativistic particle, the radiation damping is proportional to the 
square of its energy. 

Let us call attention to the following interesting situation. Earlier we pointed out that the 
expression obtained for the radiation damping is applicable only to fields which (in the 
reference system Ko, in which the particle is at rest) are small compared with mche. Let 
F be the order of magnitude of the external field in the reference system K, in which the 
particle moves with velocity v. Then in the Ko frame, the field has the order of magnitude 
FINI — v/c? (see the transformation formulas in § 24). Therefore F must satisfy the 
condition 


3 
eF — e]. (16.5) 
m?c’ fa = 5 


At the same time, the ratio of the damping force (76.4) to the external force (~ eF) is of the 
order of 


and we see that, even though the condition (76.5) is satisfied, it may happen (for sufficiently 
high energy of the particle) that the damping force is large compared with the ordinary Lorentz 
force acting on the particle in the electromagnetic field.} Thus for an ultrarelativistic particle 
_we can have the case where the radiation damping is the main force acting on the particle. 
In this case the loss of (kinetic) energy of the particle per unit length of path can be 
equated to the damping force f, alone; keeping in mind that the latter is proportional to the 
square of the energy of the particle, we write 


d& kin 
dx 
where we denote by k(x) the coefficient, depending on the x coordinate and expressed in 


terms of the transverse components of the field in accordance with (76.4). Integrating this 
differential equation, we find 





x 


1 1 
=— + k(x) dx, 
Skin & J œ) 





= 


+ We should emphasize that this result does not in any way contradict the derivation given earlier of the 
relativistic expression for the four-force gi, in which it was assumed to be “small” compared with the four- 
force (e/c)F*u,. It is sufficient to satisfy the requirement that the components of one vector be small 
compared to those of another in just one frame of reference; by virtue of relativistic invariance, the four- 
dimensional formulas obtained on the basis of such an assumption will be valid in any other reference 
frame. 
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where £o represents the initial energy of the particle (its energy for x — — œ). In particular, 
the final energy @ of the particle (after passage of the particle through the field) is given by 
the formula 


1_1 


We see that for & — ©, the final 4 approaches a constant limit independent of 2% (I. 
Pomeranchuk, 1939). In other words, after passing through the field, the energy of the 
particle cannot exceed the energy & orit defined by the equation 


+o 


l- 
Cerit E f KOAN: 





—co 


or, substituting the expression for k(x), 


2¢ 4 


2% 
ei =-_2 (5) f [(E, — H,)? + (E, + Hy)?] dx. (76.6) 


PROBLEMS 


1. Calculate the limiting energy which a particle can have after passing through the field of a magnetic 
dipole z; the vector » and the direction of motion lie in a plane. 

Solution: We choose the plane passing through the vector ~ and the direction of motion as the XZ plane, 
where the particle moves parallel to the X axis at a distance @ from it. For the transverse components of the 
field of the magnetic dipole we have (see 44.4): 


H, = 0, 
3(a +r), — m,r? 
H, = Etdi setae = — y (3(@ cos ġ + x sin ¢) @ ~ (0? + x?) cos $} 
r (g? +x?) 
(¢ is the angle between ~ and the Z axis). Substituting in (76.6) and performing the integration, we obtain 








e2 
1 e 7) (15 + 26 cos? @). 
Grit c e’ 


2. Write the three-dimensional expression for the damping force in the relativistic case. 
Solution: Calculating the space components of the four-vector (76.3), we find 


ShA a ey OLAR 
r= 21-5) FN E+ vx apr H 


+—2e4 p{EX H+ EHX (HX 9) + LEY: D} 
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§ 77. Spectral resolution of the radiation in the ultrarelativistic case 


Earlier (in § 73) it was shown that the radiation from an ultrarelativistic particle is directed 
mainly in the forward direction, along the velocity of the particle: it is contained almost 
entirely within the small range of angles 


A0 ~ h - ial 
c 
around the direction of v. 


In evaluating the spectral resolution of the radiation, the relation between the magnitude 
of the angular range A@ and the angle of deflection œ of the particle in passing through the 
external electromagnetic field is essential. 

The angle œ can be calculated as follows. The change in the transverse (to the direction of 
motion) momentum of the particle is of the order of the product of the transverse force eFt 
and the time of passage through the field, t ~ a/v = a/c (where a is the distance within which 
the field is significantly different from 0). The ratio of this quantity to the momentum 


p= mV = mc 
Ji- vI? v1- Vie? 


determines the order of magnitude of the small angle a: 








eFa 
Qe | lor 


Dividing by ^0, we find: 
Be ee | : (77.1) 


We call attention to the fact that the ratio does not depend on the velocity of the particle, and 
is completely determined by the properties of the external field itself. i 
We assume first that 


eFa >> mc’, (77.2) 


that is, the total deflection of the particle is large compared with A@. Then we can say that 
radiation in a given direction occurs mainly from that portion of the trajectory in which the 
velocity of the particle is almost parallel to that direction (subtending with it an angle in the 
interval A@) and the length of this segment is small compared with a. The field F can be 
considered constant within this segment, and since a small segment of a curve can be 
considered as an arc of a circle, we can apply the results obtained in § 74 for radiation during 
uniform motion in a circle (replacing H by F). In particular, we may state that the main part 
of the radiation is concentrated in the frequency range 


l a 2 (11.3) 
i me(1 — ¥) 
c 
+ If we choose the X axis along the direction of motion of the particle, then (eF) is the sum of the squares 
of the y and z components of the Lorentz force, eE + ev/c x H, in which we can here set v= c: 


F = (E,-H,)’ + (E; + Hy. 
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[see (74.16)]. 
In the opposite limiting case, 


eFa << mc’, (77.4) 


the total angle of deflection of the particle is small compared with A@. In this case the 
radiation is directed mainly into the narrow angular range A@ around the direction of motion, 
while radiation arrives at a given point from the whole trajectory. 

To compute the spectral distribution of the intensity, it is convenient to start in this case 
from the Lienard—Wiechert expressions (73.8) for the field in the wave zone. Let us compute 
the Fourier component 


The expression on the right of formula (73.8) is a function of the retarded time t’, which is 
determined by the condition t’ = t — R(t’)/c. At large distances from a particle which is 
moving with an almost constant velocity v, we have: 


R R 
at- asta) er—- ate w 
ce c c 


r 


t 


(r = r(t’) = vt’ is the radius vector of the particle), or 


rq- =), 
c c 


We replace the t integration by an integration over t’, by setting 


ar= ar’ (1-2), 
C 





and obtain: 


co 


ikR ior’| 1-2 
oTe AE Í nx {(n—t) xwe} et : Ja. 
Cc n-v c 
R(1 - c } pce 


We treat the velocity v as constant; only the acceleration w(t’) is variable. Introducing the 
notation 








w= @(1-9") (77.5) 


c 


and the corresponding frequency component of the acceleration, we write E,, in the form 


ikkyo / œ N v 
Eo= 3 R (2) nx {(n—*) x mer. 


Finally from (66.9) we get for the energy radiated into solid angle do, with frequency in dæ: 
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dy = —£ (2) nx {(* 2 z) x wer} 


2nc? W 
Anestimate of the order of magnitude of the frequencies in which the radiation is mainly 
concentrated in the case of (77.4) is easily made by noting that the Fourier component Wey 
is significantly different from zero only if the time 1/a, or 





2 
d@ 








is of the same order as the time a/v ~ a/c during which the acceleration of the particle 
changes significantly. Therefore we find: 


ee ees 
o~ Í z) : (77.7) 
a Lara 


The energy dependence of the frequency is the same as in (77.3), but the coefficient is 
different. 

In the treatment of both cases (77.2) and (77.4) it was assumed that the total loss of energy 
by the particle during its passage through the field was relatively small. We shall now show 
that the first of these cases also covers the problem of the radiation by an ultrarelativistic 
particle, whose total loss of energy is comparable with its initial energy. 

The total loss of energy by the particle in the field can be determined from the work of the 
Lorentz frictional force. The work done by the force (76.4) over the path ~a is of order 


the field must exist at distances 


mc® v 


a~x- GT =z: 
et F2 2 


But then condition (77.2) is satisfied automatically: 


3,6 vy 
mc | 

aeF ~—; 1-4 >> me’, 
eF c 


since the field F must necessarily satisfy condition (76.5) 
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since otherwise we could not even apply ordinary electrodynamics. 


PROBLEMS 


1. Determine the spectral distribution of the total (over all directions) radiation intensity for the condition 
(77.2). 

Solution: For each element of length of the trajectory, the radiation is determined by (74.13), where we 
must replace H by the value of the transverse force F at the given point and, in addition, we must go over 
from a discrete to a continuous frequency spectrum. This transformation is accomplished by formally 
multiplying by dn and the replacement 
do 


d= I, —. 
®o 


dn 


I,dn=I,, do 


Next, integrating over all time, we obtain the spectral distribution of the total radiation in the following 
form: 


+00 


df, = - do 222 (1 -4) Í Fowey | (u) du | dt, 


where ®(u) is the Airy function of the argument 


23 
u- | zee (y_ 
eF c? ` 
The integrand depends on the integration variable t implicitly through the quantity u (F and with it u, varies 
along the trajectory of the particle; for a given motion this variation can be considered as a time dependence). 





=o 


2. Determine the spectral distribution of the total (over all directions) radiated energy for the condition 
(77.4). 

Solution: Keeping in mind that the main role is played by the radiation at small angles to the direction 
of motion, we write: 


r ~ 3 y, \- 0f] -Vo 
o’= o(1- X06) = 0(1-¥+F)= 9 (1 ort $ 


We replace the integration over angles do = sin 6 dO dọ = 0 d0 dġ in (77.6) by an integration over dọ day/ 
æ. In writing out the square of the vector triple product in (77.6) it must be remembered that in the 
ultrarelativistic case the longitudinal component of the acceleration is small compared with the transverse 
component [in the ratio 1 — (V/c’)], and that in the present case we can, to sufficient accuracy, consider w 
and v to be mutually perpendicular. As a result, we find for the spectral distribution of the total radiation 
the following formula: 


ado f Iwe? o i w2 ey 
dg, = ot |1 -L [1-5 | Oe a law. 
© 2rc? J w’? a’ ( c? ) s 20°? ( c? } 
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§ 78. Scattering by free charges 


If an electromagnetic wave falls on a system of charges, then under its action the charges 
are set in motion. This motion in turn produces radiation in all directions; there occurs, we 
say, a scattering of the original wave. 
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The scattering is most conveniently characterized by the ratio of the amount of energy 
emitted by the scattering system in a given direction per unit time, to the energy flux density 
of the incident radiation. This ratio clearly has dimensions of area, and is called the effective 
scattering cross-section (or simply the cross-section). 

Let dI be the energy radiated by the system into solid angle do per second for an incident 
wave with Poynting vector S. Then the effective cross-section for scattering (into the solid 
angle do) is 


do=# l l (18.1) 


(the dash over a symbol means a time average). The integral o of do over all directions is 
the total scattering cross-section. 

Let us consider the scattering produced by a free charge at rest. Suppose there is incident 
on this charge a plane monochromatic linearly polarized wave. Its electric field can be 
written in the form : 


E = Ey cos (k - r — œt + œ). 


We shall assume that the velocity acquired by the charge under the influence of the 
incident wave is small compared with the velocity of light (which is usually the case). Then 
we can consider the force acting on the charge to be eE, while the force (e/c)v x H due to 
the magnetic field can be neglected. In this case we can also neglect the effect of the 
displacement of the charge during its vibrations under the influence of the field. If the charge 
carries out vibrations around the coordinate origin, then we can assume that the field which 
acts on the charge at all times is the same as that at the origin, that is, 


E = Ep cos (@t — a). 


Since the equation of motion of the charge is 


mr = eE 
and its dipole moment d = er, then 
d=<E. (78.2) 
m 


To calculate the scattered radiation, we use formula (67.7) for dipole radiation (this is 
justified, since the velocity acquired by the charge is assumed to be small). We also note that 
the frequency of the wave radiated by the charge (i.e., scattered by it) is clearly the same as 
the frequency of the incident wave. 

Substituting (78.2) in (67.7), we find 


4 
dI = —*“—— (E xn’)? do, 
4rm?c? ( ) 


where n’ is a unit vector in the scattering direction. On the other hand, the Poynting vector 
of the incident wave is 


S= A E?. (78.3) 


From this we find, for the cross-section for scattering into the solid angle do, 
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2 X2 
do= (5) sin? 0 do, (18.4) 
where @ is the angle between the direction of scattering (the vector n), and the direction of 
the electric field E of the incident wave. We see that the effective scattering cross-section of 
a free charge is independent of frequency. 

We determine the total cross-section o. To do this, we choose the polar axis along E. Then 
do = sin 0 d@ dọ; substituting this and integrating with respect to 0 from 0 to 7, and over @ 
from 0 to 27, we find 


2 
o= 8% (5) (78.5) 


(This is the Thomson formula.) 

Finally, we calculate the differential cross-section do in the case where the incident wave 
is unpolarized (ordinary light). To do this we must average (78.4) over all directions of the 
vector E in a plane perpendicular to the direction of propagation of the incident wave 
(direction of the wave vector k). Denoting by e the unit vector along the direction of E, we 
write: 


sin? 0 = 1 — (n-e)?=1-ngngeaész. 


The averaging is done using the formulat 





kak ; 
Cap = 4 (aas — te), (78.6) 


and gives 





k2 
sin? Bet (14 2) Fd + cos? ©) 


where O is the angle between the directions of the incident and scattered waves (the scattering 
angle). Thus the effective cross-section for scattering of an unpolarized wave by a free 
charge is 





2 
do=1t ( e ) (1 + cos? O) do, (78.7) 
2 \ mc? 

The occurrence of scattering leads, in particular, to the appearance of a certain force acting 
on the scattering particle. One can verify this by the fol lowing considerations. On the 
average, in unit time, the wave incident on the particle loses energy cWo, where W is the 
average energy density, and cis the total effective scattering cross-section. Since the momentum 
of the field is equal to its energy divided by the velocity of light, the incident wave loses 
momentum equal in magnitude to Wo. On the other hand, in a system of reference in which 
the charge carries out only small vibrations under the action of the force eE, and its velocity 


+ In fact, e,eg is a symmetric tensor with trace equal to 1, which gives zero when multiplied by ky, 
because e and k are perpendicular. The expression given here satisfies these conditions. 
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Vis small, the total flux of momentum in the scattered wave is zero, to terms of higher order 
in Wc (in § 73 it was shown that in a reference system in which v = 0, radiation of 
momentum by the particle does not occur). Therefore all the momentum lost by the incident 
wave is “absorbed” by the scattering particle. The average force f acting on the particle is 
equal to the average momentum absorbed per unit time, i.e. 


f = oW ny l (78.8) 


(Ng is a unit vector in the direction of propagation of the incident wave). We note that the 
average force appears as a second order quantity in the field of the incident wave, while the 
“instantaneous” force (the main part of which is eE) is of first order in the field. 

Formula (78.8) can also be obtained directly by averaging the damping force (75.10). The 
first term, proportional to E, goes to zero on averaging, as does the average of the main part 
of the force, eE. The second term gives 





z__2et =a Ife > E 
= 3m?c* Ponys 3 (5 ar 0 
which, using (78.5), coincides with (78.8). 

PROBLEMS 


1. Determine the effective cross-section for scattering of an elliptically polarized wave by a free charge. 


Solution: The field of the wave has the form E = A cos (œt + œ) + B sin (œt + œ), where A and B are 
mutually perpendicular vectors (see § 48). By a derivation similar to the one in the text, we find 


_( j Axes exe? 
aoe (2 A? x B? a: 


2. Determine the effective cross-section for scattering of a linearly polarized wave by a charge carrying 
out small vibrations under the influence of an elastic force (oscillator). 


Solution: The equation of motion of the charge in the incident field E = Ep cos (œt + œ) is 
r+or= £ Eo cos (wt + a), 
where @ is the frequency of its free vibrations. For the forced vibrations, we then have 


_ €Eo cos (@t + Q) 
m(@2 — w’) 


Calculating d from this, we find 





pe de eee ae TY 
o= 2 (@2 - oy sin O 


(Ois the angle between E and n’). 


3. Determine the total effective cross-section for scattering of light by an electric dipole which, mechanically, 
is a rotator. The frequency @ of the wave is assumed to be large compared with the frequency Q, of free 
rotation of the rotator. 


Solution: Because of the condition @>> Qù, we can neglect the free rotation of the rotator, and consider 
only the forced rotation under the action of the moment of the forces d x E exerted on it by the scattered 
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wave. The equation for this motion is: J Q =d x E, where J is the moment of inertia of the rotator and Q 
is the angular velocity of rotation. The change in the dipole moment vector, as it rotates without changing 
its absolute value, is given by the formula d = Q x d. From these two equations, we find (omitting the 
quadratic term in the small quantity £}: 


d=4(axE)xd = 4 [Ea? -(E-d) a]. 


Assuming that all orientations of the dipole in space are equally probable, and averaging d? over them, 
we find for the total effective cross-section, 





4. Determine the degree of depolarization in the scattering of ordinary light by a free charge. 


Solution: From symmetry considerations, it is clear that the two incoherent polarized components of the 
scattered light (see § 50) will be linearly polarized: one in the plane of scattering (the plane passing through 
the incident and scattered waves) and the other perpendicular to this plane. The intensities of these components 
are determined by the components of the field of the incident wave in the plane of scattering (E) and 
perpendicular to it (E,), and, according to (78.4), are proportional respectively to 


(Ex n)? = E? cos?@ and (E, xn’)? =E? 


(where © is the angle of scattering). Since for the ordinary incident light, E? = E? , the degree of depolarization 
[see the definition in (50.9)] is: 
e = cos? ©. 
5. Determine the frequency w’ of the light scattered by a moving charge. 
Solution: In a system of coordinates in which the charge is at rest, the frequency of the light does not 
change on scattering (@ = @’). This relation can be written in invariant form as 
Kul = ti, 


where ui is the four-velocity of the charge. From this we find without difficulty 


a(i ~~ cos 0’) = a(t ~~ cos o), 

c c 
where 0 and @’ are the angles made by the incident and scattered waves with the direction of motion (v is 
the velocity of the charge). 


6. Determine the angular distribution of the scattering of a linearly polarized wave by a charge moving 
with velocity vin the direction of propagation of the wave. 


Solution: The velocity of the particle is perpendicular to the fields E and H of the incident wave, and is 
therefore also perpendicular to the acceleration w given to the particle. The scattered intensity is given by 
(73.14), where the acceleration w of the particle must be expressed in terms of the fields E and H of the 
incident wave by the formulas obtained in the problem in § 17. Dividing the intensity dI by the Poynting 
vector of the incident wave, we get the following expression for the scattering cross-section: 





eV 2 

o=( e? JEE -pmo (Jese 
— — sin 0 cos 

c 


where @ and @ are the polar angle and azimuth of the direction n’ relative to a system of coordinates with 
Z axis along E, and X axis along v (cos (n’, E) = cos @; cos (n’, v) = sin @ cos @). 
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7. Calculate the motion of a charge under the action of the average force exerted upon it by the wave 
scattered by it. 


Solution: The force (78.8), and therefore the velocity of the motion under consideration, is along the 
direction of propagation of the incident wave (X axis). In the auxiliary reference system Ko, in which the 
particle is at rest (we recall that we are dealing with the motion averaged over the period of the small 
vibrations), the force acting on it is OWo, and the acceleration acquired by it under the action of this force 
is 


o = 
Wo = W, 
0 m 0 


(the index zero refers to the reference system Ko). The transformation to the original reference system K (in 
which the charge moves with velocity v) is given by the formulas obtained in the problem of § 7 and by 
© formula (47.7), and gives: 





which determines the velocity v = dx/dt as an implicit function of the time (the integration constant has 
been chosen so that v= 0 at t = 0). 


8. Determine the effective cross-section for scattering of a linearly polarized wave by an oscillator, taking 
into account the radiation damping. 


Solution: We write the equation of motion of the charge in the incident field in the form 


2 
E 2 e -iot , _2e 
r+ @or = — Epe + 
i m 3mc3 
In the damping force, we can substitute approximately fF = — œĝr ; then we find 


r+yr+ oer = Eye, 


where y= (2e7/3mc’) wg . From this we obtain 


The effective cross-section is 





ou ot ( é? j wt 
3 Ume?) (@2 - @7)? + wy? © 


§ 79. Scattering of low-frequency waves 


The scattering of a wave by a system of charges differs from the scattering by a single 
charge (at rest), first of all in the fact that because of the presence of internal motion of the 


sg 
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charges of the system, the frequency of the scattered radiation can be different from the 
frequency of the incident wave. Namely, in the spectral resolution of the scattered wave 
there appear, in addition to the frequency @ of the incident wave, frequencies œ differing 
from @ by one of the internal frequencies of motion of the scattering system. The scattering 
with changed frequency is called incoherent (or combinational), in contrast to the coherent 
scattering without change in frequency. 

Assuming that the field of the incident wave is weak, we can represent the current density 
in the form j = jo + j’, where jo is the current density in the absence of the external field, and 
ï is the change in the current under the action of the incident wave. Correspondingly, the 
vector potential (and other quantities) of the field of the system also has the form A = Ao + 
A’, where Av and A’ are determined by the currents jo and j’. Clearly, A’ describes the wave 
scattered by the system. 

Let us consider the scattering of a wave whose frequency @is small compared with all the 
internal frequencies of the system. The scattering will consist of an incoherent as well as a 
coherent part, but we shall here consider only the coherent scattering. 

In calculating the field of the scattered wave, for sufficiently low frequency @, we can use 
the expansion of the retarded potentials which was presented in §§ 67 and 71, even if the 
velocities of the particles of the system are not small compared with the velocity of light. 
Namely, for the validity of the expansion of the integral 


it is necessary only that the time r - n’/c ~ alc be small compared with the time 1/%; for 
sufficiently low frequencies (@ << c/a), this condition is fulfilled independently of the 
velocities of the particles of the system. 
The first terms in the expansion give 
Ww = —L i’ xn + ("x ’) xn}, 


c? Ro 





where d’, x’ are the parts of the dipole and magnetic moments of the system which are 
produced by the radiation falling on the system. The succeeding terms contain higher time 
derivatives than the second, and we drop them. 

The component H of the spectral resolution of the field of the scattered wave, with 
frequency equal to that of the incident wave, is given by this same formula, when we 





substitute for all quantities their Fourier components: dọ =- Od, %o =- aP may. Then 
we obtain 
H’ eR w? , d? r , , 719 1 
o =-2R {n’ + di +n’ X (oX n’)}- (79.1) 
0 


The later terms in the expansion of the field would give quantities proportional to higher 
powers of the small frequency. If the velocities of all the particles of the system are small 
(v <<), then in (79.1) we can neglect the second term in comparison to the first, since the 
magnetic moment contains the ratio vic. Then 

1 


H’, = —— wn’ x di,. (79.2) 
c Ro 


If the total charge of the system is zero, then for @ — 0, dj, and a2 approach constant 
g y o app 
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limits (if the sum of the charges were different from zero, then for @ = 0, i.e. for a constant 
field, the system would begin to move as a whole). Therefore for low frequencies (@ << 
via) we can consider dj, and æ as independent of frequency, so that the field of the 
scattered wave is proportional to the square of the frequency. Its intensity is consequently 
proportional to œ. Thus for the scattering of a low-frequency wave, the effective cross- 
section for (coherent) scattering is proportional to the fourth power of the frequency of the 
incident radiation.t 


§ 80. Scattering of high-frequency waves 


We consider the scattering of a wave by a system of charges in the opposite limit, when 
the frequency @ of the wave is large compared with the fundamental internal frequencies of 
the system. The latter have the order of magnitude @% ~ v/a, so that œ must satisfy the 
condition 


>> W ~ me (80.1) 


In addition, we assume that the velocities of the charges of the system are small (v << c). 

According to condition (80.1), the periods of the motion of the charges of the system are 
large compared with the period of the wave. Therefore during a time interval of the order of 
the period of the wave, the motion of the charges of the system can be considered uniform. 
This means that in considering the scattering of short waves, we need not take into account 
the interaction of the charges of the system with each other, that is, we can consider them as 
free. 

Thus in calculating the velocity v’, acquired by a charge in the field of the incident wave, 
we can consider each of the charges in the system separately, and write for it an equation of 
motion of the form 


dv’ 
dt 


where k = (@/c)n is the wave vector of the incident wave. The radius vector of the charge 
is, of course, a function of the time. In the exponent on the right side of this equation the 
time rate of change of the first term is large compared with that of the second (the first is @, 
while the second is of order kv ~ (œc) << œ). Therefore in integrating the equation of 
motion, we can consider the term r on the right side as constant. Then 


= eE = cEye XO"), 





m 


v =- aa Ege ork?) (80.2) 





For the vector potential of the scattered wave (at large distances from the system), we have 
from (79.1): 


, 1 , s 
A’ = TR, = (ey eon ; 


where the sum goes over all the charges of the system. Substituting (80.2), we find 


+ This also applies to the scattering of light by ions as well as by neutral atoms. Because of the large mass 
of the nucleus, the scattering resulting from the motion of the ion as a whole can be neglected. 
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_ R 2 > 
A=- RG eto 2) Eo E E emr, (80.3) 
where q = k’ — k is the difference between the wave vector k = (œc n of the incident wave, 
and the wave vector k’ = (a/c)n’ of the scattered wave.} The value of the sum in (80.3) must 
be taken at the time t’ = t —(Ro/c) (for brevity as usual, we omit the index t’ on r); the 
change of r in the time r - n’/c can be neglected in view of our assumption that the velocities 
of the particles are small. The absolute value of the vector q is 


@® . O 
q=2 giy. (80.4) 
where © is the scattering angle. 

For scattering by an atom (or molecule), we can neglect the terms in the sum in (80.3) 
which come from the nuclei, because their masses are large compared with the electron 
mass. Later we shall be looking at just this case, so that we remove the factor e?/m from the 
summation sign, and understand by e and m the charge and mass of the electron. 

For the field H’ of the scattered wave we find from (66.3): 


, 2 5 : 
Wes E)xn e-io( £0.) < Year, (80.5) 


C 2 Ro 
The energy flux into an element of solid angle in the direction n’ is 


n2 2 
clH’I do. 


8x 


È eiar 





4 
R2do = —S—; (n’ x Ey)? 
m 


87c 
Dividing this by the energy flux clEo?/87 of the incident wave, and introducing the angle 0 
between the direction of the field E of the incident wave and the direction of scattering, we 
finally obtain the effective scattering cross-section in the form 


e y 
do = (5 ) 
The dash means a time average, i.e. an average over the motion of the charges of the system; 
it appears because the scattering is observed over a time interval large compared with the 
periods of motion of the charges of the system. 

For the wavelength of the incident radiation, there follows from the condition (80.1) the 
inequality A << ac/ v. As for the relative values of A and a, both the limiting cases A >> a and 
A << a are possible. In both these cases the general formula (80.6) simplifies considerably. 

In the case of À >> a, in the expression (80.6) q - r << 1, since q ~ 1/A, and r is of order 
of a. Replacing e“4"* by unity in accordance with this, we have: 








2 


È e-a") sin? Odo. (80.6) 











22 
do = (25) sin? 0 do. (80.7) 
mc 


that is, the scattering is proportional to the square of the atomic number Z. 


+ Strictly speaking, the wave vector k’ = a'n’/c, where the frequency a of the scattered wave may differ 
from æ. However, in the present case of high frequencies the difference af — œ ~ Gy can be neglected. 
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We now go over to the case of A << a. In the square of the sum which appears in (80.6), 
in addition to the square modulus of each term, there appear products of the form e~% 01-12, 

In averaging over the motion of the charges, i.e. over their mutual separations, rı — rz 
takes on values in an interval of order a. Since q ~ 1/A, A << a, the exponential factor 
e~a- is a rapidly oscillating function in this interval, and its average value vanishes. 
Thus for À << a, the effective scattering cross-section is 


2 2 
do=Z (5) sin? @do, . (80.8) 
mc 


that is, the scattering is proportional to the first power of the atomic number. We note that 
this formula is not applicable for small angles of scattering (© ~ A/a), since in this case q ~ 
O/A ~ l/a and the exponent q - r is not large compared to unity. 

To determine the effective coherent scattering cross-section, we must separate out that 
part of the field of the scattered wave which has the frequency @. The expression (80.5) 
depends on the time through the factor e™, and also involves the time in the sum > e~“4"F, 
This latter dependence leads to the result that in the field of the scattered wave there are 
contained, along with the frequency @, other (though close to @) frequencies. That part of 
the field which has the frequency @ (i.e. depends on the time only through the factor e™), 
is obtained if we average the sum > ¢ 4°" over time. In accordance with this, the expression 
for the effective coherent scattering cross-section dO,,,, differs from the total cross-section 
do in that it contains, in place of the average value of the square modulus of the sum, the 
square modulus of the average value of the sum, 


2 2 
e 
dO con = í 2 
mc 


It is useful to note that this average value of the sum is (except for a factor) just the space 
Fourier component of the average distribution g(r) of the electric charge density in the 
atom: 


2 
Zeat] sin? Odo. ; (80.9) 








ele 4? = Í olre dV = Qq. 3 (80.10) 
In case A >> a, we can again replace e" by unity, so that 
2 j 
e? . 2 
dO oon = | Z— | sin^ Odo. (80.11) 
mc 


Comparing this with the total effective cross-sction (80.7), we see that do,,,, = do, that is, 
all the scattering is coherent. 

If A <<a, then when we average in (80.9) all the terms of the sum (being rapidly oscillating 
functions of the time) vanish, so that do,., = 0. Thus in this case the scattering is completely 
incoherent. 


CHAPTER 10 


PARTICLE IN A GRAVITATIONAL FIELD 


$ 81. Gravitational fields in nonrelativistic mechanics 


Gravitational fields, or fields of gravity, have the basic property that all bodies move in 
them in the same manner, independently of mass, provided the initial conditions are the 
game. 

| For example, the laws of free fall in the gravity field of the earth are the same for all 
bodies; whatever their mass, all acquire one and the same acceleration. 

This property of gravitational fields provides the possibility of establishing an analogy 

| between the motion of a body in a gravitational field and the motion of a body not located 
m any external field, but which is considered from the point of view of a noninertial system 
of reference. Namely, in an inertial reference system, the free motion of all bodies is uniform 
and rectilinear, and if, say, at the initial time their velocities are the same, they will be the 
same for all times. Clearly, therefore, if we consider this motion in a given noninertial 
system, then relative to this system all the bodies will move in the same way. 

Thus the properties of the motion in a noninertial system are the same as those in an 
mertial system in the presence of a gravitational field. In other words, a noninertial reference 
system is equivalent to a certain gravitational field. This is called the principle of equivalence. 

Let us consider, for example, motion in a uniformly accelerated reference system. A body 
of arbitrary mass, freely moving in such a system of reference, clearly has relative to this 
system a constant acceleration, equal and opposite to the acceleration of the system itself. 
The same applies to motion in a uniform constant gravitational field, e.g. the field of gravity 
of the earth (over small regions, where the field can be considered uniform). Thus a uniformly 
accelerated system of reference is equivalent to a constant, uniform external field. In the 
same way, nonuniformity accelerated linear motion of the reference system is clearly equivalent 
a uniform but gravitational field. 

However, the fields to which noninertial reference systems are equivalent are not completely 
identical with “actual” gravitational fields which occur also in inertial frames. For there is 
a very essential difference with respect to their behaviour at infinity. At infinite distances 
from the bodies producing the field, “actual” gravitational fields always go to zero. Contrary 
to this, the fields to which noninertial frames are equivalent increase without limit at infinity, 
or, in any event, remain finite in value. Thus, for example, the centrifugal force which 
appears in a rotating reference system increases without limit as we move away from the 
axis of rotation; the field to which a reference system in accelerated linear motion is equivalent 
is the same over all space and also at infinity. 

The fields to which noninertial systems are equivalent vanish as soon as we transform to 
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an inertial system. In contrast to this, “actual” gravitational fields (existing also in an inertial 
reference frame) cannot be eliminated by any choice of reference system. This is already 
clear from what has been said above concerning the difference in conditions at infinity 
between “actual” gravitational fields and fields to which noninertial systems are equivalent: 
since the latter do not approach zero at infinity, it is clear that it is impossible, by any choice 
of reference frame, to eliminate an “actual” field, since it vanishes at infinity. 

All that can be done by a suitable choice of reference system is to eliminate the gravitational 
field in a given region of space, sufficiently small so that the field can be considered uniform 
over it. This can be done by choosing a system in accelerated motion, the acceleration of 
which is equal to that which would be acquired by a particle placed in the region of the field 
which we are considering. 

The motion of a particle in a gravitational field is determined, in nonrelativistic mechanics, 
by a Lagrangian having (in an inertial reference frame) the form 


L=” _ mọ, (81.4) 


where @ is a certain function of the coordinates and time which characterizes the field and 
is called the gravitational potential.+ Correspondingly, the equation of motion of the particle 
is 


v = —grad ġ. (81.2) 


It does not contain the mass or any other constant characterizing the properties of the 
particle; this is the mathematical expression of the basic property of gravitational fields. 


§ 82. The gravitational field in relativistic mechanics 


The fundamental property of gravitational fields that all bodies move in them in the same 
way, remains valid also in relativistic mechanics. Consequently there remains also the 
analogy between gravitational fields and noninertial reference systems. Therefore in studying 
the properties of gravitational fields in relativistic mechanics, we naturally also start from 
this analogy. 

In an inertial reference system, in cartesian coordinates, the interval ds is given by the 
relation: 


ds? = èd- dx’ - dy? — dz. 


Upon transforming to any other inertial reference system (i.e. under Lorentz transformation), 

the interval, as we know, retains the same form. However, if we transform to a noninertiall 

system of reference ds” will no longer be a sum of squares of the four coordinate differentials. 
So, for example, when we transform to a uniformly rotating system of coordinates, 


x= x cos Qt- y sin Qt, y= x sin Qt + y cos Qt z=27 


(Q is the angular velocity of the rotation, directed along the Z axis), the interval takes on the 
form 


ds? = [° — Q(x? + y”)] dt — dx? — dy? - dz? + 2Qy’ dx’ dt — 2Qx dy’ dt. 


+ In what follows we shall seldom have to use the electromagnetic potential @, so that the designation ef 
the gravitational potential by the same symbol cannot lead to misunderstanding. 
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No matter what the law of transformation of the time coordinate, this expression cannot be 
‘mpresented as a sum of squares of the coordinate differentials. 

Thus in a noninertial system of reference the square of an interval appears as a quadratic 
form of general type in the coordinate differentials, that is, it has the form 


d? = g, didt, (82.1) 


where the g; are certain functions of the space coordinates x!, x*, x° and the time coordinate 
2. Thus, when we use a noninertial system, the four-dimensional coordinate system x, xh 
Y. © is a curvilinear. The quantities g, determining all the geometric properties in each 
curvilinear system of coordinates, represent, we say, the space-time metric. 

The quantities g; can clearly always be considered symmetric in the indices i and k (gy 
= gx), since they are determined from the symmetric form (82.1), where g; and gy enter as 
factors of one and the same product dx dx*. In the general case, there are ten different 
qoantities g; four with equal, and 4.3/2 = 6 with different indices. In an inertial reference 
Stystem, when we use cartesian space coordinates xb 3 = x, y, z, and the time, x = ct, the 


quantities g; are 
go =l, 81 =82=833=-1, gW=0 for i#k. (82.2) 


We call a four-dimensional system of coordinates with these values of g; galilean. 

In the previous section it was shown that a noninertial system of reference is equivalent 
to a certain field of force. We now see that in relativistic mechanics, these fields are determined 
by the quantities g,. 

The same applies also to “actual” gravitational fields. Any gravitational field is just a 
change in the metric of space-time, as determined by the quantities g. This important fact 
means that the geometrical properties of space-time (its metric) are determined by physical 
phenomena, and are not fixed properties of space and time. 

The theory of gravitational fields, constructed on the basis of the theory of relativity, is 
called the general theory of relativity. It was established by Einstein (and finally formulated 
by him in 1915), and represents probably the most beautiful of all existing physical theories. 
It is remarkable that it was developed by Einstein in a purely deductive manner and only 
later was substantiated by astronomical observations. 

As in nonrelativistic mechanics, there is a fundamental difference between “actual” 
gravitational fields and fields to which noninertial reference systems are equivalent. 
Upon transforming to a noninertial reference system, the quadratic form (82.1), i.e. the 
quantities g;,, are obtained from their galilean values (82.2) by a simple transformation of 
coordinates, and can be reduced over all space to their galilean values by the inverse 
coordinate transformation. That such forms for g, are very special is clear from the fact that 
it is impossible by a mere transformation of the four coordinates to bring the ten quantities 
g to a preassigned form. 

An “actual” gravitational field cannot be eliminated by any transformation of coordinates. 
In other words, in the presence of a gravitational field space-time is such that the quantities 
g,, determining its metric cannot, by any coordinate transformation, be brought to their 
galilean values over all space. Such a space-time is said to be curved, in contrast to flat 
Space-time, where such a reduction is possible. 

By an appropriate choice of coordinates, we can, however, bring the quantities g; to 
galilean form at any individual point of the non-galilean space-time: this amounts to 
the reduction to diagonal form of a quadratic form with constant coefficients (the values 
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of gx at the given point). Such a coordinate system is said to be galilean for the given 
point.+ 

We note that, after reduction to diagonal form at a given point, the matrix of the quantities 
g, has one positive and three negative principal values.} From this it follows, in particular. 
that the determinant g, formed from the quantities g,,, is always negative for a real space- 
time: 


g<0. (82.3) ` 


A change in the metric of space-time also means a change in the purely spatial metric. To 
a galilean g; in flat space-time, there corresponds a euclidean geometry of space. In a | 
gravitational field, the geometry of space becomes non-euclidean. This applies both to 
“true” gravitational fields, in which space-time is “curved”, as well as to fields resulting 
from the fact that the reference system is non-inertial, which leave the space-time flat. 

The problem of spatial geometry in a gravitational field will be considered in more detail 
in § 84. It is useful to give here a simple argument which shows pictorially that space will 
become non-euclidean when we change to a non-inertial system of reference. Let us consider 
two reference frames, of which one (K) is inertial, while the other (K’) rotates uniformly 
with respect to K around their common z axis. A circle in the x, y plane of the K system (with 
its centre at the origin) can also be regarded as a circle in the x’, y’ plane of the K’ system. 
Measuring the length of the circle and its diameter with a yardstick in the K system, we 
obtain values whose ratio is equal to 7, in accordance with the euclidean character of the 
geometry in the inertial reference system. Now let the measurement be carried out with a 
yardstick at rest relative to K’. Observing this process from the K system, we find that the 
yardstick laid along the circumference suffers a Lorentz contraction, whereas the yardstick 
placed radially is not changed. It is therefore clear that the ratio of the circumference to the 
diameter, obtained from such a measurement, will be greater than 7. 

In the general case of an arbitrary, varying gravitational field, the metric of space is not 
only non-euclidean, but also varies with the time. This means that the relations betweea 
different geometrical distances change with time. As a result, the relative position of “test 
bodies” introduced into the field cannot remain unchanged in any coordinate system.§ Thes 
if the particles are placed around the circumference of a circle and along a diameter, since 
the ratio of the circumference to the diameter is not equal to æ and changes with time, it 
clear that if the separations of the particles along the diameter remain unchanged the 
separations around the circumference must change, and conversely. Thus in the general 
theory of relativity it is impossible in general to have a system of bodies which are fixedl 
relative to one another. 

This result essentially changes the very concept of a system of reference in the general 
theory of relativity, as compared to its meaning in the special theory. In the latter we meast 




























+ To avoid misunderstanding, we state immediately that the choice of such a coordinate system does mut 
mean that the gravitational field has been eliminated over the corresponding infinitesimal volume of fomm- 
space. Such an elimination is also always possible, by virtue of the principle of equivalence, and has 
greater significance (see § 87). 

+ This set of signs is called the signature of the matrix. 

§ Strictly speaking, the number of particles should be greater than four. Since we can constract 
tetrahedron from any six line segments, we can always, by a suitable definition of the reference sy 
make a system of four particles form an invariant tetrahedron. A fortiori, we can fix the particles re 
to one another in system of three or two particles. 
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a reference system a set of bodies at rest relative to one another in unchanging relative 
itions. Such systems of bodies do not exist in the presence of a variable gravitational 
field, and for the exact determination of the position of a particle in space we must, strictly 
peaking, have an infinite number of bodies which fill all the space like some sort of 
“medium”. Such a system of bodies with arbitrarily running clocks fixed on them constitutes 
areference system in the general theory of relativity. 

In connection with the arbitrariness of the choice of a reference system, the laws of nature 
must be written in the general theory of relativity in a form which is appropriate to any four- 
@mensional system of coordinates (or, as one says, in “covariant” form). This, of course, 
does not imply the physical equivalence of all these reference systems (like the physical 
equivalence of all inertial reference systems in the special theory). On the contrary, the 
specific appearances of physical phenomena, including the properties of the motion of 
bodies, become different in all systems of reference. 





§ 83. Curvilinear coordinates 


Since, in studying gravitational fields we are confronted with the necessity of considering 
phenomena in an arbitrary reference frame, it is necessary to develop four-dimensional 
geometry in arbitrary curvilinear coordinates. Sections 83, 85 and 86 are devoted to this. 

Let us consider the transformation from one coordinate system, æ, xl, x, x°, to another 
x, xt, x, x: 

x = fi(x®, x, x, x8 , 
where the fi are certain functions. When we transform the coordinates, their differentials 
transform according to the relation 


= dx”. (83.1) 


Every aggregate of four quantities A’ (i = 0, 1, 2, 3), which under a transformation of 
coordinates transform like the coordinate differentials, is called a contravariant four-vector: 
, ox 
At = AF. 83.2 
ax’* (83.2) 
Let @ be some scalar. Under a coordinate transformation, the four quantities dglax 
transform according to the formula 


dxi = 





a6 ð ax’* 


Oxi ax’® ax’? 
which is different from formula (83.2). Every aggregate of four quantities A; which, under 
a coordinate transformation, transform like the derivatives of a scalar, is called a covariant 
four-vector: 








(83.3) 


Because two types of vectors appear in curvilinear coordinates, there are three types of 
tensors of the second rank. We call a contravariant tensor of the second rank, A‘, an 
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aggregate of sixteen quantities which transform like the products of the components of two 
contravariant vectors, i.e. according to the law 








. ax! ax* 
A® = —— Am, 83.5 
ax’! gx” (83.9) 
A covariant tensor of rank two, transforms according to the formula 
ax’! gx” 
Ag = Z Ah, 83.6) 
k Əxi ax* l ( ) 
and a mixed tensor transforms as follows: 
; _ gxi ox’™ 
i Af. 83.7) 
k = Ox SL ox* ( ) 


The definitions given here are the natural generalization of the definitions of four-vectors 
and four-tensors in galilean coordinates (§ 6), according to which the differentials dx' constitute 
a contravariant four-vector and the derivatives 04/dx' form a covariant four-vector.+ 

The rules for forming four-tensor by multiplication or contraction of products of other 
four-tensors remain the same in curvilinear coordinates as they were in galilean coordinates. 
For example, it is easy to see that, by virtue of the transformation laws (83.2) and (83.4), the 
scalar product of two four-vectors A'B; is invariant: 


ox! ax’™ ox’™ 
= A" Bn = 

ax” dx' ax’! 
The unit four-tensor ôi is defined the same as before in curvilinear coordinates: its 


components are again ôf = 0 for i+ k, and are equal to 1 for i = k. If A* is a four-vector, then 
multiplying by 6) we get: 


A'B; A” B} =A" B}. 





ARG! =A‘, 


i.e. another four-vector; this proves that 6; is a tensor. 
The square of the line element in curvilinear coordinates is a quadratic form in the 
differentials dx’: 


ds” = gy,dx'dx*, (83.8) 
where the g; are functions of the coordinates; g is symmetric in the indices i and k: 
Zik = Eki (83.9) 


Since the (contracted) product of g; and the contravariant tensor dx'dx* is a scalar, the gg 
form a covariant tensor; it is called the metric tensor. - 
Two tensors A, and B*¥ are said to be reciprocal to each other if 


A,B™ = él. 
In particular the contravariant metric tensor is the tensor g* reciprocal to the tensor g;,, that 
is, 


+ Nevertheless, while in a galilean system the coordinates x themselves (and not just their differentials» 
also form a four-vector, this is, of course, not the case in curvilinear coordinates. 
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gag” = ôl. (83.10) 


The same physical quantity can be represented in contra- or co-variant components. Ít is 
ebvious that the only quantities that can determine the connection between the different 
forms are the components of the metric tensor. This connection is given by the formulas: 


A! = gAn A= 8x A‘ (83.11) 


In a galilean coordinate system the metric tensor has components: 


1 0 0 0 
0 -l 0 0 
O pk _ . 83.12 


0 0 0 -~l 


Then formula (83.11) gives the familiar relation A? = Ap, Al} = — A123 ete.t 

These remarks also apply to tensors. The transition between the different forms of a given 

physical tensor is accomplished by using the metric tensor according to the formulas: 
Ai, = g"Aio A‘ = g'g” A m 
etc. 

In § 6 we defined (in galilean coordinates) the completely antisymmetric unit pseudo- 
tensor e", Let us transform it to an arbitrary system of coordinates, and now denote it by 
E*'™ We keep the notation e™™ for the quantities defined as before by 2'23 =] (oreg1 23 
=-1). 

Let the x” be galilean, and the x! be arbitrary curvilinear coordinates. According to the 
general rules for transformation of tensors, we have: 


i k L m 
piim ox! Ax® Ox! OX” prs 


~ Ax’P ax!” 8x” Ax’! , 











or 
Eikim =J eikim 

where J is the determinant formed from the derivatives ox'/dx’?, i.e. it is just the Jacobian of 
the transformation from the galilean to the curvilinear coordinates: 
E O(x°, x',x?,x3) 

Ox xxx) 
This Jacobian can be expressed in terms of the determinant of the metric tensor gj, (in the 
system x’). To do this we write the formula for the transformation of the metric tensor: 





J 


ax’! gx” £ 


and equate the determinants of the two sides of this equation. The determinant of the 


i k 
x _ Ox! Ox Im(0) 


+ Whenever, in giving analogies, we use galilean coordinate systems, one should realize that such a 
system can be selected only in a flat space. In the case of a curved four-space, one should speak of a 
coordinate system that is galilean over a given infinitesimal element of four-volume, which can always be 
found. None of the derivations are affected by this change. 
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Im(0), = 


reciprocal tensor Ig"l = 1/g. The determinant Ig — 1. Thus we have 1/g = —J’, and so 


J=1/./-g. 
Thus, in curvilinear coordinates the antisymmetric unit tensor of rank four must be defined 
as 


Een = = em, (83.13) 
=8 


The indices of this tensor are lowered by using the formula 


Pg: SkrBisSmt = — & Cikim> 


so that its covariant components are 


Eitim = N78 iki: (83.14) 


In a galilean coordinate system x” the integral of a scalar with respect to dQ’ = dx”? dx! 
dx” dx” is also a scalar, i.e. the element dQ’ behaves like a scalar in the integration (§ 6). 
On transforming to curvilinear coordinates x’, the element of integration dQ’ goes over into 


dQ’ > tag = [Zg dQ. 


Thus, in curvilinear coordinates, when integrating over a four-volume the quantity V - gd Q 
behaves like an invariant. 

All the remarks at the end of § 6 concerning elements of integration over hypersurfaces. 
surfaces and lines remain valid for curvilinear coordinates, with the one difference that the 
definition of dual tensors changes. The element of “area” of the hypersurface spanned by 
three infinitesimal displacements is the contravariant antisymmetric tensor dS". the vector 


dual to it is gotten by multiplying by the tensor ./-g Erim, So it is equal to 


J—-8 dS; = -t egm dS" a-g. (83.15) 


Similarly, if df is the element of «wo-dimensional surface spanned by two infinitesimal 
displacements, the dual tensor is defined ast 


V-gdfk = V- 8€iim ad f". (83.16) 
We keep the designations dS; and dfi; as before for $e i,dS"" and 4 ej, f'" (and not 


+ If @is a scalar, the quantity /-8: @, which gives an invariant when integrated over dQ, is called a scalar 
density. Similarly, we speak of vector and tensor densities [—g A‘, /—g A‘, etc. These quantities give a 
vector or tensor on multiplication by the four-volume element dQ (the integral J A’ ./—g dQ over a finite 
region cannot, generally speaking, be a vector, since the laws of transformation of the vector A’ are different 
at different points). 

F It is understood that the elements dS*” and df“ are constructed on the infinitesimal displacements dr. 
dx”, dx" in the same way as in § 6, no matter what the geometrical significance of the coordinates x’. Them 
the formal significance of the elements dS; and dfx is the same as before. In particular, as before dSy 
= dx, dx, dx, = dV. We keep the earlier definition of dV for the product of differentials of the three 
space coordinates; we must, however, remember that the element of geometrical spatial volume is given im 
curvilinear coordinates not by dV, but by Jya, where yis the determinant of the spatial metric tensor 
(which will be defined in the next section). 
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their products by \-8 ); the rules (6.14)-(6.19) for transforming the various integrals into 
me another remain the same, since their derivation was formal in character and not related 
w the tensor properties of the different quantities. Of particular importance is the rule for 
wansforming the integral over a hypersurface into an integral over a four-volume (Gauss’ 
theorem), which is accomplished by the substitution: 


dS, > da. (83.17) 


Ox l 


§ 84. Distances and time intervals 


We have already said that in the general theory of relativity the choice of a coordinate 
system is not limited in any way; the triplet of space coordinates x!, x*, x°, can be any 
quantities defining the position of bodies in space, and the time coordinate xo can be defined 
by an arbitrarily running clock. The question arises of how, in terms of the values of the 
quantities x!, x7, x°, x°, we can determine actual distances and time intervals. 

First we find the relation of the proper time, which from now on we shall denote by 7, to 
the coordinate x°. To do this we consider two infinitesimally separated events, occurring at 
one and the same point in space. Then the interval ds between the two events is, as we know, 
just c dt, where dis the (proper) time interval between the two events. Setting dx! = = dx = 


dx’ = 0 in the general expression ds? = gi; dx’ dx*, we consequently find 
ds? =c* dt? = go (dx? )}?, 
from which 


= 1 fgodx’, (84.1) 


or else, for the time between any two events occurring at the same point in space. 


=1 f [zo dx’. (84.2) 


This relation determines the actual time interval (or as it is also called, the proper time for 
the given point in space) for a change of the coordinate x?. We note in passing that the 
quantity goo, as we see from these formulas, is positive: 


800 > 0. (84.3) 


It is necessary to emphasize the difference between the meaning of (84.3) and the meaning 
of the signature [the signs of three principal values of the tensor g; (§ 82)]. A tensor gx 
which does not satisfy the second of these conditions cannot correspond to any real gravitational 
field, i.e. cannot be the metric of a real space-time. Nonfulfilment of the condition (84.3) 
would mean only that the corresponding system of reference cannot be realized with real 
bodies; if the condition on the principal values is fulfilled, then a suitable transformation of 
the coordinates can make goo positive (an example of such a system is given by the rotating 
system of coordinates, see § 89). 

We now determine the element d! of spatial distance. In the special theory of relativity we 
can define d! as the interval between two infinitesimally separated events occurring at one 
and the same time. In the general theory of relativity, it is usually impossible to do this, i.e. 
it is impossible to determine d! by simply setting dx’ = 0 in ds. This is related to the fact that 
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in a gravitational field the proper time at different points in space has a different dependence 
on the coordinate x°. 

To find dl, we now proceed as follows. 

Suppose a light signal is directed from some point B in space (with coordinates x” + dx?) 
to a point A infinitely near to it (and having coordinates x”) and then back over the same 
path. Obviously, the time (as observed from the one point B) required for this, when multiplied 
by c, is twice the distance between the two points. 

Let us write the interval, separating the space and time coordinates: 


d? = gap dx” DP + 2goa dx? dx” + goo (LEF ( 84.49 


where it is understood that we sum over repeated Greek indices from 1 to 3. The interval 
between the events corresponding to the departure and arrival of the signal from one point 
to the other is equal to zero. Solving the equation ds” = 0 with respect to dx", we find two 
roots: 





1 
dx") = 7 {804d x" — | (Boa8op — 8ap80) dx%dx? } , 
00 (84.5) 





1 
dx° = Zo {-80qdx" + JlBoa8os — SapSoo )dx*dx?}, 


corresponding to the propagation of the signal in the two directions between A and B. Fa 
is the moment of arrival of the signal at A, the times when it left B and when it will retum | 
to B are, respectively, x° + dx) and x° + dx, In the schematic diagram of Fig. 18 the 
solid lines are the world lines corresponding to the given coordinates x” and x” + dx”, while 
the dashed lines are the world lines of the signals.+ It is clear that the total interval of “time” 
between the departure of the signal and its return to the original point is equal to 





dx?® — dx) = 2 - dx*dxP. 
Zoo 1 (8oa8op 8ap8oo ) 


The corresponding interval of proper time is obtained, according to (84.1), by multiplying 
by 4/89 /c, and the distance dl between the two points by multiplying once more by c/2. As 
a result, we obtain 


-| x° — dX 
Ea 
x° co 
S 
D> xe + dx}? 
A B 


Fic. 18. 


+ In Fig. 18, it is assumed that dx® > 0, dx? < 0, but this is not necessary: dx and dx) may hææ 
the same sign. The fact that in this case the value x°(A) at the moment of arrival of the signal at A mighm 
be less than the value x°(B) at the moment of its departure from B contains no contradiction, since the rates 
of clocks at different points in space are not assumed to be synchronized in any way. 
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80a 80g 
dl? =| -g „g + dx%dxF 
§ of Zoo ) 


This is the required expression, defining the distance in terms of the space coordinate 
elements. We rewrite it in the form 


dP = Yop dx"dx®, (84.6) 
where 
800808 
=| -8eg + ——— 84.7 
Yap | Saf Zoo ) ( ) 


is the three-dimensional metric tensor, determining the metric, i.e., the geometric properties 
of the space. The relations (84.7) give the connection between the metric of real space and 
the metric of the four-dimensional space-time. 

However, we must remember that the g;, generally depend on x°, so that the space metric 
(84.6) also changes with time. For this reason, it is meaningless to integrate dl; such an 
integral would depend on the world line chosen between the two given space points. Thus, 
generally speaking, in the general theory of relativity the concept of a definite distance 
between bodies loses its meaning, remaining valid only for infinitesimal distances. The only 
case where the distance can be defined also over a finite domain is that in which the gig do 
not depend on the time, so that the integral fdl along a space curve has a definite meaning. 

It is worth noting that the tensor — Yagis the reciprocal of the contravariant three-dimensional 
tensor 2°, In fact, from g“9,, = ĝi, we have, in particular, 


gP gp +g” go, = 6%, ggg + 8800 = 0, 8° B60 +8% 80 =1. (84.8) 
Determining g™ from the second equation and substituting in the first, we obtain: 
-8°°Y gy = ô% 
This result can be formulated differently, by the statement that the quantities -g form the 
contravariant three-dimensional metric tensor corresponding to the metric (84.6): 
yP =- g”, (84.9) 


+ The quadratic form (84.6) must clearly be positive definite. For this, its coefficients must, as we know 
from the theory of forms, satisfy the conditions 


Yi Y12 Y13 
>0, Y21 Yn ¥33| > 0. 
31 ¥ 32 ¥33 


Yul Y12 


> 0, 
Yu Y21 22 








Expressing g; in terms of g,, it is easy to show that these conditions take the form 


800 801 802 
<0, |10 811 82|>0, 9 <0. 
820 821 822 


800 801 
810 8 








These conditions, together with the condition (84.3), must be satisfied by the components of the mesnc 
tensor in every system of reference which can be realized with the aid of real bodies. 
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We also state that the determinants g and y, formed respectively from the quantities 9, and 
Yop. are related to one another by 


-8 = 8007 - (84.10) 


In some of the later applications it will be convenient to introduce the three-dimensional 
vector g, whose covariant components are defined as 


Ea 5-77. (84.11) 


Considering g as a vector in the space with metric (84.6), we must define its contravariant 
components as g% = yg g Using (84.9) and the second of equations (84.8), it is easy to see 
that 


g” = yen = — 2%. (84.12) 
We also note the formula 
g” =- - gag", (84.13) 
800 | 














which follows from the third of equations (84.8). 

We now turn to the definition of the concept of simultaneity in the general theory of 
relativity. In other words, we discuss the question of the possibility of synchronizing clocks 
located at different points in space, i.e. the setting up of a correspondence between the 
readings of these clocks. 

Such a synchronization must obviously be achieved by means of an exchange of light 
signals between the two points. We again consider the process of propagation of signals 
between two infinitely near points A and B, as shown in Fig. 18. We should regard as 
simultaneous with the moment x° at the point A that reading of the clock at point B which 
is half-way between the moments of departure and return of the signal to that point, i.e. the 
moment 


x? + Ax? = x9 4 F(dx™® + dx), 


Substituting (84.5), we thus find that the difference in the values of the “time” x° for twe 
simultaneous events occurring at infinitely near points is given by 


goad x” 
&o0 


This relation enables us to synchronize clocks in any infinitesimal region of space. Carrying 
out a similar synchronization from the point A, we can synchronize clocks, i.e. we cam 
define simultaneity of events, along any open curve.+ 

However, synchronization of clocks along a closed contour turns out to be impossible m 
general. In fact, starting out along the contour and returning to the initial point, we would 
obtain for Ax? a value different from zero. Thus it is, a fortiori, impossible to synchronize 


Ax? = = g,dx”. (84.14) 


+ Multiplying (84.14) by go and bringing both terms to one side, we can state the condition faw 
synchronization in the form dxo = g,;dx’ = 0: the “covariant differential” dxp between two infinitely 
simultaneous events must be equal to zero, 


§ 85 COVARIANT DIFFERENTIATION 255 


clocks over all space. The exceptional cases are those reference systems in which all the 
components Zog are equal to zero. 

It should be emphasized that the impossibility of synchronization of all clocks is a property 
of the arbitrary reference system, and not of the space-time itself. In any gravitational field, 
it is always possible (in infinitely many ways) to choose the reference system so that the 
three quantities gog become identically equal to zero, and thus make possible a complete 
synchronization of clocks (see § 97). 

Even in the special theory of relativity, proper time elapses differently for clocks moving 
relative to one another. In the general theory of relativity, proper time elapses differently 
even at different points of space in the same reference system. This means that the interval 
of proper time between two events occurring at some point in space, and the interval] of time 
between two events simultaneous with these at another point in space, are in general different 
from one another. 


§ 85. Covariant differentiation 


In galilean coordinatest the differentials dA; of a vector A; form a vector, and the derivatives 
0A,/Ox* of the components of a vector with respect to the coordinates form a tensor. In 
curvilinear coordinates this is not so; dA; is not a vector, and oA a is not a tensor. This is 
due to the fact that dA; is the difference of vectors located at different (infinitesimally 
separated) points of space; at different points in space vectors transform differently, since 
the coefficients in the transformation formulas (83.2), (83.4) are functions of the coordinates. 

It is also easy to verify these statements directly. To do this we determine the transformation 
formulas for the differentials dA; in curvilinear coordinates. A covariant vector is transformed 
according to the formula 


ax’* 
A; = 2A: 
oxi F 
therefore 
ax’* ox’ — ax’® o? xk 
dA; = —— dA; Ai d—— = —— dA; + Aj ——— d L 
ox' k +A ox' ox' k k Oxiax! * 


Thus dA; does not transform at all like a vector (the same also applies, of course, to the 
differential of a contravariant vector). Only if the second derivatives o°x’*/ax'dx' = 0, i.e. if 
the x’* are linear functions of the x“, do the transformation formulas have the form 


ax’* o, 
that is, dA; transforms like a vector. 
We now undertake the definition of a tensor which in curvilinear coordinates plays the 
same role as 0A,/ax* in galilean coordinates. In other words, we must transform 0A,/ax* from 
galilean to curvilinear coordinates. 


+ We should also assign to this class those cases where the gog can be made equal to zero by a simple 
transformation of the time coordinate, which does not involve any choice of the system of objects serving 
for the definition of the space coordinates. 

+ In general, whenever the quantities g, are constant. 
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In curvilinear coordinates, in order to obtain a differential of a vector which behaves like 
a vector, it is necessary that the two vectors to be subtracted from each other be located at 
the same point in space. In other words, we must somehow “translate” one of the vectors 
(which are separated infinitesimally from each other) to the point where the second is 
located, after which we determine the difference of two vectors which now refer to one and 
the same point in space. The operation of translation itself must be defined so that in galilean 
coordinates the difference shall coincide with the ordinary differential dA;. Since dA, is just 
the difference of the components of two infinitesimally separated vectors, this means that 
when we use galilean coordinates the components of the vector should not change as a result 
of the translation operation. But such a translation is precisely the translation of a vector 
parallel to itself. Under a parallel translation of a vector, its components in galilean coordinates 
do not change. If, on the other hand, we use curvilinear coordinates, then in general the 
components of the vector will change under such a translation. Therefore in curvilinear 
coordinates, the difference in the components of the two vectors after translating one of 
them to the point where the other is located will not coincide with their difference before the 
translation (i.e. with the differential dA,). 

Thus to compare two infinitesimally separated vectors we must subject one of them to a 
parallel translation to the point where the second is located. Let us consider an arbitrary 
contravariant vector; if its value at the point x‘ is A’, then at the neighbouring point x + dxf 
it is equal to A’ + dA’. We subject the vector A’ to an infinitesimal parallel displacement to 
the point xê + dx’; the change in the vector which results from this we denote by A‘. Thea 
the difference DA’ between the two vectors which are now located at the same point is 


Ai = dA’ — 6A’. (85.1) 


The change 6A’ in the components of a vector under an infinitesimal parallel displacement 
depends on the values of the components themselves, where the dependence must clearly be 
linear. This follows directly from the fact that the sum of two vectors must transform 
according to the same law as each of the constituents. Thus 6A’ has the form 


6A' = -Tj,A*dx', (85.2) 
where the Ty are certain functions of the coordinates. Their form depends, of course, on the 
coordinate system; for a galilean coordinate system T}, = 0. 

From this it is already clear that the quantities Tj, do not form a tensor, since a tensor 
which is equal to zero in one coordinate system is equal to zero in every other one. Ina 
curvilinear space it is, of course, impossible to make all the Tj, vanish over all of space. 

But the principle of equivalence requires that by a suitable choice of coordinate system we 
can eliminate the gravitational field over a given infinitesimal region of space, i.e. we can 
make the quantities Tj, vanish in it. We shall see later in §87 that the Tj, play the role of 
field strengths. + 


The quantities Tj, are called “connection coefficients” or “Christoffel symbols”. 
In addition to the quantities T; we shall later also use quantities T; ,, + defined as follows: 


+ This is precisely the coordinate system which we have in mind in arguments where we, for brevity’s 
sake, speak of a “galilean” system; still all the proofs remain applicable not only to flat, but also to curved 
4-space. 


; kl kl 
¢ In place of T; and I; ;;, the symbols l , | and | , | are sometimes used. 
i i 


§ 85 COVARIANT DIFFERENTIATION 257 
Vg = Bimli- (85.3) 
Conversely, 
Ty = 8g"T ma (85.4) 


It is also easy to relate the change in the components of a covariant vector under a parallel 
displacement to the Christoffel symbols. To do this we note that under a parallel displacement, 
a scalar is unchanged. In particular, the scalar product of two vectors does not change under 


a parallel displacement. 
Let A; and B’ be any covariant and contravariant vectors. Then from 6(A,B’) = 0, we have 


B'SA; = — A;ôB' = T} B*A;dx' 
or, changing the indices, 
BidA; = PEA, Bidx'. 
From this, in view of the arbitrariness of the B’, 
6A; = PKA, dx', (85.5) 


which determines the change in a covariant vector under a parallel displacement. 
Substituting (85.2) and dA! = (dA'/ox’) dx’ in (85.1), we have 


. oA! . 
DA’ = + ria Jas! (85.6) 
Similarly, we find for a covariant vector, 
DA; = (sa - T} A; Jar. (85.7) 


The expressions in parentheses in (85.6) and (85.7) are tensors, since when multiplied by 
the vector dx! they give a vector. Clearly, these are the tensors which give the desired 
generalization of the concept of a derivative to curvilinear coordinates. These tensors are 
called the covariant derivatives of the vectors Ai and A; respectively. We shall denote them 
by A‘ x and A;. x Thus, 

DA‘ = At. dx}, DA; = A; dx, (85.8) 


while the covariant derivatives themselves are: 


, oA! . 
Abel = pa + T} Ak > (85.9) 
JA; 
Aj.) = ax! _ T$ Ay. (85.10) 


In galilean coordinates, Tj, = 0, and covariant differentiation reduces to ordinary 
differentiation. 

It is also easy to calculate the covariant derivative of a tensor. To do this we must 
determine the change in the tensor under an infinitesimal parallel displacement. For example. 
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let us consider any contravariant tensor, expressible as a product of two contravariant vectors 
A'B*. Under parallel displacement, 


5(A‘B*) = A'6B* + B*8A' = —AT$, B'dx” — BT! Aldx™. 

By virtue of the linearity of this transformation we must also have, for an arbitrary tensor 
AF, 

ĝA* = -(A”T} + AMT )dx!. (85.11) 
Substituting this in 

DA" = dA* — 6A* = A* | dx, 

we get the covariant derivative of the tensor A¥ in the form 
B oA* 
~ ax! 


In completely similar fashion we obtain the covariant derivative of the mixed tensor Ai 
and the covariant tensor A,;, in the form 


Aik. + TIA” + TA, (85.12) 


OA; , , 
ijs Pmi -TPA + TAF, (85.13) 
dA; m m 
Ari = Png -T7 Ame — Ty? Aim- (85.14) 


One can similarly determine the covariant derivative of a tensor of arbitrary rank. In doing 
this one finds the following rule of covariant differentiation. To obtain the covariant derivative 
of the tensor A‘) with respect to x’, we add to the ordinary derivative 0A‘/Ox! for each 
covariant index i(A';:) a term —-I}A:;', and for each contravariant index i(A “-) a term 
+TiAk. 

One can easily verify that the covariant derivative of a product is found by the same rule 
as for ordinary differentiation of products. In doing this we must consider the covariant 
derivative of a scalar @ as an ordinary derivative, that is, as the covariant vector bj = dpd, 
in accordance with the fact that for a scalar 56 = 0, and therefore Dé = do. For example, the 
covariant derivative of the product A;B is 


(AB; 1 = Aj. By + ABy 1- 


If in a covariant derivative we raise the index signifying the differentiation, we obtain the 
so-called contravariant derivative. Thus, 


A; = gA; b Ab = gA.. 


We now derive formulas for the transformation of the Christoffel symbols from one 
coordinate system to another. 

These formulas can be got by comparing the two equations that determine the covariant 
derivatives and requiring that these laws be the same for both. A simple calculation gives 





Di apm Ox! ox” Ax’P gym oxi 
kt = F 


"P ax’™ axk Ax! + Oxon! ax’™ ` (85.15) 
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From this formula we see that the TÅ, transforms like a tensor only for linear coordinate 
wansformations (when the second term in 85.15 drops out). 

However we note that this term is symmetric in k and J, and therefore drops out for the 
wansformation of Sj, =T} — T}. It therefore transforms like a tensor: 


i rm Ox! 0x” ox’? 
Su = Sw ax’™ ax® ax!’ 


and is called the “curvature tensor” of the space. 

We now show that in this theory, based on the equivalence principle, the curvature tensor 
must be zero. In fact, as already stated, by virtue of the equivalence principle there must be 
a “galilean ” coordinate system in which the Tj,, and consequently also the Si, vanish at 
a given point. Since S} is a tensor, if it vanishes in one coordinate system it must vanish in 
all frames. This means that the Christoffel symbols must be symmetric in their lower indices: 


ri =T}, (85.16) 








Clearly, also 
Tia = Tie (85.17) 


In general, there are altogether forty different quantities T}, ; for each of the four values of 
the index i there are ten different pairs of values of the indices k and / (counting pairs 
obtained by interchanging k and / as the time). 

Formula (85.15) enables us to prove easily the assertion made above that it is always 
possible under condition (85.16) to choose a coordinate system in which all the Tå become 
zero at a previously assigned point (such a system is said to be locally-inertial or locally- 
geodesic (see § 87)).t 

In fact, let the given point be chosen as the origin of coordinates, and let the values of the 
Tj, at it be initially (in the coordinates x’) equal to (Tj, )y. In the neighbourhood of this 
point, we now make the transformation 


x =x + HTH )oxtx'. (85.18) 
Then 
a2x’™ ox‘ ; 
X Z _ | -Ti 85.19 
(25 ax’™ ) Ta Jo ( ) 


and according to (85.15), all the I7,” become equal to Zero. 

We emphasize that condition (85.16) is essential: the expression on the left side of (85.19) 
is symmetric in k and J, and so too must be the right side of the equation. 

We note that for the transformation (85.18) 


ax \ ai 
ax* o E? 


+ It can also be shown that, by a suitable choice of the coordinate system, one can make all the Tj, go 


to zero not just at a point but all along a given world line. (The proof of this statement can be found in the 
book by P. K. Rashevskii, Riemannian Geometry and Tensor Analysis, Nauka, 1964, § 91.) 
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so that it does not change the value of any tensor (including the tensor gj) at the given point, 
so that we can make the Christoffel symbols vanish at the same time as we bring the gy t 
galilean form. 


§ 86. The relation of the Christoffel symbols to the metric tensor 


Let us show that the covariant derivative of the metric tensor gix is zero. To do this we now 
that the relation 


DA; = 3;DA* 
is valid for the vector DA;, as for any vector. On the other hand, A; = g,A*, so that 
DA; = D(gxA®) = gDA* + A*D8i - 
Comparing with DA; = 8x DA*, and remembering that the vector A* is arbitrary; 
Dgix = 9. 
Therefore the covariant derivative 
Six, 1 = 0. (86.15 


Thus g; may be considered as a constant during covariant differentiation. 
The equation g,.;= 0 can be used to express the Christoffel symbols T}, in terms of the 
metric tensor g; To do this we write in accordance with the general definition (85.14): 


08; O8; 
Sik; = 5 eI = Emkl i — SimV u = ot -Iku —Ti,w=9- 





Thus the derivatives of g; are expressed in terms of the Christoffel symbols.} We write 
the values of the derivatives of g,,, permuting the indices i, k, I: 


02; 

ik 

Ox! =I a+ Tia 
d8ii _ r 
prg =li tilik 


28u = Ty ki 7 Tpi- 


Taking half the sum of these equations, we find (remembering that T;, u = T; m 


den ga ð 
Pou = (28 O81 _ O8x } 


~ 





2\ dx! + ax* = ax 


From this we have for the symbols Tj, = g”T m, > 


i l o m( OSmk . O8m 2 
ra = ga” (Sie + Sie 5) 


~ 





2 


+ Choosing a locally-geodesic system of coordinates therefore means that at the given point all the 
derivatives of the components of the metric tensor vanish. 
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These formulas give the required expressions for the Christoffel symbols in terms of the 
metric tensor. . 

We now derive an expression for the contracted Christoffel symbol Tj; which will be 
important later on. To do this we calculate the differential dg of the determinant g made up 
from the components of the tensor gx, dg can be obtained by taking the differential of each 
component of the tensor g,, and multiplying it by its coefficient in the determinant, ie. by 
the corresponding minor. On the other hand, the components of the tensor g* k reciprocal to 
£i are equal to the minors of the determinant of the g;,, divided by the determinant. Therefore 
the minors of the determinant g are equal to gg*. Thus, 


dg = ge*den =— ggudg" (86.4) 
isince ggg” = Ô} = 4, g*dgy = —g, dg"). 
From (86.3), we have 








28 ~ 


i _l im O8 mk O8 mi OK 
Pe = (2 txt ax” j 


Changing the positions of the indices m and i in the third and first terms in parentheses, we 
see that these two terms cancel each other, so that 





i 1 im OBim 
Tyi T2 ax* > 
or, according to (86.4), 
, oln./— 
ri = Og _ 2y- (86.5) 


It is useful to note also the expression for the quantity gTj,; we have 
, „lo d d ml lod 
Hpi ab gkigim) C8mk , Ein _ OEK | gki gim| ZEmk _ 8u |. 
ge = 788 ox! Ox* = ax™ 8 ox! = 2ax™ 
With the help of (86.4) this can be transformed to 


ik 
etre =- L 2088D 
kl [g ox k 
For various calculations it is important to remember that the derivatives of the contravariant 
tensor g* are related to the derivatives of g; by the relations 


dg" k O8i1 

. = — gik -2 86.7 
8il gym 8° ym (86.7) 
(which are obtained by differentiating the equality gig = ôk ). Finally we point out that the 
derivatives of g can also be expressed in terms of the quantities T}. Namely, from the 
identity g*, ;= 0 it follows directly that 


(86.6) 





a = -Ti,g”™ =- Tag”. (86.8) 
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With the aid of the formulas which we have obtained we can put the expression for A’. ,, 
the generalized divergence of a vector in curvilinear coordinates, in convenient form. Using 
(86.5), we have 


oA! , OA! dln ./-g 
Aii =—— ria’ = — A1 O 
ax? ton ox! + ox! 
or, finally, 
, aC /-gA? 
Aii = 2 2084) (86.9) 


j-g ox! 
We can derive an analogous expression for the divergence of an antisymmetric tensor A*. 


From (85.12), we have 


oA* 


ik 
AN k= aye 


+ri,am™ +r A". 


But, since A” = — A™" , 
ri,A™ =-Tj,A™ =0. 


Substituting the expression (86.5) for T£,, we obtain 


o(.j—g A* 
Až = 1-8 A") (86.10) 


. . . k . . 
Now suppose A, is a symmetric tensor; we calculate the expression A,., for its mixed 
components. We have 


oAr 
Ox “ak 


1 AF Y-8) 
Jg Oxk ax* 


At, = + Ty A; - Ty,Af = HAr. 


The last term here is equal to 


ax* + ox! ax! 


Because of the symmetry of the tensor A”, two of the terms in parentheses cancel each other, 
leaving 


-425 d8u a AH 


A, ee SS Le (86.11) 


In cartesian coordinates, 0A,/a* — dA,/dx is an antisymmetric tensor. In curvilinear 
coordinates this tensor is A;. x — Ax ;. However, with the help of the expression for A;, ; amd 
since Ty =T}, we have 

- OA; _ OA, 
ax* = ax! 





(86. 
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Finally, we transform to curvilinear coordinates the sum 0” ¢/Ax;0x' of the second derivatives 
of a scalar ¢. It is clear that in curvilinear coordinates this sum goes over into ¢'} . But ¢.; 
= 06/ax', since covariant differentiation of a scalar reduces to ordinary differentiation. Raising 
the index i, we have 


and using formula (86.9), we find 


ae k2 
wie vet) (86.13) 


It is important to note that Gauss’ theorem (83.17) for the transformation of the integral 
of a vector over a hypersurface into an integral over a four-volume can, in view of (86.9), 
be written as 


f AŻ -g dS; = f Al; .j—g dQ. (86.14) 


$ 87. Motion of a particle in a gravitational field 


The motion of a free material particle is determined in the special theory of relativity from 
the principle of least action, 


6S =- med | ds =0, (87.1) 


according to which the particle moves so that its world line is an extremal between a given 
pair of world points, in our case a straight line (in ordinary three-dimensional space this 
corresponds to uniform rectilinear motion). 

The motion of a particle in a gravitational field is determined by the principle of least 
action in this same form (87.1), since the gravitational field is nothing but a change in the 
metric of space-time, manifesting itself only in a change in the expression for ds in terms of 
the dx’. Thus, in a gravitational field the particle moves so that its world point moves along 
an extremal or, as it is called, a geodesic line in the four-space x°, x', x, x°; however, since 
in the presence of the gravitational field space-time is not galilean, this line is not a “straight 
line”, and the real spatial motion of the particle is neither uniform nor rectilinear. 

Instead of starting once again directly from the principle of least action (see the problem 
at the end of this section), it is simpler to obtain the equations of motion of a particle in a 
gravitational field by an appropriate generalization of the differential equations for the free 
motion of a particle in the special theory of relativity, ie. in a galilean four-dimensional 
coordinate system. These equations are du'/ds = 0 or du’ = 0, where u’ = dx'/ds is the four- 
velocity. Clearly, in curvilinear coordinates this equation is generalized to the equation 


Dui = 0. (87.2) 


From the expression (85.6) for the covariant differential of a vector, we have 


dui + Ti, u* dx' =0. 
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Dividing this equation by ds, we have 























d? xi + ; dx* dx! 
ds? k ds ds 





=0. (87.3) 


This is the required equation of motion. We see that the motion of a particle in a gravitational 
field is determined by the quantities T',. The derivative @’x'/ds* is the four-acceleration of 
the particle. Therefore we may call the quantity -mF } utu’ the “four-force”, acting on the 
particle in the gravitational field. Here, the tensor g; plays the role of the “potential ” of the 
gravitational field—its derivatives determine the field “intensity” Tj, .t 

In § 85 it was shown that by a suitable choice of the coordinate system one can always 
make all the Tj, zero at an arbitrary point of space-time. We now see that the choice of such 
a locally-inertial system of reference means the elimination of the gravitational field in the 
given infinitesimal element of space-time, and the possibility of making such a choice is am 
expression of the principle of equivalence in the relativistic theory of gravitation. 

As before, we define the four-momentum of a particle in a gravitational field as 


pi = mew. (87.4) 
Its square is 
pip = me. (87-5) 


Substituting —dS/dx' for p, we find the Hamilton-Jacobi equation for a particle in a 
gravitational field: 


ae —m*c? =0. (87.6) 
x 


The equation of a geodesic in the form (87.3) is not applicable to the propagation of a light 
signal, since along the world line of the propagation of a light ray the interval ds, as we 
know, is zero, so that all the terms in equation (87.3) become infinite. To get the equations 
of motion in the form needed for this case, we use the fact that the direction of propagation 
of a light ray in geometrical optics is determined by the wave vector tangent to the ray. We 
can therefore write the four-dimensional wave vector in the form k’ = dx'/dA, where À is 
some parameter varying along the ray. In the special theory of relativity, in the propagation 
of light in vacuum the wave vector does not vary along the path, that is, dk’ = 0 (see § 53} 
In a gravitational field this equation clearly goes over into Dk’ = 0 or 


f We also give the form of the equations of motion expressed in terms of covariant components of the 
four-acceleration. From the condition Du; = 0, we find 
du 


PA — Ty, „utu =0. 


Substituting for IT}, , from (86.2), two of the terms cancel and we are left with 


ł In the footnote on p. 259 we also noted the possibility of choosing a reference system which is “inertial 
along a given world line.” In particular, if this line is the time axis (along which xii const), then te 
gravitational field wili be eliminated for all times in the given spatial element. 
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ca + Ti k*k! =0 (87.7) 
(these equations also determine the parameter À).t 
The absolute square of the wave four-vector (see § 48) is zero, that is, 


kk = 0. (87.8) 


Substituting dy/dx' in place of k; (y is the eikonal), we find the eikonal equation in a 
gravitational field 


OV WW o 
ax! ax* 


In the limiting case of small velocities, the relativistic equations of motion of a particle in 
a gravitational field must go over into the corresponding non-relativistic equations. In this 
we must keep in mind that the assumption of small velocity implies the requirement that the 
gravitational field itself be weak; if this were not so a particle located in it would acquire a 
high velocity. 

Let us examine how, in this limiting case, the metric tensor g determining the field is 
related to the nonrelativistic potential @ of the gravitational field. 

In nonrelativistic mechanics the motion of a particle in a gravitational field is determined 
by the Lagrangian (81.1). We now write it in the form 


(87.9) 


24 mv - mọ, (87.10) 


adding the constant — mc?.t This must be done so that the nonrelativistic Lagrangian in the 
absence of the field, L = — mc? + mv’/2, shall be the same exactly as that te which the 
corresponding relativistic function L = —mc? V1 — v/c? reduces in the limit as vic —> 0. 

Consequently, the nonrelativistic action function S for a particle in a gravitational field 


L= -mc 


has the form 
S= fea=-me f (c- 4+ 8) ae 
2c c 
Comparing this with the expression S = — mc J ds, we see that in the limiting case under 
consideration 
ds = (e -X + Jar 
2c c 


Squaring and dropping terms which vanish for c — °°, we find 
ds? = (Ê + 26) dt” — dr’. (87.11) 


where we have used the fact v dt = dr. 


+ Geodesics, along which ds = 0, are said to be null or isotropic. 

+ The potential @ is, of course, defined only to within an arbitrary additive constant. We assume through- 
out that one makes the natural choice of this constant so that the potential vanishes far from the bodies 
producing the field. 
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Thus in the limiting case the component goo of the metric tensor is 


Bo = 1+ =. (87.12) 
As for the other components, from (87.11) it would follow that Zap = Sof: Zoa = 0. 
Actually, however, the corrections to them are, generally speaking, of the same order of 
magnitude as the corrections to gog (for more detail, see § 106). The impossibility of determining 
these corrections by the method given above is related to the fact that the corrections to the 
Zop though of the same order of magnitude as the correction to goo, would give rise to terms 
in the Lagrangian of a higher order of smallness (because in the expression for ds? the 
components ggg are not multiplied by c?, while this is the case for goo). 


PROBLEM 


Derive the equation of motion (87.3) from the principle of least action (87.1). 
Solution: We have: 


Sds? = 2ds ds = 5(gy.dx'dx*) = dx'dx* Z8 gx! + 2g¢,dx'dbx*. 
x 


Therefore 
_ 1 dx! dx* dgy . , dx’ dbx* 
as=—me f f3 ds ds Dy! Ox + 8k Fa ds 
_ 1 dx! dx* dgy o d dx k 
5m fi ds ds gx! O% Tas 8k as JO pes 


(in integrating by parts, we use the fact that dx* = 0 at the limits). In the second term in the integral, we 
replace the index k by the index /. We then find, by equating to zero the coefficient of the arbitrary variation 


5x: 





Lin 8m d yi _ 1l i kgk du' iok Ogu 
gt ox! ds (Bi Jaau 


Noting that the third term can be written as 


1 i k| 08% 28n 
7” «(3 Ox! } 








and introducing the Christoffel symbols I, , in accordance with (86.2), we have 


dui ; 
Si “as + Ty, pu'u" = 0. 


Equation (87.3) is obtained form this by raising the index 1. 


§ 88. The constant gravitational field 


A gravitational field is said to be constant if one can choose a system of reference im 
which all the components of the metric tensor are independent of the time coordinate x°: the 
latter is then called the world time. 

The choice of a world time is not completely unique. Thus, if we add to x° an arbitrary 
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fianction of the space coordinates, the g; will still not contain x°; this transformation corresponds 
® the arbitrariness in the choice of the time origin at each point in space.t In addition, of 
@ourse, the world time can be multiplied by an arbitrary constant, i.e. the units for measuring 
@ are arbitrary. 

Strictly speaking, only the field produced by a single body can be constant. In a system 
ef several bodies, their mutual gravitational attraction will give rise to motion, as a result of 
which the field produced by them cannot be constant. 

If the body producing the field is fixed (in the reference system in which the g, do not 
@epend on x°), then both directions of time are equivalent . For a suitable choice of the time 
@rigin at all the points in space, the interval ds should in this case not be changed when we 
change the sign of x°, and therefore all the components gog of the metric tensor must be 
identically equal to zero. Such constant gravitational fields are said to be static. 

However, for the field produced by a body to be constant, it is not necessary for the body 
wo be at rest. Thus the field of an axially symmetric body rotating uniformly about its axis 
will also be constant. However in this case the two time directions are no longer equivalent 
by any means—if the sign of the time is changed, the sign of the angular velocity is changed. 
Therefore in such constant gravitational fields (we shall call them stationary fields) the 
components gog of the metric tensor are in general different from zero. 

The meaning of the world time in a constant gravitational field is that an interval of world 
time between events at a certain point in space coincides with the interval of world time 
between any other two events at any other point in space, if these events are respectively 
simultaneous (in the sense explained in § 84) with the first pair of events. But to the same 
interval of world time x° there correspond, at different points of space, different intervals of 
proper time T. 

The relation between world time and proper time, formula (84.1), can now be written in 
the form 


t= 1 Zox?, (88.1) 


applicable to any finite time interval. 
If the gravitational field is weak, then we may use the approximate expression (87.12), 
and (88.1) gives 


c 


0 
t= at + £) . (88.2) 


Thus proper time elapses the more slowly the smaller the gravitational potential at a given 
point in space, i.e., the larger its absolute value (later, in § 96, it will be shown that the 


+ It is easy to see that under such a transformation the spatial metric, as expected, does not change. In 
fact, under the substitution 


£L > L + fal, x, 2) 
with an arbitrary function f(x}, x”, X°), the components g; change to 
Sap > Sap + 80S ap + oaJ p + Soph on 


Zoa > Zoa + S00f,a 800 > 800+ 


where fa = df/dx*. This obviously does not change the tensor (84.7). 
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potential ¢ is negative). If one of two idential clocks is placed in a gravitational field for 
some time, the clock which has been in the field will thereafter appear to be slow. 

As was already indicated above, in a static gravitational field the components gog of the 
metric tensor are zero. According to the results of § 84, this means that in such a field 
synchronization of clocks is possible over all space. We note also that the element of spatial 
distance in a static field is simply: 


dP =- gap dx*dx?, (88.3) 


In a stationary field the go, are different from zero and the synchronization of clocks over 
all space is impossible. Since the g; do not depend on x°, formula (84.14) for the difference 
between the values of world time for two simultaneous events occurring at different points 
in space can be written in the form 


d Qa 
Ax? = -Í goatx (88.4) 
800 


for any two points on the line along which the synchronization of clocks is carried out. In 
the synchronization of clocks along a closed contour, the difference in the value of the world 
time which would be recorded upon returning to the starting point is equal to the integral 


d a 
Ax? =- f Eott (88.5) 
800 


taken along the closed contour. t 

Let us consider the propagation of a light ray in a constant gravitational field. We have 
seen in § 53 that the frequency of the light is the time derivative of the eikonal y (with 
opposite sign). The frequency expressed in terms of the world time x %c is therefore ® = 
— c(dy/ax). Since the eikonal equation (87.9) in a constant field does not contain x 0 explicitly, 
the frequency a% remains constant during the propagation of the light ray. The frequency 
measured in terms of the proper time is @ = — (Oy/07); this frequency is different at differen 
points of space. 

From the relation 


av _ OW ax! NW e 
Oot ax oF ~ Ax? go 





we have 
o= 2 (88.69 
§00 
In a weak gravitational field we obtain from this, approximately, 
o= ofi — +). (88.75 
c 


We see that the light frequency increases with increasing absolute value of the potential af 


+ The integral (88.5) is identically zero if the sum goadx”/800 is an exact differential of some functioa af 
the space coordinates. However, such a case would simply mean that we are actually dealing with a stalt 
field, and that all the gy, could be made equal to zero by a transformation of the form x LHL 
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the gravitational field, i.e. as we approach the bodies producing the field; conversely, as the 
light recedes from these bodies the frequency decreases. If a ray of light, emitted at a point 
where the gravitational potential is @,, has (at that point) the frequency æ, then upon arriving 
at a point where the potential is @, it will have a frequency (measured in units of the proper 
time at that point) equal to 


ọ oi - ¢ 
e(-B) i854) 
~ 2 


A line spectrum emitted by some atoms located, for example, on the sun, looks the same 
there as the spectrum emitted by the same atoms located on the earth would appear on it. If, 
however, we observe on the earth the spectrum emitted by the atoms located on the sun, 
then, as follows from what has been said above, its lines appear to be shifted with respect 
to the lines of the same spectrum emitted on the earth. Namely, each line with frequency @ 
will be shifted through the interval Aœ given by the formula 

A0 = fine o, (88.8) 
c 
where @, and @, are the potentials of the gravitational field at the points of emission and 
observation of the spectrum respectively. If we observe on the earth a spectrum emitted on 
the sun or the stars, then |@,! > lġl, and from (88.8) it follows that Aw < 0, i.e. the shift occurs 
in the direction of lower frequency. The phenomenon we have described is called the “red 
shift”. 

The occurrence of this phenomenon can be explained directly on the basis of what has 
been said above about world time. Because the field is constant, the interval of world time 
during which a certain vibration in the light wave propagates from one given point of space 
to another is independent of x°. Therefore it is clear that the number of vibrations occurring 
in a unit interval of world time will be the same at all points along the ray. But to one and 
the same interval of world time there corresponds a larger and larger interval of proper time, 
the further away we are from the bodies producing the field. Consequently, the frequency, 
i.e. the number of vibrations per unit proper time, will decrease as the light recedes from 
these masses. 

During the motion of a particle in a constant field, its energy, defined as 

ace 
ax? ° 
the derivative of the action with respect to the world time, is conserved; this follows, for 
example, from the fact that x? does not appear explicitly in the Hamilton-Jacobi equation. 
The energy defined in this way is the time component of the covariant four-vector of 
momentum p; = mcu, = mcg, u'. In a static field, ds” = goo(dx°)’ — dÊ, and we have for the 
energy, which we here denote by &, 


` dx? dx? 
o = Me? 80 7gp = MC? 80 J m 
s Jeo (dx)? -dl 











We introduce the velocity 
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of the particle, measured in terms of the proper time, that is, by an observer located at the 
given point. Then we obtain for the energy 


2 
mc 
fy = NSO (88.9) 


This is the quantity which is conserved during the motion of the particle. 

It is easy to show that the expression (88.9) remains valid also for a stationary field, if 
only the velocity v is measured in terms of the proper time, as determined by clocks 
synchronized along the trajectory of the particle. If the particle departs from point A at the 
moment of world time x° and arrives at the infinitesimally distant point B at the moment $ 
+ dx?, then to determine the velocity we must now take, not the time interval (x° + dx°) - x8 
= dx, but rather the difference between x? + dx? and the moment x° — (goq/go0)dx” which is 
simultaneous at the point B with the moment x? at the point A: 


(x? + dx?) — (x - 80e qxe ) = dx? + 2% dx”. 
&o0 &o0 


Multiplying by 800/0, we obtain the corresponding interval of proper time, so that the 
velocity is 


c dx” 
=— L 88.1 
Vh(dx® — gadx® ) (88.10 
where we have introduced the notation 
h=80; 8a =- E (88.11) 


&o0 
for the three-dimensional vector g (which was already mentioned in § 84) and for the three- 
dimensional scalar gop. The covariant components of the velocity v form a three-dimensional 
vector in the space with metric Yag, and correspondingly the square of this vector is to be 
taken ast 


Va = Yap YP, V = Vav". (88.12) 


We note that with such a definition, the interval ds is expressed in terms of the velocity m 
the usual fashion: 


ds? = go(dx°Y? + 28oq dx? dx"+ gap dx” dx? 
= h(dx® - gydx%) — dÊ 


= h(dx® — ga dx” (i — 2) (88. L3) 


+ In our further work we shall repeatedly introduce, in addition to four-vectors and four-tensors, 
dimensional vectors and tensors defined in the space with metric Yag; in particular the vectors g and v, w 
we have already used, are of this type. Just as in four dimensions the tensor operations (in particular, rar 
and lowering of indices) are done using the metric tensor gix, SO, in three dimensions these are done 
the tensor Yag- To avoid misunderstandings that may arise, we shall denote three-dimensional quantities 
symbols other than those used for four-dimensional quantities. 
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The components of the four-velocity 


a, Myo dg Be (88.14) 


The energy is 
&H = me? goi = mc*h(u? —g au") , 
and after substituting (88.14), takes the form (88.9). 
In the limiting case of a weak gravitational field and low velocities, by substituting goo = 
1 + (2@/c) in (88.9), we get approximately: 


2, mv, md, (88.15) 


2 


where m@ is the potential energy of the particle in the gravitational field,which is in agreement 
with the Lagrangian (87.10). 


& = mc" + 


PROBLEMS 


1. Determine the force acting on a particle in a constant gravitational field. 


Solution: For the components of T4 which we need, we find the following expressions: 


. 1 . 
(9% 5 - 8p -g8 (1) 


Tg, = Ag, + Ë lepte" - 8%) + By(8_ — 5p )1+ 4 ap 8yh*. 
In these expressions all the tensor operations (covariant differentiation, raising and lowering of indices) are 
carried out in the three-dimensional space with metric Yag, on the three-dimensional vector g% and the 
three-dimensional scalar h (88.11); Asy is the three-dimensional Christoffel symbol, constructed from the 
components of the tensor Yag in just the same way as Tọ is constructed from the components of gx; in the 


computations we use (84.9)—-(84.12). 
Substituting (1) in the equation of motion 


du” 
ds 





=-r8u?’) - 2r fpu u? -— Ty ufu” 


and using the expression (88.14) for the components of the four-velocity, we find after some simple 
transformations: 


d v pia Vh(e%g- ay) AG VY (2) 


ad ff 2p .f wp) f vy) of. r) 
cyl -7 201] (1-2 | a(1-4 | 
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The force f acting on the particle is the derivative of its momentum p with respect to the (synchronized 
proper time, as defined by the three-dimensional covariant differential: 


a -ol XPP” h Vd mv ga mv 
fesec fl = ds =el edo a a 
7 





From (2) we therefore have (for convenience we lower the index a): 


2 
fy =} __2 lav + Vil SEE 28s.) 
1%. ox” ax® x 
c? 








or, in the usual three-dimensional notation, t 


2 
f= 1" in Vh + Vh ~ x (curl 9}. (34 


1- 
e? 


We note that if the body is at rest, then the force acting on it [the first term in (3)] has a potential. For 
low velocities of motion the second term in (3) has the form mce hv x (curl g) analogous to the Coriolis 
force which would appear (in the absence of the field) in a coordinate system rotating with angular velocity 


Q= zvyk curl g. 


f In three-dimensional curvilinear coordinates, the unit antisymmetric tensor is defined as 


1 
Nopy = VY eap ner = To 
where ey; = e!” = 1, and the sign changes under transposition of indices [compare (83.13)-(83.14)] 
Accordingly the vector ¢ = a x b, defined as the vector dual to the antisymmetric tensor cg,= agb,a,bp, has 
components: 





1 5 1 1 
fa~ 9 Yeap” = Ve apy a?" , ce = Diy oe = JY e% agby 
Conversely, 


1 
Cap = VY eapye? > cB = ype 


In particular, curl a should be understood in this same sense as the vector dual to the tensor Gg. g — 
Ag, p = (AAg/ax™) — (da_/dx®), so that its contravariant components are 


a ol- ap: day _2ap 
(curl a) Sayi [5 ze), 


In this same connection we repeat that for the three-dimensional divergence of a vector [see (86.9)]: 
1d a 
VEG (V7 4%). 


To avoid misunderstandings when comparing with formulas frequently used for the three-dimensionad 
vector operations in orthogonal curvilinear coordinates (see, for example, Electrodynamics of Continuous 
Media, appendix), we point out that in these formulas the components of the vectors are understood to be 


the quantities 4 en Al JAA’), 822 A’, + 833 A?. 








div a = 
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2. Derive Fermat’s principle for the propagation of a ray in a constant gravitational field. 
Solution: Fermat’s principle (§ 53) states: 
6] kydx®=0, 
where the integral is taken along the ray, and the integral must be expressed in terms of the frequency @ 


«which is constant along the ray) and the coordinate differentials. Noting that kọ = — Oya = (a/c), we 
write: 


oO . 
= = ko = ork’ = Book® + goak“ = h(k? — gak“). 


Substituting this in the relation k;k = g,kik® = 0, written in the form 
ME? = Bok)” — Yag K°K? = 0, 
we obtain: 


2 
1/0 
(2) - Yapk tk? =0. 


Noting that the vector k” must have the direction of the vector dx”, we then find: 


ke Wo dx” 


“cya dl’ 
where dl (84.6) is the element of spatial distance along the ray. In order to obtain the expression for kg, we 
write 





fag = gk; = gk, + gPkp = -g7 22 yP kp, 


so that 





Wo Mo Yap dx? 
ka = “Yap k" + z g’ )= o Ye to . 


Finally, multiplying by dx”, we obtain Fermat’s principle in the form (dropping the constant factor @p/c): 


5 | Fe + gat =0. 


dl 
af =o. 
Xh 
We call attention to the fact that in a gravitational field the ray does not propagate along the shortest line 
in space, since the latter would be defined by the equation 6 J dl =0. 


In a static field, we have simply: 


§ 89. Rotation 


As a special case of a stationary gravitational field, let us consider a uniformly rotating 
reference system. To calculate the interval ds we carry out the transformation from a system 
at rest (inertial system) to the uniformly rotating one. In the coordinates 7’, @’, z’, t of the 
system at rest (we use cylindrical coordinates 7’, Ø, z’), the interval has the form 


d? = e d? — dr? — r° dd” — dz”. (89.1) 
Let the cylindrical coordinates in the rotating system be r, @, z. If the axis of rotation 
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coincides with the axes Z and Z’, then we have r =r, z’ =z, @ = @ + Qt, where Q is 
angular velocity of rotation. Substituting in (89.1), we find the required expression for 
in the rotating system of reference: 


ds? = (È — OP?) dP? — 20° dọ dt - d? - r dë - dr. (89 


It is necessary to note that the rotating system of reference can be used only out to dis 
equal to c/Q. In fact, from (89.2) we see that for r > c/Q, 8o becomes negative, which is mat 
admissible. The inapplicability of the rotating reference system at large distances is related. 
to the fact that there the velocity would become greater than the velocity of light, ame 
therefore such a system cannot be made up from real bodies. 

As in every stationary field, clocks on the rotating body cannot be uniquely synchronized 
at all points. Proceeding with the synchronization along any closed curve, we find, upam 
returning to the starting point, a time differing from the initial value by an amount [see 


(88.5)] 
__1f 8 a_ 1 ff _Qrdp 
at=- if as -2f Q?r? 
-r 
c 


or, assuming that Qr/c << 1 (i.e. that the velocity of the rotation is small compared with tie 
velocity of light), 


Q 22 
At = zz f r°dọ = TTS, (893 


where S is the projected area of the contour on a plane perpendicular to the axis of rotatiam 
(the sign + or — holding according as we traverse the contour in, or opposite to, the directom 
of rotation). 

Let us assume that a ray of light propagates along a certain closed contour. Let us calculate 
to terms of order Wc the time ¢ that elapses between the starting out of the light ray and iis 
return to the initial point. The velocity of light, by definition, is always equal to c, if 
times are synchronized along the given closed curve and if at each point we use the p 
time. Since the difference between proper and world time is of order V/c?, then in calculati 
the required time interval ¢ to terms of order wc this difference can be neglected. Therefe 
we have 


r= £4 
Cc 


where L is the length of the contour. Corresponding to this, the velocity of light, meas 
as the ratio L/t, appears equal to 


ct205, (894 
This formula, like the first approximation for the Doppler effect, can also be easily dert 


in a purely classical manner. 


PROBLEM 


Calculate the element of spatial distance in a rotating coordinate system. 
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Solution: With the help of (84.6) and (84.7), we find 


which determines the spatial geometry in the rotating reference system. We note that the ratio of the 
circumference of a circle in the plane z = constant (with centre on the axis of rotation) to its radius r is 


Qalfl —Q? rhc? , 


i.e. larger than 27. 


§ 90. The equations of electrodynamics in the presence of a gravitational field 


The electromagnetic field equations of the special theory of relativity can be easily generalized 
so that they are applicable in an arbitrary four-dimensional curvilinear system of coordinates, 
i.e. in the presence of a gravitational field. 

The electromagnetic field tensor in the special theory of relativity is defined as F; = 
(0A,/ dx") — (0A;/0x*). Clearly it must now be defined correspondingly as F = Ax, ;— Aj, ,. But 
because of (86.12), 


Ox’ ax* 
and therefore the relation of F to the potential A; does not change. Consequently the first 
pair of Maxwell equations (26.5) also does not change its formt 


oa + ott oF =0. (90.2) 

In order to write the second pair of Maxwell equations, we must first determine the 
current four-vector in curvilinear coordinates. We do this in a fashion completely analogous 
to that which we followed in § 28. The spatial volume element, constructed on the space 
coordinate elements dx!, dx”, and dx’, is .[ydV, where yis the determinant of the spatial 
metric tensor (84.7) and dV = dx! dx? dx? (see the footnote on p. 249). We introduce the 
charge density @ according to the definition de = e./yav, where de is the charge located 


within the volume element VY dV. Multiplying this equation on both sides by dx’, we have: 


Fx = Ax, i` Å;; k= (90.1) 





de dxi = ọ dx'afydx'dx?dx? = -L g dQ ao 
y S00 d 

[where we have used the formula —g = Y goo. (84.10)]. The product ./—gdQ is the invariant 
element of four-volume, so that the current four-vector is defined by the expression 
ec dx’ 

J = o 

V8% dx 

t It is easily seen that the equation can also be written in the form 


Sig + Fi; g+ Fa; i= 9, 





(90.3) 


from which its covariance is obvious. 
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(the quantities dx'/dx® are the rates of change of the coordinates with the “time” x, and do 
not constitute a four-vector). The component j? of the current four-vector, multiplied by 
4{800/c, is the spatial density of charge. 

For point charges the density @ is expressed as a sum of 6-functions, as in formula (28.1). 
We must, however, correct the definition of these functions for the case of curvilinear 
coordinates. By &r) we shall again mean the product &x!) 50°) 503), regardless of the 
geometrical meaning of the coordinates x!, x7, X; then the integral over dV (and not over 
Jyav) is unity: J r) dV = 1. With this same definition of the 6-functions, the charge 
density is 





=> fa ô(r-—r,), 


“fy 


and the current four-vector is 


(90.4) 





; dx' 
UDA, r-r). 
yo Te ( 7x0 
Conservation of charge is expressed by the equation of continuity, which differs from 
(29.4) only in replacement of the ordinary derivatives by covariant derivatives: 


o fine 
a (/-sj') =0 (90.5) 


a 1 
Ji = 

yTE 
[using formula (86.9)]. 


The second pair of Maxwell equations (30.2) is generalized similarly; replacing the ordinary 
derivatives by covariant derivatives, we find: 


An, 
Pig = Theo Er = Ej (90.69 
[using formula (86.10)]. 


Finally the equations of motion of a charged particle in gravitational and electromagnetic 
fields is obtained by replacing the four-acceleration du'/ds in (23.4) by Du'/ds: 


mc = = me( + rata! = 6 Fug. (90.7) 
PROBLEM 


Write the Maxwell equations in a given gravitational field in three-dimensional form (in the three- 
dimensional space with metric Yap), introducing the three-vectors E, D and the antisymmetric three-tensoss 
Bog and Hag according to the definitions: 


Ea = Foo: Bog = Fag, 
D” =-., go F”, H® = [gy FS. iI 


Solution: The quantities introduced above are not independent. Writing out the equations 


Foa = 8o18omF", FP = g%'gP"F in, 
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aad introducing the three-dimensional metric tensor Yap =- Zag + h8a8p [With g and h from (88.1 D), and 
esing formulas (84.9) and (84.12), we get: 


ap 
Da = TE +g’ Hog, B® = fry +8 E” gE? (2) 


We introduce the vectors B and H, dual to the tensors Bag and Hyg, in accordance with the definition: 





Bo =- 7 cP Bo, Ha =- ENY eap H” (3) 


isee the footnote on p. 270; the minus sign is introduced so that in galilean coordinates the vector: H and 
B coincide with the ordinary magnetic field intensity). Then (2) can be written in the forms 


E H 
D=—+Hxg, B=— +gxE. 4 
Sh g JT ® (4) 
Introducing definition (1) in (90.2), we get the equations: 
Bop By, OBzy E 








er. changing to the dual quantities (3): 


divB=0, curl E = -—— 2- [7B ) (5) 


aie 


@ = ct; the definitions of the operations div and curl are given in the footnote on p. 272). Similarly we find 
from (90.6) the equations 








) = 47, 


ae 


L2 


1 2 

= ( JyH® (f{yD%)=-4 , 
Ty ax? Y y+ y ox® ) mo 
or, in three-dimensional notation: 


div D =4z0, curl H = 2- yD) +— (6) 


aye 


where s is the vector with components s“ = @ dx“/dt. 
We also write the continuity equation (90.5) in three-dimensional form: 


se Nro + divs =0. (7) 


The reader should note the analogy (purely formal, of course) of equations (5) and (6) to the Maxwell 
equations for the electromagnetic field in material media. In particular, in a static gravitational field the 


quantity VY drop out of the terms containing time derivatives, and relation (4) reduces to D = E/ hy 
B = H/ Vh . We may say that with respect to its effect on the electromagnetic field a static gravitational field 
plays the role of a medium with electric and magnetic permeabilities £= 4 = 1/ Jh. 


CHAPTER 11 


THE GRAVITATIONAL FIELD EQUATIONS 


















§ 91. The curvature tensor 


Let us go back once more to the concept of parallel displacement of a vector. As we sand 
in § 85, in the general case of a curved four-space, the infinitesimal parallel displacement of 
a vector is defined as a displacement in which the components of the vector are not changed 
in a system of coordinates which is galilean in the given infinitesimal volume element. 

If x = x'(s) is the parametric equation of a certain curve (s is the arc length measured from 
some point), then the vector w = = dx'/ds is a unit vector tangent to the curve. If the curve we 
are considering is a geodesic, then along it Du! = 0. This means that if the vector us 
subjected to a parallel displacement from a point x! on a geodesic curve to the point x + dy 
on the same curve, then it coincides with the vector w + dw tangent to the curve at the poime 
x' + dx’. Thus when the tangent to a geodesic moves along the curve, it is displaced parallel 
to itself. 

On the other hand, during the parallel displacement of two vectors, the “angle” betweem 
them clearly remains unchanged. Therefore we may say that during the parallel displacemesg 
of any vector along a geodesic curve, the angle between the vector and the tangent to the 
geodesic remains unchanged. In other words, during the parallel displacement of a vectog, 
its component along the geodesic must be the same at all points of the path. 

Now the very important result appears that in a curved space the parallel displacement af 
a vector from one given point to another gives different results if the displacement is carried 
out over different paths. In particular, it follows from this that if we displace a vector paralhell 
to itself along some closed contour, then upon returning to the starting point, it will naw 
coincide with its original value. 

In order to make this clear, let us consider a curved two-dimensional space, i.e. any curved 
surface. Figure 19 shows a portion of such a surface, bounded by three geodesic curves. Let 
us subject the vector 1 to a parallel displacement along the contour made up of these three 
curves. In moving along the line AB, the vector 1, always retaining its angle with the curve 





Fic. 19. 
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unchanged, goes over into the vector 2. In the same way, on moving along BC it goes over 
into 3. Finally, on moving from C to A along the curve CA, maintaining a constant angle 
with this curve, the vector under consideration goes over into 1’, not coinciding with the 
vector 1. 

We derive the general formula for the change in a vector after parallel displacement 
around any infinitesimal closed contour. This change AA, can clearly be written in the form 
f 5A,, where the integral is taken over the given contour. Substituting in place of OA, the 
expression (85.5), we have 


AA; =  PipAide! (91.1) 


(the vector A; which appears in the integrand changes as we move along the contour). 

For the further transformation of this integral, we must note the following. The values of 
the vector A; at points inside the contour are not unique; they depend on the path along 
which we approach the particular point. However, as we shall see from the result obtained 
below, this non-uniqueness is related to terms of second order. We may therefore, with the 
first-order accuracy which is sufficient for the transformation, regard the components of the 
vector A; at points inside the infinitesimal contour as being uniquely determined by their 
values on the contour itself by the formulas ôA; = T} A„dx', i.e. by the derivatives 

OA; n 
Fra TyAn- (91.2) 

Now applying Stokes’ theorem (6.19) to the integral (91.1) and considering that the area 

enclosed by the contour has the infinitesimal value Af’, we get: 


_1| OM, Ai) OT Ai) im 
a=] Əxi gx” Af 








Substituting the values of the derivatives (91.2), we get finally: 
AA, = Rip A Af" , (91.3) 
where R',),, is a tensor of the fourth rank: 


ai, ai, 
ox! = ax™ 
That R'jj» is a tensor is clear from the fact that in (91.3) the left side is a vector — the 
difference AA, between the values of vectors at one and the same point. The tensor R'jm is 
called the curvature tensor or the Riemann tensor. 
It is easy to obtain a similar formula for a contravariant vector A“. To do this we note, since 
under parallel displacement a scalar does not change, that A(A*B,) = 0, where B; is any 
covariant vector. With the help of (91.3), we can then have 


ACA B, ) = AX AB, + B,AA‘ = 4A*®B;RitmAf™ + BAA* = 


+ ETE -Tja Ti (91.4) 





R’ kim = 


= B (AAF + ŻAR" imAf™ )=0, 
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or, in view of the arbitrariness of the vector Bx, 
AA* =- 4 R" imA Af". (91.5) 


If we twice differentiate a vector A; covariantly with respect to x and x, then the result 
generally depends on the order of differentiation, contrary to the situation for ordinary 
differentiation. It turns out that the difference A;. z: ;— Aj. ık is given by the same curvature 
tensor which we introduced above. Namely, one finds the formula 


Aj. ki A; Lk” AmR” iki > (91.6) 
which is easily verified by direct calculation in the locally-geodesic coordinate system 
Similarly, for a contravariant vector, 

Alig — Alig = — A"R n- (91.7) 

Finally, it is easy to obtain similar formulas for the second derivatives of tensors [this is 
done most easily by considering, for example, a tensor of the form A;B}, and using formulas 


(91.6) and (91.7); because of the linearity, the formulas thus obtained must be valid for an 
arbitrary tensor A,,]. Thus 


Aiteim — Aikm;) = AinR" tam + AnR" im - (91.8) 





| 
| 
| 


















Clearly, in a flat space the curvature tensor is zero, for, in a flat space, we can choose 
coordinates such that over all the space all the T}, = 0, and therefore also R'y, = 0. Because 
of the tensor character of R'j,, it is then equal to zero also in any other coordinate systema, 
This is related to the fact that in a flat space parallel displacement is a single-valued ope 
so that in making a circuit of a closed contour a vector does not change. 

The converse theorem is also valid: if R',,, = 0, then the space is flat. Namely, in any 
we can choose a coordinate system which is galilean over a given infinitesimal regiom 
R'm = 0, then parallel displacement is a unique operation, and then by a parallel displace 
of the galilean system from the given infinitesimal region to all the rest of the space, we 
construct a galilean system over the whole space, which proves that the space is Eucli 

Thus the vanishing or nonvanishing of the curvature tensor is a criterion which enables 
to determine whether a space is flat or curved. 

We note that although in a curved space we can also choose a coordinate system 
will be locally geodesic at a given point, at the same time the curvature tensor at this 
point does not go to zero (since the derivatives of the T$, do not become zero along with 


Ta). 


PROBLEMS 


1. Determine the relative four-acceleration of two particles moving along infinitely close geodesic 
lines. 


Solution: Consider a family of geodesics differing in the value of some parameter v; in other words, 
coordinates of the world point are expressed as functions x = x'(s, V), so that for each v= const, this is 
equation of a geodesic (where s is the length of interval measured along the line from its point of inte 
with some given hypersurface). We introduce the four-vector 


f Formula (91.7) can also be obtained directly from (91.6) by raising the index i and using the sy 
properties of the tensor Rizim ($ 92). 


§ 92 PROPERTIES OF THE CURVATURE TENSOR 281 


, Oxi og O j 
n = Pr dve Vov, 
joining points on infinitely close geodesics (corresponding to parameter values vand v+ dv) that have the 
same value of s. 
From the definition of a covariant derivative and the equality du‘/dv = OV/ds (where uf = dx'/ds), it 
follows that 


wi = Vuk. (1) 


Now consider the second derivative: 





2 P . P S i 
ae = (Via) pu? = (la) V = ufi vu + hey. 


We use (1) again in the second term, and change the order of covariant differentiation in the first term using 
(91.7), and find: 





2y , , 
py = (u'u!) V* +u” Rigu v. 


The first term is zero, since u’, ,u! = 0 along geodesics. Introducing the constant factor dv, we get the final 
equation: 
D 2 ni 
ds? 





= Riumu*u'n”, (2) 


which is called the geodesic deviation. 
2. Write the Maxwell equations in the absence of charges for the 4-potential in the Lorentz gauge. 


Solution: The covariant generalization of the condition (46.9) has the form: 


Ai, = 0. l (1) 


Using formula (91.7) the Maxwell equations can be written as 
Fick = Api — Ark = Agha + A" Rim — Aix = 0 
with R; from (92.6). Then from Eq. (1): 
A; * — RyA* = 0. (2) 


§ 92. Properties of the curvature tensor 


The curvature tensor has symmetry properties which can be made completely apparent by 
changing from mixed components R'j, to covariant ones: 


Rim = 8in Rin . 


By means of simple transformations it is easy to obtain the following expression: 


2| axkaxt ” axiax™  ax*dx™ — axtax! 


From this expression one sees immediately the following symmetry properties: 


26. 2 26. 2 
Rigm = y "Bim + 2 8u 2 8u Ze) + Enp TTR, _ rr? ). (92.1) 


Rikim = — Reitm = — Rikmi (92.2) 
Rikim = Rimik> (92.3) 
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i.e. the tensor is antisymmetric in each of the index pairs i, k and /, m, and is symmetric under 
the interchange of the two pairs with one another. In particular, all components Rm. im 
which i = k or / = m, are zero. 

One also verifies that the cyclic sum of components of R;zim formed by permutation of any 
three indices, is equal to zero; e.g., 4 


Ritim + Rimia + Rime = 9 - (92.4). 


[The other relations of this type are obtained from (92.4) automatically, because of the 
properties (92.2)-(92.3).] 
Finally, we also prove the Bianchi identity: 


R ttm + Rims + R ime = 9 (92.5) 


It is most conveniently verified by using a locally-geodesic coordinate system. Because of 
its tensor character, the relation (92.5) will then be valid in any other system. Differentiating 
(91.4) and then substituting in it T% = 0, we find for the point under consideration 


OR" oT} PT 
ox” — ax™ax* = ax™ax! * 


With the aid of this expression it is easy to verify that (92.5) actually holds. 

From the curvature tensor we can, by contraction, construct a tensor of the second rank. 
This contraction can be carried out in only one way: contraction of the tensor Rj, on the 
indices i and k or / and m gives zero because of the antisymmetry in these indices, while 
contraction on any other pair always gives the same result, except for sign. We define the 
tensor R;, (the Ricci tensor) ast 


Ru = 8" Rime = Rig. (92.6) 
According to (91.4), we have: 
ork or; m 

R = Pu - Ja + TA -TPT fn- , (92.79 

This tensor is clearly symmetric: 
R= Ruy. (92.8) 

Finally, contracting Ry, we obtain the invariant 

R = g"Ry= gg Rim, (92.99 


which is called the scalar curvature of the space. 
The components of the tensor Rx satisfy a differential identity obtained by contracting the 
Bianchi identity (92.5) on the pairs of indices ik and In: 





= 2 Ox m` (92.109 
Because of the relations (92.2)—-(92.4) not all the components of the curvature tensor are < 
independent. Let us determine the number of independent components, 


+ In the literature one also finds another definition of the tensor Ry using contraction of Rg, On the first 
and last indices. This definition differs in sign from the one used here. 
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The definition of the curvature tensor as given by the formulas written above applies to a 
space of an arbitrary number of dimensions. Let us first consider the case of two dimensions, 
i.e. an ordinary surface; in this case (to distinguish them from four-dimensional quantities) 
we denote the curvature tensor by Papca and the metric tensor by Yap, where the indices a, b, 
... run through the values 1, 2. Since in each of the pairs ab and cd the two indices must have 
different values, it is obvious that all the non-vanishing components of the curvature tensor 
coincide or differ in sign. Thus in this case there is only one independent component, for 
example P1212. It is easily found that the scalar curvature is 





2P 
P= Y=lYæl= Ynya - (Yny. (92.11) 
The quantity P/2 coincides with the Gaussian curvature K of the surface: 
P 1 
=—=K= 92.12 
2 PiP2 ( ) 


where the pı, pz are the principal radii of curvature of the surface at the particular point 
(remember that p; and p; are assumed to have the same sign if the corresponding centres of 
curvature are on one side of the surface, and opposite signs if the centres of curvature lie on 
opposite sides of the surface; in the first case K > 0, while in the second K < 0.7 

Next we consider the curvature tensor in three-dimensional space; we denote it by Papys 
and the metric tensor by Yap, where the indices a, B run through values 1, 2, 3. The index 
pairs @B and yOrun through three essentially different sets of values; 23, 31, and 12 (permutation 
of indices in a pair merely changes the sign of the tensor component). Since the tensor Popys 
is symmetric under interchange of these pairs, there are all together 3 - 2/2 independent 
components with different pairs of indices, and three components with identical pairs. The 
identity (92.4) adds no new restrictions. Thus, in three-dimensional space the curvature 
tensor has six independent components. The symmetric tensor Pag has the same number. 
Thus, from the linear relations Pap = g” Py 6p all the components of the tensor Py pys can 
be expressed in terms of Pag and the metric tensor Yap (see problem 1). If we choose a system 
of coordinates that is cartesian at the particular point, then by a suitable rotation we can 
bring the tensor Peg to principal axes. Thus the curvature tensor of a three-dimensional 
space at a given point is determined by three quantities. § 


+ Formula (92.12) is easy to get by writing the equation of the surface in the vicinity of the given point 
(x = y = 0) in the form z = (x7/2@) + (7/20). 
Then the square of the line element on it is 


2 x? 2 y? 2 xy 
dl’ = (i +s + (i o Jo +2 010 dxdy. 

Calculation of P4272 at the point x = y = 0 using formula (92.1) (in which only terms with second derivatives 
of the Yap are needed) leads to (92.12). 

+ For the actual determination of the principal values of the tensor Pag there is no need to transform to 
a coordinate system that is cartesian at the given point. These values can be found by determining the roots 
A of the equation | Pag — AYagl = 0. 

§ Knowledge of the tensor P apys enables us to determine the Gaussian curvature K of an arbitrary surface 


in the space. Here we note only that if the x!, x*, X are an orthogonal coordinate system, then 





P2 
YuYn ~ (Yn) 
is the Gaussian curvature for the “plane” perpendicular (at the given point) to the X axis; by a “plane” we 
mean a surface formed by geodesic lines. 


K= 
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Finally we go to four-dimensional space. The pairs of indices ik and Im in this case rum 
through six different sets of values: 01, 02, 03, 23, 31, 12. Thus there are six components of 
Rim With identical, and 6 - 5/2 with different, pairs of indices. The latter, however, are still 
not independent of one another; the three components for which all four indices are differen 
are related, because of (92.4), by the identity: 


Ro123 + Ro312 + Rozzi = 9 - (92.13) 


Thus, in four-space the curvature tensor has a total of twenty independent components. 

By choosing a coordinate system that is galilean at the given point and considering the 
transformations that rotate this system (so that the g; at the point are not changed), one cam 
achieve the vanishing of six of the components of the curvature tensor (since there are six 
independent rotations of a four-dimensional coordinate system). Thus, in the general case 
the curvature of four-space is determined at each point by fourteen quantities. 

If Ry = 0,t then the curvature tensor has a total of ten independent components in am 
arbitrary coordinate system. By a suitable transformation we can then bring the tensor Ritim 
(at the given point of four-space) to a “canonical” form, in which its components are 
expressed in general in terms of four independent quantities; in special cases this number 
may be even smaller. 

If, however, R;,# 0, then the same classification can be used for the curvature tensor after 

` one has subtracted from it a particular part that is expressible in terms of the components Rg. 
Namely, we construct the tensor} 


Cikin = Riim — + RiSim + 4 Ringu + t Ruin — + Rimi + ER(Si8im — imga). (92.14) 


It is easy to see that this tensor has all the symmetry properties of the tensor Rij, but 
vanishes when contracted on a pair of indices (il or km). 

Let us show how one classifies the possible types of canonical forms of the curvature 
tensor when Ry = 0. (A. Z. Petrov, 1950). 

We shall assume that the metric at the given point in four-dimensional space has beea 
brought to galilean form. We write the set of twenty independent components of the tensor 
Rigim as a collection of three-dimensional tensors defined as follows: 


Agog = Roaop Cop = tease pay Roane Bag = 5 ea Ro pys (92.15) 


(Copy is the unit antisymmetric tensor; since the three-dimensional metric is cartesian, there 
is no need to deal with the difference between upper and lower indices in the summation) 
The tensors A gg and Cop are symmetric by definition; the tensor Bagis asymmetric, while its 
trace is zero because of (92.13). According to the definitions (92.15) we have, for example. 


By, = Rois, Ba = Rows, B31 = Ronz Cu = Ro323,-- - 


+ We shall see later (§ 95) that the curvature tensor for the gravitational field in vacuum has this propere. 
ł This complicated expression can be written more compactly in the form: 


Cittm = Ritim — Riti8iyn + Rmti Sey + FRBI Bem ’ 
where the square brackets imply antisymmetrization over the indices contained in them: 
Atr) = (Az — Ay). 
The tensor (92.14) is called the Weyl tensor. 
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It is easy to see that the conditions R,,, = 2” Rigm = 0 are equivalent to the following 
relations between the components of the tensors (92.15): 


Aaa=0, Bop = Bp Aap=—Cop- (92.16) 


We also introduce the symmetric complex tensor 
Dap = 5 (Aap + 2iBap — Cop) = Aap + iBap- (92.17) 


This combining of the two real three-dimensional tensors Agg and Bag into one complex 
tensor corresponds precisely to the combination (in § 25) of the two vectors E and H into 
the complex vector F, while the resulting relation between Dag and the four-tensor Rium 
corresponds to the relation between F and the four-tensor F,. It then follows that four- 
dimensional transformations of the tensor Rj, are equivalent to three-dimensional complex 
rotations carried out on the tensor Dap. 

With respect to these rotations one can define eigenvalues A = 2’ + id” and eigenvectors 
Ax (complex, in general) as solutions of the system of equations ` 


Dag ng = Any. (92.18) 


The quantities À are the invariants of the curvature tensor. Since the trace Daa = 0, the sum 
of the roots of equation (4) is zero: 


AY 4 2% 4 29 =0. 


Depending on the number of independent eigenvectors ng, we arrive at the following 
classification of possible cases of reduction of the curvature tensor to the canonical Petrov 
types LII. 

(D There are three independent eigenvectors. Then their squares ngn“ are different from 
zero and by a suitable rotation we can bring the tensor Dag, and with it Agg and Bag, to 
diagonal form: 


Ay 0 0 a0” 0 0 
Agp=| 0 a? 0 , Bap =| 0 AM 0 
0 o -AY — 22 0 0 -A0 Aor 


(92.19) 


In this case the curvature tensor has four independent invariants. + 
The complex invariants 4“, A® are expressed algebraically in terms of the complex 
scalars 


Th = Ze (Rim RO" — i Ram R”), 
(92.20) 


Ip = ge (Rim RM” Rp” + i Rum R” Ror), 
where the asterisk over a symbol denotes the dual tensor: 


* 
Rim = 4 Egy R”" im . 


+ The degenerate case when A = 4@”, = 4” = 1" is called type D in the literature. 
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Calculating I, and J, using (92.19), we obtain: 
T= AAO? + 22? 4287), I, = 340A (4® + A). (92.215 


These formulas enable us to calculate A“, A starting from the values of Rium in any 
reference system. 

(ID) There are two independent eigenvectors. The square of one of them is then equal to 
zero, so that it cannot be chosen as the direction of one of the coordinate axes. One cam, 
however, take it to lie in the x!, x? plane; then n, = in}, m = 0. The corresponding equations 
(92.18) give: 


Dy +iD =A, Dy-iDy=A, 
so that 
Dy =A-ip, Dy=A+ ip, Dyo= 


The complex quantity A = A’ + iA” is a scalar and cannot be changed. But the quantity 4 cam 
be given any nonzero value by a suitable complex rotation; we can therefore, without loss 
of generality, assume it to be real. As a result we get the following canonical type for the reall 

tensors Agp and Bag: 


A’ u 0 A” -H 0 0 
Aap =| u A 0 > Bap = 0 A+ H 0 . (92.2% 
0 0 -24 0 0 —24”" 


In this case there are just two invariants A’ and 4”. Then, in accordance with (92.22), h = 
22, 1, = 2, so that I? = 13. 

(III) There is just one eigenvector, and its square is zero. All the eigenvalues A are them 
identical and consequently equal to zero. The solutions of equations (92.18) can be brought 
to the form Dy = Da = Diz =0, Dy = H, Dy; = ill, so that 


0 O 4 0 0 0 
Ap =10 0 O} Bg=|0 O u} (92.2% 
u 0 0 O u 0 


Tn this case the curvature tensor has no invariants at all and we have a peculiar situation: 
four-space is curved, but there are no invariants which could be used as a measure of 
curvature. F 


PROBLEMS 
1. Express the curvature tensor Pag ys of three-dimensional space in terms of the second-rank tensor P, 


Solution: We look for P,gyg in the form 


Papys = Aay¥p5— Aaés¥py + ApsYay— Apy Vas: 


+ The same situation occurs in the degenerate case (II) when 1’ = A” = 0; this case is called type N 
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which satisfies the symmetry conditions; here Agg is some symmetric tensor whose relation to Pog is 
determined by contracting the expression we have written on the indices œ and y. We thus find: 


Pap = ÂY ag + Åap> Aag = Pag - 4 PYag> 
and finally, 


P 
Papys = PayY ps — PasY py + PpsYar — PpyYas + a (Yas Y py — YayY ps): 


2. Calculate the components of the tensors Rizim and R; for a metric in which gg = 0 for i + k. 


Solution: We represent the nonzero components of the metric tensor in the form 
gü = eet, eo =l, eg =-l. 


The calculation according to formula (92.4) gives the following expressions for the nonzero components 
of the curvature tensor: 


Rin = ere?” (F, p Fa + Ffi — Fike Pih i 4 k#l; 
2 A 
Rii = eje?” (Fi Fi, i -Ffi —Fiii)t ee?" (Fifi - F}, — Fiji) 
—ee7F 2 je nem) FF, mi #1 
m#i, 1 


(no summation over repeated indices!). The subscripts preceded by a comma denote ordinary differentiation 
with respect to the corresponding coordinate. 
Contracting the curvature tensor on two indices, we obtain: 


Ra = 2, Pika + Baki — Fike -Fikh t#k; 


Ri = È LF iF, i ~F?, -Fit eee "(FF - F?, -Fihi woe dmv: 


§ 93. The action function for the gravitational field 


To arrive at the equations determining the gravitational field, it is necessary first to 
determine the action S, for this field. The required equations can then be obtained by 
varying the sum of the actions of field plus material particles. 

Just as for the electromagnetic field, the action S, must be expressed in terms of a scalar 


integral f G./—g dQ, taken over all space and over the time coordinate xX between two 


given values. To determine this scalar we shall start from the fact that the equations of the 
gravitational field must contain derivatives of the “potentials” no higher than the second 
(just as is the case for the electromagnetic field). Since the field equations are obtained by 
varying the action, it is necessary that the integrand G contain derivatives of gj, no higher 
than first order; thus G must contain only the tensor g,, and the quantities rh. 

However, it is impossible to construct an invariant from the quantities g; and Tj, alone. 
This is immediately clear from the fact that by a suitable choice of coordinate system we can 
always make all the quantities Ti, zero at a given point. There is, however, the scalar R (the 
curvature of the four-space), which though it contains in addition to the g, and its first 
derivatives also the second derivatives of g; is linear in the second derivatives. Because or 


this linearity, the invariant integral J R,/—g dQ can be transformed by means of Gauss’ 
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theorem to the integral of an expression not containing the second derivatives. Namely. 
J RJ-g dQ can be presented in the form 


| Rsa | Gy-eaas f Aer ag, 


where G contains only the tensor g; and its first derivatives, and the integrand of the second 
integral has the form of a divergence of a certain quantity w’ (the detailed calculation is 
given at the end of this section). According to Gauss’ theorem, this second integral can be 
transformed into an integral over a hypersurface surrounding the four-volume over which 
the integration is carried out in the other two integrals. When we vary the action, the 
variation of the second term on the right vanishes, since in the principle of least action, the 
variations of the field at the limits of the region of integration are zero. Consequently, we 
may write 


af RV-gdQ = af G/-g dQ. 


The left side is a scalar; therefore the expression on the right is also a scalar (the quantity G 
itself is, of course, not a scalar). 

The quantity G satisfies the condition imposed above, since it contains only the g; and its 
derivatives. Thus we may write 


-C - 
88, = 7 ô f GN an = -7 76 | RV aa, 93.1) 


where k is a new universal constant. Just as was done for the action of the electromagnetic 
field in § 27, we can see that the constant k must be positive (see the end of this section). 

The constant k is called the gravitational constant. The dimensions of k follow from 
(93.1). The action has dimensions gm-cm?-sec!; all the coordinates have the dimensions 
cm, the gj, are dimensionless, and so R has dimensions cm. As a result, we find that k has 
the dimensions cm?-gm"!-sec~?. Its numerical value is 


k = 6.67 x 10° cm?-gm7!-sec™. (93.2) 


We note that we could have set k equal to unity (or any other dimensionless constant). 
However, this would fix the unit of mass. 

Finally, let us calculate the quantity G of (93.1). From the expression (92.10) for Ry, we 
have 


, F} „ or} , ; 
\-gR = S-88" Rr = -8 feh mg" oe + 8 TaT — 8 TIT in f 
In the first two terms on the right, we have 


+ If one sets k = c*, the mass is measured in cm, where 1 cm = 1.35 x 1078 gm. Sometimes one uses im 
place of k the quantity 


a= se = 1.86 x 107 cm gm", 


which is called the Einstein gravitational constant. 
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Je gt Ft = 20H gh) - hree") 
ox! — dx! ik k Ox! , 


„T; , 
Ve e" FE = -2 STE gT) - Thare") 


Dropping the total derivatives, we find 
m i d i m m i 
V8 G= Tn -2r (88) 7 Peger i-88") -= (TF Tim — TET m)8* V8 - 


With the aid of formulas (86.5)-(86.8), we find that the first two terms on the right are equal 
to ./-—g multiplied by 


27,0 gm - rere" -= ri mg" = 9" ThE - a -ThT m) 


lm 
= 2g" (CPT im — Pain) - 
Finally, we have 
G = 8” CPT in — TaT) - 03.3) 


The components of the metric tensor are the quantities which determine the gravitational 
field. Therefore in the principle of least action for the gravitational field it is the quantities 
g which are subjected to variation. However, it is necessary here to make the following 
fundamental reservation. Namely, we cannot claim now that in an actually realizable field 
the action integral has a minimum (and not just an extremum) with respect to all possible 
variations of the g,. This is related to the fact that not every change in the gig is associated 
with a change in the space-time metric, i.e. with a real change in the gravitational field. The 
components g; also change under a simple transformation of coordinates connected merely 
with the shift from one system to another in one and the same space-time. Each such 
coordinate transformation is generally an aggregate of four independent transformations. In 
order to exclude such changes in g, which are not associated with a change in the metric, 
we can impose four auxiliary conditions and require the fulfilment of these conditions under 
the variation. Thus, when the principle of least action is applied to a gravitational field, we 
can assert only that we can impose auxiliary conditions on the g, such that when they are 
fulfilled the action has a minimum with respect to variations of the g-t 

Keeping these remarks in mind, we now show that the gravitational constant must be 
positive. As the four auxiliary conditions mentioned, we use the vanishing of the three 
components go, and the constancy of the determinant |g ql made up from the components 


of gap: 
Zoa =Q, | gagi = const; 


from the last of these conditions we have 


+ We must emphasize, however, that everything we have said has no effect on the derivation of the field 
equations from the principle of least action (§ 95). These equations are already obtained as a result of the 
requirement that the action be an extremum (i.e., vanishing of the first derivative), and not necessarily a 
minimum. Therefore in deriving them we can vary all of the gą independently. 
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8 op ð 
Co = xT | Bap! =O. 

















We are here interested in those terms in the integrand of the expression for the action which 
contain derivatives of g with respect to x° (cf. p. 287). A simple calculation using (93.39 
shows that these terms in G are 


_1 06 916 o0 Bay 98,8 
4 ax® dx? 


It is easy to see that this quantity is essentially negative. Namely, choosing a spatial system 
of coordinates which is cartesian at a given point at a given moment of time (so that gag = 


gP =- ĉap), we obtain: 
2 
1 0f 28a 
48 ox? |’ 


and, since g% = 1/go9 > 0, the sign of the quantity is obvious. 

By a sufficiently rapid change of the components 8 op with the time x° (within the time 
interval between the limits of integration of x°) the quantity G can consequently be made as 
large as one likes. If the constant k were negative, the action would then decrease without 
limit (taking on negative values of arbitrarily large absolute magnitude), that is, there coukd 
be no minimum. 








§ 94. The energy-momentum tensor 


In § 32 the general rule was given for calculating the energy-momentum tensor of amy 
physical system whose action is given in the form of an integral (32.1) over four-space. fa 
curvilinear coordinates this integral must be written in the form 


= 1f AJ-gdQ (94.1) 


(in galilean coordinates g = —1, and S goes over into J A dV dt). The integration extends over 
all the three-dimensional space and over the time between two given moments, i.e., over the 
infinite region of four-space contained between two hypersurfaces. 

As already discussed in § 32, the energy-momentum tensor, calculated from the formula 
(32.5), is generally not symmetric, as it should be. In order to symmetrize it, we had to add 
to (32.5) suitable terms of the form (A/a!) wy, where Wag =— Wi. We shall now give another 
method of calculating the energy-momentum tensor which has the advantage of leading a 
once to the correct expression. 

In (94.1) we carry out a transformation from the coordinates x' to the coordinates x =# 
+ &', where the é’ are small quantities. Under this transformation the g” are transformed 
according to the formulas: 


hike ca m ax"'ax’* mis; OG gét 
g(x!) = g" (x r = 8 Ce ax Ser | a8 + se) 





at ae! 


ik i im 
= x + . 
g” (x) +g gm t8 gai 
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Here the tensor g’* is a function of the x”, while the tensor g* is a function of the original 
coordinates x’. In order to represent all terms as functions of one and the same variables, we 
expand g(x! + £’) in powers of &!. Furthermore, if we neglect terms of higher order in £’, 
we can in all terms containing &', replace g’* by g*. Thus we find 


i Jg* ð Er ð Ei 
rik ly) _ ok L I il k “no 
g*a) = g* (x) E a tE Tte OT: 
It is easy to verify by direct trial that the last three terms on the right can be written as a 
sum ¢** + &*' of contravariant derivatives of the &'. Thus we finally obtain the transformation 
of the g* in the form 


gi = gik + ôg, ôg = Ebk + ERE (94.2) 


For the covariant components, we have: 
Sic = Bi + Oi» Bie = Gik — Seri (94.3) 


(so that, to terms of first order we satisfy the condition g; gH = OH ).F 

Since the action S is a scalar, it does not change under a transformation of coordinates. On 
the other hand, the change 6S in the action under a transformation of coordinates can be 
written in the following form. As in § 32, let g denote the quantities defining the physical 
system to which the action S applies. Under coordinate transformation the quantities q 
change by ôg. In calculating 6S we need not write terms containing the changes in q. All 
such terms must cancel each other by virtue of the “equations of motion” of the physical 
system, since these equations are obtained by equating to zero the variation of S with respect 
to the quantities q. Therefore it is sufficient to write the terms associated with changes in the 
gix Using Gauss’ theorem, and setting 6g” = 0 at the integration limits, we find ôS in the 
formt 


Jai 





-8A J-8A dg 
ss=1 f 9 8 agë 4 2-84 5 Oa" dQ 
g 928 ox 


c 
ax! 





+ We note that the equations 
EPR, Ebi = 0 


determine the infinitesimal coordinate transformations that do not change the metric. In the literature these 
are often called the Killing equations. 

+ It is necessary to emphasize that the notation of differentiation with respect to the components of the 
symmetric tensor g;, which we introduce here, has in a certain sense a symbolic character. Namely, the 
derivative OF/0g;, (F is some function of the g;) actually has a meaning only as the expression of the fact 
that dF = (OF/0g,)dgy,. But in the sum (OF/dg;,)dg,,, the terms with differentials dg,,, of components with 
i + k, appear twice. Therefore in differentiating the actual expression for F with respect to any definite 
component g; with i # k, we would obtain a value which is twice as large as that which we denote by 
OF/dg,,. This remark must be kept in mind if we assign definite values to the indices i, k, in formulas in 
which the derivatives with respect to g;, appear. 
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_1 d/-gA 9 d-gh ik 
E J dgik ox! 928" ôg dQ. 


Ox! 


Here we introduce the notation 





dJ-gA d4 -gA 
1 [8T = J-8 0 J-8 (94.4) 


dg" ox! 2 dg* 





ax! 
Then 6S takes the formt 
58 = x] Tg” J78 dQ = -+ f T* Seu [g dQ (94.5) 
(note that g* 6g, =— gy dg, and therefore T* êg = — ,Og*). Substituting for dg” the 


expression (94.2), we have, making use of the symmetry of the tensor Tj, 


is= | Ty (EE + EBL) [gy da= | Tugt =g a0. 


Furthermore, we transform this expression in the following way: 


ös=1f (Eag da-i f T6 -8 dQ. (94.6) 


Using (86.9), the first integral can be written in the form 


1 f 2. TETS) aa, 


and transformed into an integral over a hypersurface. Since the é’ vanish at the limits of 
integration, this integral drops out. 
Thus, equating 6 S to zero, we find 


5s=-+ f Tř E -g dQ =0. 


Because of the arbitrariness of the &' it then follows that 
Ty = 0. (94.7) 


Comparing this with equation (32.4) 0T,/ox* = 0, valid in galilean coordinates, we see that 
the tensor T, defined by formula (94.4), must be identical with the energy-momentum 
tensor—at least to within a constant factor. It is easy to verify, carrying out, for example, the 
calculation from formula (94.4) for the electromagnetic field 


+ In the case we are considering, the ten quantities ôg; are not independent, since they are the result of 
a transformation of the coordinates, of which there are only four. Therefore from the vanishing of ôS it does 
not follow that T; = 0! 
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~ tl pre. lp il km 
[A 162 FF = Ton tik Fm8 £ }. 


that this factor is equal to unity. 

Thus, formula (94.4) enables us to calculate the energy-momentum tensor by differentiating 
the function A with respect to the components of the metric tensor (and their derivatives). 
The tensor T; obtained in this way is symmetric. Formula (94.4) is convenient for calculating 
the energy-momentum tensor not only in the case of the presence of a gravitational field, but 
also in its absence, in which case the metric tensor has no independent significance and the 
transition to curvilinear coordinates occurs formally as an intermediate step in the calculation 
of T. 

The expression (33.1) for the energy-momentum tensor of the electromagnetic field must 
be written in curvilinear coordinates in the form 


Th = ag (Fil + 5 Fm Feu | . (94.8) 
For a macroscopic body the energy-momentum tensor is 
Ty = (P + Eug — P8i - (94.9) 
We note that the quantity Too is always positive:t 
Too 2 O. (94.10) 


(No general statement can be made about the mixed component T? .) 


PROBLEM 
Consider the possible cases of reduction to canonical form of a symmetric tensor of second rank in a 
pseudo-euclidean space. 
Solution: The reduction of a symmetric tensor A, to principal axes means that we find “eigenvectors” nf 
for which 
Ay ně = An;. (1) 


The corresponding principal (or “proper”) values A are obtained from the condition for consistency of 
equation (1), i.e. as the roots of the fourth degree equation 


| Aik — Agi! = 0, (2) 
and are invariants of the tensor. Both the quantities A and the eigenvectors corresponding to them may be 
complex. (The components of the tensor A, itself are of course assumed to be real.) 


From equation (1) it is easily shown in the usual fashion that two vectors n® and n® which correspond 
to different principal values A“ and A@ are “mutually perpendicular”: 


+ We have To) = guf + p(u2 — 8go ). The first term is always positive. In the second term we write 


dx? dx” 
Ug = 804’ + goal” = Set + 80adx = oe * 


and obtain after a simple transformation gogp(dl/ds)*, where dl is the element of spatial distance (84.6); from 
this it is clear that the second term of To is also positive. The same result can also be shown for the tensor 
(94.8). 
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nn = 0, B) 


In particular, if equation (2) has complex-conjugate roots A and A*, to which there correspond the complex- 
conjugate vectors n; and n; , then we must have 


nn* = 0. (41 


The tensor A; is expressed in terms of its principal values and the corresponding eigenvectors by the 
formula 


Ag = arith (5) 
nın 
(so long as none of the quantities nn’ is equal to zero—cf. below). 

Depending on the character of the roots of equation (2), the following three situations may occur. 

(a) All four eigenvalues A are real. Then the vectors n; are also real, and since they are mutually 
perpendicular, three of them must have spacelike directions and one a timelike direction (and are normalized 
by the conditions nn’ = — 1 and nm = 1, respectively). Choosing the directions of the coordinates along 
these vectors, we bring the tensor A; to the form 


A© 0 0 0 
0 -AM 0 0 
An = (6) 
k 0 0 -Aa® 0 
0 0 0 -A® 


(b) Equation (2) has two real roots (A™, A) and two complex-conjugate roots (A’ + iA”). We write the 
complex-conjugate vectors n; n; , corresponding to the last two roots in the form a; + ib;, since they are 
defined only to within an arbitrary complex factor, we can normalize them by the condition njn' = njn™ = 1. 
Also using equation (4), we find 


ad + bbi'-0, abi =0, aa'—b, b'=1, 


so that 


1 i 1 
a;a => b,b' = -7> 


i.e. one of these vectors must be spacelike and the other timelike.t Choosing the coordinate axes along the 
vectors a’, bf, n@*, n@™, we bring the tensor to the form: 


vA” 0 0 
Av A 0 0 
0 0 -A® 0 
0 0 0 -A® 


(To 


(c) If the square of one of the vectors n’ is equal to zero (n,n' = 0), then this vector cannot be chosen as 
the direction of a coordinate axis. We can however choose one of the planes x°, x% so that the vector n Bes 
in it. Suppose this is the x°, x! plane; then it follows from n,n! = 0 that n° = n', and from equation (1) we 
have Aoo + Ag = A, Ato + A11 =— A, so that Ay =-A+ H, Ao = À + H, Ao) =— H, Where y is a quantity which 
is not invariant but changes under rotations in the x°, x’ plane; it can always be made real by a suitable 
rotation. Choosing the axes x”, x° along the other two (spacelike) vectors n°”, nO”, we bring the tensor My 
to the form 


+ Since only one of the vectors can have a timelike direction, it then follows that equation (2) cannot hap 
two pairs of complex-conjugate roots. 
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A+u -u 0 0 
-u —A+p 0 0 
A= 9 0 -A® 0 (8) 
0 0 0 -40 


This case corresponds to the situation when two of the roots (A®, AM) of equation (2) are 


equal. 
We note that for the physical energy-momentum tensor Ty of matter moving with velocities 


less than the velocity of light only case (a) can occur, this is related to the fact that there must 
always exist a reference system in which the flux of the energy of the matter, i.e. the 
components To are equal to zero. For the energy-momentum tensor of electromagnetic 
waves we have case (c) with A = A® = A = 0 (cf. p. 87); it can be shown that if this were 
not the case there would exist a reference frame in which the energy flux would exceed the 
value c times the energy density. 


§ 95. The Einstein equations 


We can now proceed to the derivation of the equations of the gravitational field. These 
equations are obtained from the principle of least action &S,, + S,) = 0, where S, and Sm are 
the actions of the gravitational field and matter respectively. We now subject the gravitational 
field, that is, the quantities g;,, to variation. 

Calculating the variation 6S,, we have 


f RJ-gdQ = f g* Rg -8dQ 
= | (Ru V=888! + Rag" ofe + 8" \-@dRs) dO. 


From formula (86.4), we have 
1 1 i 
6.[—g = -—— 8g = -> -ggpðg" , 
substituting this, we find 
5 RJ-g dQ = f (Rx — 48g R)ôg* -8g dQ + f g* Ry |-8 dQ. (95.1) 


For the calculation of ÔR we note that although the quantities Tj, do not constitute a 
tensor, their variations SI}, do form a tensor, for Ij A,dx' is the change in a vector under 
parallel displacement [see (85.5)] from some point P to an infinitesimally separated point P’. 
Therefore ST! A;dx! is the difference between the two vectors, obtained as the result of two 
parallel displacements (one with the unvaried, the other with the varied Tj, ) from the point 
P to one and the same point P’. The difference between two vectors at the same point is a 
vector, and therefore ST}, is a tensor. 

Let us use a locally geodesic system of coordinates. Then at that point all the Tj, = 0. 
With the help of expression (92.10) for the Rx, we have (remembering that the first derivatives 
of the g are now equal to zero) 
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g* ôR; = 8" (2 aT}, - ma ôT} |= gt ôT} -8 - g" -2 ôr = a , 
where 
w! = g* Dy, - g'er}. 
Since w' is a vector, we may write the relation we have obtained, in an arbitrary coordinate 


system, in the form 
g" OR = L-2 (/-gw') 
a-g Ox! 


[replacing do*/ax! by w’. , and using (86.9)]. Consequently the second integral on the right 
side of (95.1) is equal to 


| stoma \-ea0 = [ 8 ao . 


and by Gauss’ theorem can be transformed into an integral of w! over the hypersurface 
surrounding the whole four-volume. Since the variations of the field are zero at the integration 
limits, this term drops out. Thus, the variation 6S g is equal tot 


c? 1 i , 
6S, = - Tzk f (ra -= Fean )ög" dze dQ. (95.2) 


We note that if we had started from the expression 


-Č [2 
S=- lo -8 dQ 


for the action of the field, then we would have obtained 





Ay ) a ONE) Se! dQ. 


5e = -E ~ x 





Ox! 
Comparing this with (95.2), we find the following relation: 


—-=29,R= - 
7 Sik Jg agit ax! 928" 
ax! 


For the variation of the action of the matter we can write immediately from (94.5): 


Ry -2¢,R=—e (GS-8) ð IGV -8) | (95.3) 





+ We note here the following curious fact. If we calculate the variation 6 J RJ-g dQ [with Rg from 
(92.10)], considering the Tj, as independent variables and the g,, as constants, and then use expression 
(86.3) for the Tj, we would obtain, as one easily verifies, identically zero. Conversely, one could determine the 
relation between the Tj, and the metric tensor by requiring that the variation we have mentioned should vanish. 
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5S, = x f T ôg" Jg dQ, (95.4) 


where T, is the energy-momentum tensor of the matter (including the electromagnetic 
field). Gravitational interaction plays a role only for bodies with sufficiently large mass 
(because of the smallness of the gravitational constant), and therefore in studying the 
gravitational field we usually have to deal with macroscopic bodies. Corresponding to this 
we must usually write for T; the expression (94.9). 

Thus, from the principle of least action 6S,, + 6S, = 0 we find: 


3 1 Sik 
Sd (ra -784R - qa Ta Jee * [-g dQ = 0, 


from which, in view of the arbitrariness of the ôg: 


k 
Ry — LgaR = S Ta, (95.5) 
2 ct 
or, in mixed components, 
Rt -1 ôfR= Bk ry, (95.6) 


These are the required equations of the svavitationa field—the basic equation of the general 
theory of relativity. They are called the Einstein equations. 
Contracting (95.6) on the indices i and k, we find 
87k 


—T; . 
z4 (95.7) 


R=- 
(T = T; ). Therefore the equations of the field can also be written in the form 


87k 
Ry = Sth (Ta -= bear) (95.8) 


The Einstein equations are nonlinear. Therefore for gravitational fields the principle of 
superposition is not valid. The principle is valid only approximately for weak fields which 
permit a-linearization of the Einstein equations (in particular, the gravitational field in the 
classical Newtonian limit, cf. § 99). 

In empty space T;, = 0; and the equations of the gravitational field reduce to the equation 


Ry = 0. (95.9) 


We mention that this does not at all mean that in vacuum, spacetime is flat; for this we would 
need the stronger conditions Rij, = 0. 

The energy-momentum tensor of the electromagnetic field has the property that T; =0 
[see (33.2)}]. From (95.7), it follows that in the presence of an electromagnetic field without 
any masses the scalar curvature of spacetime is zero. 

As we know, the divergence of the energy-momentum tensor is zero: 


Tt, =0; (95.10) 


therefore the divergence of the left side of equation (95.6) must be zero. This is actually the 
case because of the identity (92.13). 
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Thus the equation (95.10) is essentially contained in the field equations (95.6). On the 
other hand, the equation (95.10), expressing the law of conservation of energy and momentum 
contains the equation of motion of the physical system to which the energy-momentum 
tensor under consideration refers (i.e., the equations of motion of the material particles or 
the second pair of Maxwell equations). Thus the equations of the gravitational field also 
contain the equations for the matter which produces this field. Therefore the distribution and 
motion of the matter producing the gravitational field cannot be assigned arbitrarily. On the 
contrary, they must be determined (by solving the field equations under given initial conditions: 
at the same time as we find the field produced by the matter. 

We call attention to the difference in principle between the present situation and the one 
we had in the case of the electromagnetic field. The equations of that field (the Maxwell 
equations) contain only the equation of conservation of the total charge (the continuity 
equation), but not the equations of motion of the charges themselves. Therefore the distribution 
and motion of the charges can be assigned arbitrarily, so long as the total charge is constant 
Assignment of this charge distribution then determines, through Maxwell’s equations, the 
electromagnetic field produced by the charges. 

We must, however, make it clear that for a complete determination of the distribution and 
motion of the matter in the case of the Einstein equations one must still add to them the 
equation of state of the matter, i.e. an equation relating the pressure and density. This 
equation must be given along with the field equations. 

The four coordinates x' can be subjected to an arbitrary transformation. By means of these 
transformations we can arbitrarily assign four of the ten components of the tensor ga 
Therefore there are only six independent quantities g. Furthermore, the four components of 
the four-velocity u’, which appear in the energy-momentum tensor of the matter, are related 
to one another by utu; = 1, so that only three of them are independent. Thus we have ten field 
equations (95.5) for ten unknowns, namely, six components of g;g, three components of wr. 
and the density €/c’ of the matter (or its pressure p). 

For the gravitational field in vacuum there remain a total of six unknown quantities 
(components of g,,) and the number of independent field equations is reduced correspondingly- 
the ten equations Ry, = 0 are connected by the four identities (92.10). 

We mention some peculiarities of the structure of the Einstein equations. They are a 
system of second-order partial differential equations. But the equations do not contain the 
time derivatives of all ten components g;z. In fact it is clear from (92.1) that second derivatives 
with respect to the time are contained only in the components Ro gog of the curvature tensor. 
where they enter in the form of the term -5 dap (the dot denotes differentiation with respect 
to x°); the second derivatives of the components goa and goo do not appear at all. It is 
therefore clear that the tensor R,,, which is obtained by contraction of the curvature tensor. 
and with it the equations (95.5), also contain the second derivatives with respect to the time 
of only the six spatial components 8 ap- 


It is also easy to see that these derivatives enter only in the P equation of (95.6), i.e. the 
equation 


+ Actually the equation of state relates to one another not two but three thermodynamic quantities, far 
example the pressure, density and temperature of the matter. In applications in the theory of gravitation, thas 
point is however not important, since the approximate equations of state used here actually do not depema 
on the temperature (as, for example, the equation p = 0 for rarefied matter, the limiting extreme-relativisuc 
equation p = €/3 for highly compressed matter, etc.). 
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87k 
RB -3ô&R =q Ta. (95.11) 
The ? and 3 equations, i.e. the equations 
87k 87k 
RE -3R =g To R? =—a Ta: (95.12) 


contain only first-order time derivatives. One can verify this by checking that in forming the 
quantities R3 and RẸ — 4R = 4(Rp — RZ) from Rj, by contraction, the components of the 
form Rog og actually drop out. This can be seen even more simply from the identity (92.10), 
by writing it in the form 


(RP — 36? R),o = — (RF ~ 25PR), a (95.13) 


(i= 0, 1, 2, 3). The highest time derivatives appearing on the right side of this equation are 
second derivatives (appearing in the quantities R, R). Since (95.13) is an identity, its left 
side must consequently contain no time derivatives of higher than second order. But one 
time differentiation already appears explicitly in it; therefore the expressions R? — 48? R 
themselves cannot contain time derivatives of order higher than the first. 

Furthermore, the left sides of equations (95.12) also do not contain the first derivatives 
Zoa and Zoo (but only the derivatives ggg). In fact, of all the T; x, only Tg, oo and To, o0 
contain these quantities, but these latter in turn appear only in the components of the 
curvature tensor of the form Rog og Which, as we already know, drop out when we form the 
left sides of equations (95.12). 

If one is interested in the solution of the Einstein equations for given initial conditions (in 
the time), we must consider the question of the number of quantities for which the initial 
spatial distribution can be assigned arbitrarily. 

The initial conditions for a set of equations of second order must include both the quantities 
to be differentiated as well as their first time derivatives. But since in the present case the 
equations contain second derivatives of only the six ggg, not all the gi, and g can be 
arbitrarily assigned. Thus, we may assign (in addition to the velocity and density of the 
matter) the initial values of the functions gg, and Sap , after which the four equations (95.12) 
determine the admissible initial values of go and goo; in (95.11) the initial values of £9 ,still 
gemain arbitrary. 

Among the initial conditions thus assigned there are some functions whose arbitrariness 
is related simply to the arbitrariness in choice of the four-dimensional coordinate system. 
But the only thing that has real physical meaning is the number of “physically different” 
arbitrary functions, which cannot be reduced by any choice of coordinate system. From 
physical arguments it is easy to see that this number is eight: the initial conditions must 
assign the distribution of the matter density and of its three velocity components, and also 
of four other quantities characterising the free gravitational field in the absence of matter 
(see later in § 107); for the free gravitational field in vacuum only the last four quantities 
should be fixed by the initial conditions. 


PROBLEM 


Write the equations for a constant gravitational field, expressing all the operations of differentiation with 
respect to the space coordinates as covariant derivatives in a space with the metric Yeg (84.7). 
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Solution: We introduce the notation goo = h, oa = — A8a (88.11) and the three-dimensional velocity * 
(88.10). In the following all operations of raising and lowering indices and of covariant differentiation are 
carried out in the three-dimensional space with the metric Yag on the three-dimensional vectors gq, v” and 
the three-dimensional scalar h. 

The desired equations must be invariant with respect to the transformation 


x > x% $ > x9 + fr, (dis 


which does not change the stationary character of the field. But under such a transformation, as is easily 
shown (see the footnote on p. 267), 8a > 8a — Of/ax*, while the scalar h and the tensor Yag =- Sag + h8aky 
are unchanged. It is therefore clear that the required equations, when expressed in terms of Yap, h and gg. 
can contain gx only in the form of combinations of derivatives that constitute a three-dimensional antisymmetie 
tensor: 


gg ag 
Sap = 8p:a — 8a:B8 = Ox” -= P ’ (29: 





which is invariant under such transformations. Taking this fact into account, we can drastically simplify the | 
computations by setting (after computing all the derivatives appearing in Rx) 8a = 0 and go. g+ 88a = Ot - 
The Christoffel symbols are: 


1 h 
Teo = gga t 58 fap + > 


To = Ep - + ggh” 








o __1f28« 28B \_1 ; 
F =-= (3; 2) amag 


py = aby — Ecegff + gyf) + eena 







The terms omitted (indicated by the dots) are quadratic in the components of ga; these terms do drop oat 
when we set g,= 0 after performing the differentiations in Ry (92.10). In the calculations one uses formalas 
(84.9), (84.12)-(84. 13); the A By are three-dimensional Christoffel symbols constructed from the metric Jug, 
The tensor Ty is calculated using formula (94.9) with the uw’ from (88.14) (where again we set g, =@ 
As a result of the calculations, we obtain the following equations from (95.8): 





= 
2 
al- 
a 
I 
N 


l pa _ VA pap aß „itp Z 
pe zS B- TEDN oy ve’ 





+ To avoid any misunderstanding we emphasize that this simplified method for making the compu 
which gives the correct field equations, would not be applicable to the calculation of arbitrary com 
of the Rg itself, since they are not invariant under the transformation (1). In equations (3)(5) on the left 
given those components of the Ricci tensor which are actually equal to the expressions given. 
components are invariant under (1). 
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87k — 
8ak (previ? E P, of 


Jesoo 
A 


Here P°% is a three-dimensional tensor constructed from the Yag in the same way as R* is constructed from 
the gf 


RS =P% + A per fb, ag are? = © 


§ 96. The energy-momentum pseudotensor of the gravitational field 


In the absence of a gravitational field, the law of conservation of energy and momentum 
of the material (and electromagnetic field) is expressed by the equation oT */ax* = 0. The 
generalization of this equation to the case where a gravitational field is present is equation 
(94.7): 


O(T‘ 4-8) 12 
rh = oe ED p rmo (96.1) 


In this form, however, this equation does not generally express any conservation law 
whatever. This is related to the fact that in a gravitational field the four-momentum of the 
matter alone must not be conserved, but rather the four-momentum of matter plus gravitational 
field; the latter is not included in the expression for Th. 

To determine the conserved total four-momentum for a gravitational field plus the matter 
located in it, we proceed as follows (L. D. Landau and E. M. Lifshitz, 1947). We choose a 
system of coordinates of such form that at some particular point in spacetime all the first 
derivatives of the g; vanish (the g need not, for this, necessarily have their galilean 
values).§ Then at this point the second term in equation (96.1) vanishes, and in the first term 


we can take ./—g out from under the derivative sign, so that there remains 


O rk 
7 Tř =0, 
Oxk ! 


+ The Einstein equations can also be written in an analogous way for the general case of a time-dependent 
metric. In addition to space derivatives they will also contain time derivatives of the quantities Yap, gq and 
h. See A. L. Zel’manov, Doklady Acad. Sci., U.S.S.R. 107, 815 (1956). 

+ Because the integral Jai -8 dS, is conserved only if the condition 


a\-8T) _ 5 
ax* T 


is fulfilled, and not (96.1). This is easily verified by carrying out in curvilinear coordinates all those 
calculations which in § 29 were done in galilean coordinates. Besides it is sufficient simply to note that 
these calculations have a purely formal character not connected with the tensor properties of the corresponding 
quantities, like the proof of Gauss’ theorem, which has the same form (83.17) in curvilinear as in cartesian 
coordinates. 

§ One might get the notion to apply to the gravitational field the formula (94.4), substituting A =— (cv 
167k)G. We emphasize, however, that this formula applies only to physical systems described by quantities 
q different from the g,,; therefore it cannot be applied to the gravitational field which is determined by the 
quantities g; themselves. Note, by the way, that upon substituting G in place of A in (94.4) we would obtain 
simply zero, as is immediately clear from the relation (95.3) and the equations of the field in vacuum. 
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or, in contravariant components, 
d pik _ 
Oye T* =0. 
Quantities T*, identically satisfying this equation, can be written in the form 
pk 2 2p", 
Ox yl 


where the 7, are quantities antisymmetric in the indices k, J; 


nit! =_ ni, 
Actually it is not difficult to bring T* to this form. To do this we start from the field 
equation 


ik x l gk 
T -g(r 28 R}, 


and for R* we have, according to (92.1) 


0” g: a? a? O*g 
R* = 1 im kp gin P O Em _ Ein _ mp 
28 88 (tte Ax! dx? Ox™ Ox? — Ox! Ox" 


(we recall that at the point under consideration, all the T}, = 0). After simple transformations - 
the tensor 7 can be put in the form ) 


ax! | 16nk C8) D ox” 


The expression in the curly brackets is antisymmetric in k and /, and is the quantity which | 
we designated above as n”. Since the first derivatives of g; are zero at the point under 
consideration, the factor 1/(-g) can be taken out from under the sign of differentiation Wat. 
We introduce the notation 


rk- 2 Zhi cî 2 i(-g(g"*g im - g'g), 










ht = 2 aim (06 
x 








aim = KAn (Cg e*g lm — giighn) (96.39 
The quantities h are antisymmetric in k and I: 
nik = h. (96.4) 
Then we can write 
oh ikl 
zT = g)T*. 


This relation, derived under the assumption 0g,,/dx' = 0, is no longer valid when we go 
an arbitrary system of coordinates. In the general case, the difference ah™/dx' — (-g)T* i 
different from zero; we denote it by (-g)r*. Then we have, by definition, 
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. , ðh” 
(-g)(T* + t*) = T (96.5) 
The quantities #* are symmetric in i and k: 
fF = t. (96.6) 


This is clear immediately from their definition, since like the tensor T*, the derivatives oh'*/ 
ox! are symmetric quantities.t Expressing T* in terms of R, according to the Einstein 
equations, we get the identity 

ðh”! 
ox! 


from which, after a rather lengthy calculation, we find the following expression for tt; 





col er — 38" R)+ r} = (96.7) 


. 4 . , 
ri = leak {L mT p -Tpm — TT np (gig -— g*g™)+ 


+g! gm (Chin + VAR -Eola Tml) + 


+g" om (TAT? + Uh -TRER - Tie) + 


+g" g (Thin — Ulm ts (96.8) 


In 


or, in terms of derivatives of the components of the metric tensor, 
4 
, c , i , 
(—g)t = Tela gm — BIB m + 78" 8m8" 8n — 


Em8” pa 1 + 8 8m8” pg 1) + Sim B08”, p + 


Hgin _ pik om) (29, Sar — Spq8nr 8 184m}; (96.9) 


+ 3 (2g 
where g* = 88 ik while the index ,i denotes a simple differentiation with respect to x, 
An essential property of the r** is that they do not constitute a tensor; this is clear from the 
fact that in oh™/dx' there appears the ordinary, and not the covariant derivative. However, al 
is expressed in terms of the quantities T}, and the latter behave like a tensor with respect 
to linear transformations of the coordinates (see § 85), so the same applies to the t, 
From the definition (96.5) it follows that for the sum T* + t* the equation 


d 


ax* 


is identically satisfied. This means that there is a conservation law for the quantities 


—g)(T* +t*)=0 (96.10) 


Pi = l f (-g)(T* + t* )dS,. (96.11) 
In the absence of a gravitational field, in galilean coordinates, r* = 0, and the integral we 


+ For just this purpose we took (—g) out from under the derivative sign in the expression for T*. If this 
has not been done, dh'/dx' and therefore also ?* would turn out not to be symmetric in i and k. 
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have written goes over into (1/c) JT*as,, that is, into the four-momentum of the material. 
Therefore the quantity (96.11) must be identified with the total four-momentum of matter 
plus gravitational field. The set of quantities #* is called the energy-momentum pseudo- 
tensor of the gravitational field. 

The integration in (96.11) can be taken over any infinite hypersurface, including all of the 
three-dimensional space. If we choose for this the hypersurface x? = const, then P! can be 
written in the form of a three-dimensional space integral: 


=1 f Cg) (Ti + t° )dV. (96.12) 


This fact, that the total four-momentum of matter plus field is expressible as an integral 
of the quantity (-g) (T* + t*) which is symmetric in the indices i, k, is very important. Ht 
means that there is a conservation law for the angular momentum, defined as (see § 32)7 


= f (x'dP* ~xtapty =} È (rer +¢t%)—x*(T# + t#)}C2)dS,. (96.13) 


Thus, also in the general theory of relativity, for a closed system of gravitating bodies the 
total angular momentum is conserved, and, moreover, one can again define a centre of 
inertia which carries out a uniform motion. This latter point is related to the conservation of 
the components M°% (see § 14) which is expressed by the equation 


0 f (T? + #799) dV — f x” (T® + ¢™ )(—g)dV = const, 
so that the coordinates of the centre of inertia are given by the formula 


ec +t™)Cg) dV 
X” = 5 _______——__. (96.149 


f (TY + t™ )(-g) dV 


By choosing a coordinate system which is inertial in a given volume element, we cam 
make all the #* vanish at any point in space-time (since then all the Tj, vanish). On the other 
hand, we can get values of the r* different from zero in flat space, i.e. in the absence of a 
gravitational field, if we simply use curvilinear coordinates instead of cartesian. Thus, in amy 
case, it has no meaning to speak of a definite localization of the energy of the gravitational 
field in space. If the tensor T; is zero at some world point, then this is the case for amy 
reference system, so that we may say that at this point there is no matter or electromagneme 
field. On the othér hand, from the vanishing of a pseudo-tensor at some point in ome 
reference system it does not at all follow that this is so for another reference system, so that 
it is meaningless to talk of whether or not there is gravitational energy at a given place. This 


+ It is necessary to note that the expression obtained by us for the four-momentum of matter plus fied | 
is by no means the only possible one. On the contrary, one can, in an infinity of ways (see, for example. te 
problem in this section), form expressions which in the absence of a field reduce to T*, and which upam. 
integration over dS;, give conservation of some quantity. However, the choice made by us is the only ome 
for which the energy-momentum pseudotensor of the field contains only first (and not higher) derivatroes, 
of g; (a condition which is completely natural from the physical point of view), and is also symmetric. sæ. 
that it is possible to formulate a conservation law for the angular momentum. 
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corresponds completely to the fact that by a suitable choice of coordinates, we can “annihilate” 
the gravitational field in a given volume element, in which case, from what has been said, 
the pseudotensor t* also vanishes in this volume element. 

The quantities P' (the four-momentum of field plus matter) have a completely definite 
meaning and are independent of the choice of reference system to just the extent that is 
necessary on the basis of physical considerations. 

Let us draw around the masses under consideration a region of space sufficiently large so 
that outside of it we may say that there is no gravitational field. In the course of time, this 
region cuts out a “channel” in four-dimensional space-time. Outside of this channel there is 
no field, so that four-space is flat. Because of this we must, when calculating the energy and 
momentum of the field, choose a four-dimensional reference system such that outside the 
channel it goes over into a galilean system and all the #* vanish. 

By this requirement the reference system is, of course, not at all uniquely determined— 
it can still be chosen arbitrarily in the interior of the channel. However the P’, in full accord 
with their physical meaning, turn out to be completely independent of the choice of coordinate 
system in the interior of the channel. Consider two coordinate systems, different in the 
interior of the channel, but reducing outside of it to one and the same galilean system, and 
compare the values of the four-momentum P! and P” in these two systems at definite 
moments of “time” x? and x”. Let us introduce a third coordinate system, coinciding i in the 
interior of the channel at the moment x? with the first system, and at the moment x’ © with the 
second, while outside of the channel it is galilean. But by virtue of the law of conservation 
of energy and momentum the quantities P' are constant (dP'/dx® = 0). This is the case for the 
third coordinate system as well as for the first two, and from this it follows that P = P". 

Earlier it was mentioned that the quantities r* behave like a tensor with respect to linear 
transformations of the coordinates. Therefore the quantities PÍ form a four-vector with 
respect to such transformations, in particular with respect to Lorentz transformations which, 
at infinity, take one galilean reference frame into another.+ The four-momentum FÍ can also 
be expressed as an integral over a distant three-dimensional surface surrounding “all space”. 
Substituting (96.5) in (96.11), we find 


This integral can be transformed into an integral over an ordinary surface by means of 
(6.17): 


Pi = + f nafs. (96.15) 


If for the surface of integration in (96.11) we choose the hypersurface x? = const., then in 


(96.15) the surface of integration turns out to be a surface in ordinary space. 


+ Strictly speaking, in the definition (96.11) P' is a four-vector only with respect to linear transformations 
with determinant equal to unity; among these are the Lorentz transformations, which alone are of physical 
interest. If we also admit transformations with determinant not equal to unity, then we must introduce into 
the definition of P’ the value of g at infinity by writing ./—-g.. P’ in place of FË on the left side of (96.11). 

+ The quantity df,, is the “normal” to the surface element, related to the “tangential” element a by 
(6.11): df% = tem df im On the surface bounding the hypersurface which is perpendicular to the x? axis 
the only nonzero o components of df’” are those with 1, m = 1, 2, 3, and so df, has only those components, 
in which one of i and k is 0. The components dfj,, are just the components of the three-dimensional element 
of ordinary surface, which we denote by dfg- 
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C 


pizt d nileadg.. (96.16) 


To derive the analogous formula for the angular momentum, we substitute (96.5) in 
(96.13) and write A in the form (96.2). Integrating by part, we obtain: 


; ; Imn 2 9 ilmn 
M* = 1 f Ges —x* oi Jas 


kimn ilmn kimn ilmn 
-iff aAKinn 4 OA Jars -L f (a; PA™ ge AA! Jas 











Ox" Ox” c ox" Ox" 
E (xih -xh ™ ) df; _1 d (Abin — Ain) ds. 
2c m Cc ra] x” 
From the definition of the quantities A” it is easy to see that 
a” _ Abin = Jilnk Jinlk = APF, 
Thus the remaining integral over dS, is equal to 


1 OA ink 


c ox" 





1 iln. * 
dS, = 5- faata. 
Finally, again choosing a purely spatial surface for the integration, we obtain: 


m*=1 f (xih T xk pio 4. pioak ydf, (96.1 


PROBLEM 
Find the expression for the total four-momentum of matter plus gravitational field, using formula (32%. 
Solution: In curvilinear coordinates one has, in place of (32.1), 
S= | A.j-gdVdt, 


and therefore to obtain a quantity which is conserved we must in (32.5) write A4/—g in place of A, so tat 
the four-momentum has the form 


1 dg? AGl-gA) 


ax* 





In applying this formula to matter, for which the quantities q® are different from the g, we can take nE 
out from under the sign of differentiation, and the integrand turns out to be equal to J-g T*, where T? = 
the energy-momentum tensor of the matter. When applying this same formula to the gravitational field. we 
must set A = — (c*/162k)G, while the quantities g are the components g; of the metric tensor. The toma 
four-momentum of field plus matter is thus equal to 
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3 ðe™ o(Gj-g) 
nat | reye as +755 | a gat - 28" AONB) |as, 


i6nk A 5 Oem 
ax* 





Using the expression (93.3) for G, we can rewrite this expression in the form: 


4 r ct te Rm -8) u e-e) 
natn avi] eee ors a er or ie 





c 


The second term in the curly brackets gives the four-momentum of the gravitational field in the absence of 
matter. The integrand is not symmetric in the indices i, k, so that one cannot formulate a law of conservation 
of angular momentum. 


§ 97. The synchronous reference system 


As we know from § 84, the condition for it to be possible to synchronize clocks at 
different points in space is that the components gog of the metric tensor be equal to zero. If, 
in addition, go = 1, the time coordinate x° = t is the proper time at each point in space.t A 
reference system satisfying the conditions 


Zoa =9, 8o0= 1 (97.1) 
is said to be synchronous. The interval element in such a system is given by the expression 
ds? = dP — Yap dx” dxP, (97.2) 


where the components of the spatial metric tensor are the same (except for sign) as the ggg: 
Yap = — Sop: (97.3) 


In the synchronous reference system the time lines are geodesics in the four-space. The 
four-vector u? = dx'/ds, which is tangent to the world line xt, x2, X = const, has components 
u” = 0, u = 1, and automatically satisfies the geodesic equations: 

ae +Tiutul = Th =0, 
since, from the conditions (99.1), the Christoffel symbols T& and rò vanish identically. 

It is also easy to see that these lines are normal to the hypersurfaces ¢ = const. In fact, the 
four-vector normal to such a hypersurface, n; = ot/ax’, has covariant components ng = 1, na 
= 0. With the conditions (97.1), the corresponding contravariant components are also n= 
1, n% = 0, i.e., they coincide with the components of the four-vector u which is tangent to 
the time lines. 

Conversely, these properties can be used for the geometrical construction of a synchronous 
reference system in any space-time. For this purpose we choose as our starting surface any 
spacelike hypersurface, i.e. a hypersurface whose normals at each point have a time-like 
direction (they lie inside the light cone with its vertex at this point); all elements of interval 
on such a hypersurface are spacelike. Next we construct the family of geodesic lines normal 
to this hypersurface. If we now choose these lines as the time coordinate lines and determine 


+ In this section we set c = 1. 
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the time coordinate z as the length s of the geodesic line measured from the initial hypersurface, 
we obtain a synchronous reference system. 

It is clear that such a construction, and the selection of a synchronous reference system, 
is always possible in principle. Furthermore, this choice is still not unique. A metric of the 
form (97.2) allows any transformation of the space coordinates which does not affect the 
time, and also transformations corresponding to the arbitrariness in the choice of the initial 
hypersurface for the geometrical construction. 

The transformation to the synchronous reference system can, in principle, be done analytically 
by using the Hamilton-Jacobi equation; the basis of this method is the fact that the trajectories 
of a particle in a gravitational field are just the geodesic lines. 

The Hamilton-Jacobi equation for a particle (whose mass we set equal to unity) ina 
gravitational field is 



















, OT OF 
tk “T= 97.4 
SOx! ox O74) 
(where we denote the action by 7). Its complete integral has the form: 
T= f(E”, x) + A (6%), (97.5) 


where f is a function of the four coordinates x' and the three parameters €%; the fourth 
constant A we treat as an arbitrary function of the three €*. With such a representation for t 
the equations for the trajectory of the particle can be obtained by equating the derivatives 
Ot/0E" to zero, i.e. 


df __ dA 
ogr Ee 


For each set of assigned values of the parameters €°, the right sides of equations (97.6) have 
definite constant values, and the world line determined by these equations is one of the 
possible trajectories of the particle. Choosing the quantities ¢*, which are constant along the 
trajectory, as new space coordinates, and the quantity 7T as the new time coordinate, we get 
the synchronous reference system; the transformation which takes us from the old coordinates 
to the new is given by equations (97.5)-(97.6). In fact, it is guaranteed that for such a 
transformation the time lines will be geodesics and will be normal to the hypersurfaces t= 
const. The latter point is obvious from the mechanical analogy: the four-vector —ddde 
which is normal to the hypersurface coincides in mechanics with the four-momentum of the 
particle, and therefore coincides in direction with its four-velocity uw, i.e. with the fowr- 
vector tangent to the trajectory. Finally the condition goo = 1 is obviously satisfied, since te 
derivative — dt/ds of the action along the trajectory is the mass of the particle, which we set 
equal to 1; therefore ldt/dsl = 1. 

We write the Einstein equations in the synchronous reference system, separating te 
operations of space and time differentiation in the equations. 

We introduce the notation 








(97.6) 


Xap = -7 (97. 


for the time derivatives of the three-dimensional metric tensor; these quantities also foma 
three-dimensional tensor. All operations of shifting indices and covariant differentiation 
the three-dimensional tensor xag will be done in three-dimensional space with the 
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Yap t We note that the sum x% is the logarithmic derivative of the determinant 
Y= lYopl =— 


oy 
a aß “top 
xa =Y" -z =J Pin (y). (97.8) 


-For the Christoffel symbols we find the expressions: 


To STĂ = Tie = 0 


Tos = top> Top = bx, Vp, = ABy> (97.9) 


where A? are the three-dimensional Christoffel symbols formed from the tensor Yj. A 
calculation using formula (92.7) gives the following expressions for the components of the 
tensor Ry 


1 
Roo = -42g - Guang, 
Roa = Lody ~ xha) (97.10) 
lod l 
Rog = Zp” t q (Hap%y — 2x5 %g) +P, 


Here P,gis the three-dimensional Ricci tensor which is expressed in terms of ¥,g in the same 
way as Rig is expressed in terms of g. All operations of raising indices and of covariant 
differentiation are carried out with the three-dimensional metric yg. 

We write the Einstein equations in mixed components: 


R? =- teug- tah x% = 87k(T — }T), (97.11) 
Ro = E(f g- xh a) = BATE, (97.12) 
RÊ = -PÊ — 2 ly xË) = 8ak(TP — 1687). (97.13) 





iF ot 

A characteristic feature of synchronous reference systems is that they are not stationary: 
the gravitational field cannot be constant in such a system. In fact, in a constant field we 
would have x, = 0. But in the presence of matter the vanishing of all the xg would 
contradict (97.11) (which has a right side different from zero). In empty space we would find 
from (97.13) that all the Pag, and with them all the components of the three-dimensional 
curvature tensor P gpys, vanish, i.e. the field vanishes entirely (in a synchronous system with 
a euclidean spatial metric the space-time is flat). 

At the same time the matter filling the space cannot in general be at rest relative to the 
synchronous reference frame. This is obvious from the fact that particles of matter within 


+ But this does not, of course, apply to operations of shifting indices in the space components of the four- 
tensors Ry, T; (see the footnote on p. 270). Thus TP must be understood as before to be BIT ya + Toe, 
which in the present case reduces to g? YT w and differs in sign from PIT yey 
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which there are pressures generally move along lines that are not geodesics; the world lime 
of a particle at rest is a time line, and thus is a geodesic in the synchronous reference system. 
An exception is the case of “dust” (p = 0). Here the particles interacting with one another 
will move along geodesic lines; consequently, in this case the condition for a synchronows 
reference system does not contradict the condition that it be comoving with the matter.* Far 
other equations of state a similar situation can occur only in special cases when the pressume 
gradient vanishes in all or in certain directions. 

From (97.11) one can show that the determinant -g = yof the metric tensor in a synchronows 
system must necessarily go to zero in a finite length of time. 

To prove this we note that the expression on the right side of this equation is positive far 
any distribution of the matter. In fact, in a synchronous reference system we have for te 
energy-momentum tensor (94.9): 


(p+e)v 
1-v 
[the components of the four-velocity are given by (88.14)]; this quantity is clearly positive. 
The same statement is also true for the energy-momentum tensor of the electromagness 
field (T = 0, Tj is the positive energy density of the field). Thus we have from (97.11 


-R -42 xg +txhxg <0 (97.1 
(where the equality sign applies in empty space). 
Using the algebraic inequality$ 


TE -4T =4(e+3p)+ 


Herb > t(x y? 


we can rewrite (97.14) in the form 


or 


o{ 1 1 

=| — 22. 97. 
Ot \ x% 6 ( 
Suppose, for example, that at a certain time x& > 0. Then as t decreases the quantity 
decreases, with a finite (nonzero) derivative, so that it must go to zero (from positive v 


in the course of a finite time. In other words, x% goes to +%, but since xg = 0 In y/o, 
means that the determinant y goes to zero [no faster than té, according to the ineq 


+ Even in this case, in order to be able to choose a “synchronously comoving” system of reference. 
still necessary that the matter move “without rotation”. In the comoving system the contravariant co: 
of the velocity are u? = 1, u = 0. If the reference system is also synchronous, the covariant com 
must satisfy uo = 1, ug = 0, so that its four-dimensional curl must vanish: 


„2i Oe 
ax* ax 
But this tensor equation must then also be valid in any other reference frame. Thus, in a synchronous, 


not comoving system we then get the condition curl v = 0 for the three-dimensional velocity v. 


+ Its validity can easily be seen by bringing the tensor * B to diagonal form (at a given instant of t 


Uik — Uki 
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(97.15)]. If on the other hand x% < 0 at the initial time, we get the same result for increasing 
times. 

This result does not, however, by any means prove that there must be a real physical 
singularity of the metric. A physical singularity is one that is characteristic of the space-time 
itself, and is not related to the character of the reference frame chosen (such a singularity 
should be characterized by the tending to infinity of various scalar quantities—the matter 
density, or the invariants of the curvature tensor). The singularity in the synchronous reference 
system, which we have proven to be inevitable, is in general actually fictitious, and disappears 
when we change to another (nonsynchronous) reference frame. Its origin is evident from 
simple geometrical arguments. 

We saw earlier that setting up a synchronous system reduces to the construction of a 
family of geodesic lines orthogonal to any space-like hypersurface. But the geodesic lines 
of an arbitrary family will, in general, intersect one another on certain enveloping 
hypersurfaces—the four-dimensional analogues of the caustic surfaces of geometrical optics. 
We know that intersection of the coordinate lines gives rise to a singularity of the metric in 
the particular coordinate system. Thus there is a geometrical reason for the appearance of a 
singularity, associated with the specific properties of the synchronous system and therefore 
not physical in character. In general an arbitrary metric of four-space also permits the 
existence of nonintersecting families of geodesic lines. The unavoidable vanishing of the 
determinant in the synchronous system means that the curvature properties of a real (non- 
flat) space-time (which are expressed by the inequality RÈ > 0) that are permitted by the 


‘field equations exclude the possibility of existence of such families, so that the time lines in 


a synchronous reference system necessarily intersect one another.+ 

We mentioned earlier that for dustlike matter the synchronous reference system can also 
be comoving. In this case the density of the matter goes to infinity at the caustic—simply as 
a result of the intersection of the world trajectories of the particles, which coincide with the 
time lines. It is, however, clear that this singularity of the density can be eliminated by 
introducing an arbitrarily small nonzero pressure of the matter, and in this sense is not 
physical in character. 


PROBLEMS 


1. Find the form of the solution of the gravitational field equations in vacuum in the vicinity of a point 
that is not singular, but regular in the time. 


Solution: Having agreed on the convention that the time under consideration is the time origin, we look 
for Yag in the form: 


Yop = lap + tap + Pop +...’ (1) 


+ For the analytic construction of the metric in the vicinity of a fictitious singularity in a synchronous 
reference system, see E. M. Lifshitz, V. V. Sudakov and I. M. Khalatnikov, JETP 40, 1847, 1961, (Soviet 
Phys. —JETP, 13, 1298, 1961). The general character of the metric is clear from geometrical considerations. 
Since the caustic hypersurface always contains timelike intervals (the line elements of the geodesic time 
lines at their points of tangency to the caustic), it is not spacelike. Furthermore, on the caustic one of the 
principal values of the metric tensor Yag vanishes, corresponding to the vanishing of the distance (6) 
between two neighbouring geodesics that intersect one another at their point of tangency to the caustic. The 
quantity ô goes to zero as the first power of the distance (/) to the point of intersection. Thus the principal 
value of the metric tensor, and with it the determinant y, goes to zero like ÊP. 
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where dap, Dag, Cog are functions of the space coordinates. In this same approximation the reciprocal tensor 
is: 


yP = aP — th28 + bY bË — cb), 


where a° is the tensor reciprocal to agp, and the raising of indices of the other tensors is done by using a®. 
We also have: 


Xap = Dag + 2tcop, HE = bE + t(2c8 — bab ). 
The Einstein equations (97.11)-(97.13) lead to the following relations: 


R =—c+ toh be =0, (2) 
R? = tofs — ba) + tC + ERDE a + chg + ibbs — ibb )g]l =0, (3) 
RË =-PË -ibb +iblbf -cf =0 (4 


(b=b%g,c=cã). The operations of covariant differentiation are carried out in the three-dimensional 
space with metric agp; the tensor Pag is also defined with respect to this metric. 

From (4) the coefficients cy, are completely determined in terms of the coefficients aap and bog. Then (2p 
gives the relation 


P+ ib? -4bba =0. (3 


From the terms of zero order in (3) we have: 


bÈ g = bag. @ 
The terms ~ ¢ in this equation vanish identically when we use (2) and (4)-(6) and the identity pe B= 4 Pale 


(92.10)]. 


Thus the twelve quantities agg, bag are related to one another by the one relation (5) and the three — 


relations (6), so that there remain eight arbitrary functions of the three space coordinates. Of these, three ase 
related to the possibility of arbitrary transformations of the three space coordinates, and one to the arbitrariness 
in choosing the initial hypersurface for setting up the synchronous reference system. Therefore we are left 
with the correct number (see the end of § 95) of four “physically different” arbitrary functions. 


2. Calculate the components of the curvature tensor Ry, in the synchronous reference system. 
Solution; Using the Christoffel symbols (97.9) we find from (92.1): 


Ropys = ~ Papys + £(%as* py ~ %ay%ps)s 
Roapy = 3 “ay. ~ “ap;y ) 
lad 1 
Roop = TO Xap - 4 Xay%Bp> 
where Pog 1s the three-dimensional curvature tensor corresponding to the three-dimensional metric Top 


3. Find the general form of the infinitesimal transformation from one synchronous reference system w 
another, 


Solution: The transformation has the form 
t> t+ oi, 2, x), x% 9 x% 4+ EYL, 7, 7, 


where ọ and &* are small quantities. We are guaranteed that the condition goo = 1 is satisfied by keeping @ 
independent of t; to maintain the condition go, = 0, we must satisfy the equations 
25° ap 
Yop -Jr T ax”? 
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from which 
5% = a f yP dta f” (xt, x? x’), a) 


where the f” are again small quantities (forming a three-dimensional vector f). The spatial metric tensor 
Yop is replaced by 


Yop > Yap - Sa:B — Špa- P%op (2) 


[as can be easily verified using (94.3)]. 
Thus the transformation contains four arbitrary functions (@, f”) of the space coordinates. 


§ 98. The tetrad representation of the Einstein equations 


The determination of the components of the Ricci tensor (and the resulting formulation of 
the Einstein equations) for a metric of some special form generally involves quite complicated 
calculations. It is therefore important to consider various formulas that enable one to simplify 
these calculations in some cases and to represent the result in a more easily understood form. 
Among such formulas is the expression for the curvature tensor in tetrad form. 

We introduce a set of four linearly independent coordinate four-vectors ea) (labelled by 
the index a) and subject only to the condition that 


Ca) E(B): = Nap» (98.1) 


where Napis a given constant symmetric matrix with signature + -——; we denote the matrix 
reciprocal to nap by n(n np = 52).+ Together with the tetrad of vectors Cla y» we also 
introduce a tetrad of réciprocal vectors e®* (labeled by superscript axial indices), and 
defined by the conditions 


eel, = df, (98.2) 


i 


i.e., each of the vectors e{” is orthogonal to the three vectors ei ») With b # a. Multiplying 
(98.2) by ef» we get Cekpe® ein) = els) , from which we see that in addition to (98.2), 
the equation 


eel, = OF (98.3) 


t 


is also automatically satisfied. 
Multiplying the equation €/,,€(¢); = Nac ON both sides by °°, we get: 


Ela) (N° eccy) = 62; 
comparing with (98.2), we find that 
et”) = N” eroi» Eb)i = Npe. (98.4) 


Thus the lowering and raising of tetrad indices is done with the matrices np: and n°. The 
importance of the tetrads thus introduced is that one can express the metric tensor in terms 


+ In this section we use early Latin letters a, b, c, . . . for indices labelling coordinate vectors; four-tensor 
indices are again labelled by i, k, J... . In the literature the indices of axes are usually enclosed in brackets. 
To avoid too cumbersome writing of formulas we shall use brackets only when indices for axes appear 
along with tensor indices and omit them for quantities which by their definition involve only coordinate 
axis indices (for example, Nop and later Yap, Aap). A summation is understood throughout over repeated 
indices of both types. 
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of them. In fact, according to the definition of the relation between co- and contravariang 
components of a four-vector, we have e{® = g,e': multiplying by €a and using (98.3) 
and (98.4), we find: 


Sik = Cail” = Nave ef”) et”). (98.5) 
The square of the line element with the metric tensor (98.5) is 
ds? = Nap (eS dx! (eP dx"). (98.6) 


As for the arbitrarily assignable matrix na», the most natural choice is the “galilean” form 
(i.e. a diagonal matrix with elements 1, —1,— 1, — 1); then, according to (98.1) the coordinate 
vectors will be orthogonal, with one of them timelike and the other three spacelike.t We 
emphasize, however, that this choice is by no means necessary, and that situations are 
possible where, for one or another reason (e.g., symmetry properties of the metric) the 
choice of a nonorthogonal tetrad is advantageous. $ 

The tetrad components of a four-vector A! (and similarly for a four-tensor of any rank) are 
defined as its “projections” on the coordinate four-vectors: 


Aca) = eiA; A® =e At = N” Ag). (98.7) 


Conversely, 


P 
! 
3 
$ 
; 
f 
! 
f 


A, = Aq, A = eiA, (98.8) 









In this same way we define the operation of “differentiation along the a direction”: 


; oO 
Qa) = Ela) By 


We introduce quantities needed in the sequel:§ 
Yacb = Cais kei Ek» (98.9 
and their linear combinations 
Aave = Yobe — Yacb = 
= (Eai;k 7 erati deiek = (€ayk — Canes Einen- (98.10) 


The last equation in (98.10) follows from (86.12); we note that the quantities Asp: are 
calculated by a simple differentiation of the frame vectors. The converse expression for the 
Yabe in terms of the Aabe is: 


+ Having chosen the linear forms dx‘) = ef dx? as the segments of the coordinate axes in the gives 
element of four-space (and taken “galilean” Nap) we bring the metric in this element to galilean form. We 
emphasize once again that the forms dx“ are not in general exact differentials of any function of the 
coordinates. 

$ The advantageous choice of the tetrad may be dictated by a previous reduction of ds? to the form 086. 
Thus the expression for ds? in the form (88.13) corresponds to coordinate vectors 


eO=(fh, Vig), ef =(0,e), 


where the choice of the e® depends on the spatial form dl’. 
§ The quantities ¥,,, are called the Ricci rotation coefficients. 
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Yabe = 5(Aabe + Neca ~ cab ). (98.1 1) 
These quantities have symmetry properties: 
Yabe = Vrac» Nabe =— Nach: (98.12) 


Our aim is to determine the tetrad components of the curvature tensor. To do this we must 
start from the definition (91.6) as applied to the covariant derivatives of the frame vectors: 
C(a)izkil = Elaji; ik = ela) Rmikl , 

or 
i ok ol 
Riaxoyoxa) = (Ccayskst T Era); tk VEE Ela 
This expression is easily written in terms of the quantities y,,,. We write 


b 
C(ayisk = Y ances ef, 


and after further covariant differentiation the derivatives of the frame vectors are again 
expressed in this same way; here the covariant derivative of the scalar quantity Yap: coincides 
with its ordinary derivative.t As a result we get 


Rinoa = Yabed — Yabae + Yars Yea — Vac) + Yaf va — Yafa Yvo (98.13) 


where, in accordance with the general rule, Ype = 1 Vibes etc. 
Contraction of this tensor on a pair of indices a, c gives the required tetrad components of 
the Ricci tensor; we present them as expressed in terms of the quantities /,,,: 


Rayo) = -4 (Aac + Aba‘, + ÀA ca,b + AX cb, a + 
+ A cag + A dca — + Ap haca + Madan’ + A cadna’). (98.14) 


Finally, we call attention to the fact that our construction is essentially independent of the 
four-dimensional nature of the metric. Thus the results obtained can also be used to calculate 
the three-dimensional Riemann and Ricci tensors for a three-dimensional metric. Naturally, 
then, in place of the tetrad of four-vectors we will deal with a triad of three-vectors, while 
the matrix Na, should have the signature + + + (we shall deal with such an application in 
§ 116). 


+ We give for reference the transformation in similar fashion of arbitrary four-vectors and four-tensors: 
i k d 
Ai;k€(a)€(b) = Alas) -A Y dab » 


i 4k „l d d 
Aig; 1€(a) &(b) Sc) = AcaxeXe) -AO bY dac + Aea) Y abe > 


etc. 


CHAPTER 12 


THE FIELD OF GRAVITATING BODIES 


§ 99, Newton’s law 


In the Einstein field equations we now carry out the transition to the limit of nonrelativisae 
mechanics. As was stated in § 87, the assumption of small velocities of all particles requires 
also that the gravitational field be weak. 

The expression for the component gop of the metric tensor (the only one which we needy 
was found, for the limiting case which we are considering, in § 87: 


20 


=1+— 
800 zZ 


Further, we can use for the components of the energy-momentum tensor the expressiom | 
(35.4) T* = = c7u,u*, where u is the mass density of the body (the sum of the rest masses af | 
the particles i in a unit volume; we drop the subscript 0 on u). As for the four-velocity uv’, since 
the macroscopic motion is also considered to be slow, we must neglect all its space components ` 
and retain only the time component, that is, we must set u” = 0, u? = ug = 1. Of all the | 
components T, there thus remains only 


Te = uc’. (99.1) 


The scalar T = T} will be equal to this same value ue. 
We write the field equations in the form (95.8): 


fori=k=0 


One easily verifies that in the approximation we are considering all the other equations 
vanish identically. 

For the calculation of R? from the general formula (92.7), we note that terms containimg 
products of the quantities Tj, are in every case quantities of the second order. Termas 
containing derivatives with respect to x° = ct are small (compared with terms with derivatives 
with respect to the coordinates x”) since they contain extra powers of I/c. As a result, theme 
remains Roo = R = A &/ox%. Substituting 
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we find 





Thus the Einstein equations give 
Ad = 4aku. (99.2) 


This is the equation of the gravitational field in nonrelativistic mechanics. It is completely 
analogous to the Poisson equation (36.4) for the electric potential, where here in place of the 
charge density we have the mass density multiplied by —k. Therefore we can immediately 
write the general solution of equation (99.2) by analogy with (36.8) in the form 


a udV 
ġ= -k f a (99.3) 
This formula determines the potential of the gravitational field of an arbitrary mass distribution 
in the nonrelativistic approximation. 
In particular, we have for the potential of the field of a single particle of mass m 


ġ=- m (99.4) 


and, consequently, the force F = —m’(0@/0R), acting in this field on another particle (mass 
m’), is equal to 





P= E, (99.5) 
this is the well-known law of attraction of Newton. 

The potential energy of a particle in a gravitational field is equal to its mass multiplied by 
the potential of the field, in analogy to the fact that the potential energy in an electric field 
is equal to the product of the charge and the potential of the field. Therefore, we may write, 
by analogy with (37.1), for the potential energy of an arbitrary mass distribution, the expression 


U=} f ugdVv. (99.6) 


For the Newtonian potential of a constant gravitational field at large distances from the 
masses, producing it, we can give an expansion analogous to that obtained in §§ 40-41 for 
the electrostatic field. We choose the coordinate origin at the inertial centre of the masses. 
Then the integral J ur dV, which is analogous to the dipole moment of a system of charges, 
vanishes identically. Thus, unlike the case of the electrostatic field, in the case of the 
gravitational field we can always eliminate the “dipole terms”. Consequently, the expansion 
of the potential @ has the form: 


- M 1 o 1l 
TT OX ,0Xp Ry = (99.7) 
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where M = J u dV is the total mass of the system, and the quantity 
| Dep= f UlB3xaxg— r Snp) dV (99.8) 


may be called the mass quadrupole moment tensor.} It is related to the usual moment of 
inertia tensor 


Jop = f U Sag — Xaxp) dV 


by the obvious relation 


| 
Dog = Jy Sup = 2J op . (99.9 


The determination of the Newtonian potential from a given distribution of masses is the 
subject of one of the branches of mathematical physics; the exposition of the various methods 
for this is not the subject of the present book. Here we shall for reference purposes give omly 
the formulas for the potential of the gravitational field produced by a homogeneous ellipsoidal 
body. 

Let the surface of the ellipsoid be given by the equation 










2 
x? 


2 


2 
> +S =1, a>b>c. (99.10) 


Then the potential of the field at an arbitrary point outside the body is given by the following 
formula: 











F 2 2 2 
@ = — muabck f í - -t `M z g (99.10) 
E 





R,= (a +s)(b* +s)(c? +5), 


where € is the positive root of the equation 
x? y? z? 
~*~ + + =1. 9.18 
rE Bae core 92-1 


The potential of the field in the interior of the ellipsoid is given by the formula 





? 2 2 2 \a 
p=- zuabek | -2-a z g. (99. 
0 


which differs from (99.11) in having the lower limit replaced by zero; we note that 
expression is a quadratic function of the coordinates x, y, Z. 
The gravitational energy of the body is obtained, according to (99.6), by integrating 


+ We here write all indices a, 8 as subscripts, not distinguishing between co- and contravariant com 
in accordance with the fact that all operations are carried out in ordinary Newtonian (Euclidean) space. 
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expression (99.13) over the volume of the ellipsoid. This integral can be done by elementary 
methods,t and gives: 


se f 1 a? b? c? ds 

U= 1| l8 

8 J hhi R, 

3km? f [2 ,(1.)_ 2s 

= 3 J Bal) 
0 


4 
[m = > abc uis the total mass of the body }; integrating the first term by parts, we obtain 

















finally: 


3km? ds 
u=- See f R (99.14) 
0 
All the integrals appearing in formulas (99.11)-(99.14) can be expressed in terms of 
elliptic integrals of the first and second kind. For ellipsoids of rotation, these integrals are 
expressed in terms of elementary functions. In particular, the gravitational energy of an 
oblate ellipsoid of rotation (a = b > c) is 


3km? 4 


U = —- —4— cos £ (99.15) 


and for a prolate ellipsoid of rotation (a > b=c): 


2 
U=- 3 cosh E, (99.16) 


5a? —c? 


For a sphere (a = c) both formulas give the value U =- 3km?/5a, which, of course, can also 
be obtained by elementary methods. $ 


PROBLEM 


Determine the equilibrium shape of a homogeneous gravitating mass of liquid which is rotating as a 
whole. 


Solution: The condition of equilibrium is the constancy on the surface of the body of the sum of the 
gravitational potential and the potential of the centrifugal forces: 


+ The integration of the squares x,y’, 2 is most simply done by making the substitution x = ax’, y = by’, 
z = cz’, which reduces the integral over the volume of the ellipsoid to an integral over the volume of the unit 
sphere. 

+ The potential of the field inside a homogeneous sphere of radius a is 


2 
p= - 2nku (a? - 5), 
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2 
o- (x? + y?) = const. 


(Q is the angular velocity; the axis of rotation is the z axis). The required shape is that of an oblate ellipsoid 
of rotation. To determine its parameters we substitute (99.13) in the condition of equilibrium, and eliminase 
2 by using equation (99.10); this gives: 


co 





ds Q2? c2 f ds 
(x? +y?) J — J = const., 
, (a? +s} Jce2+5 2mpka*c a? , (a? + sc? + s)” 


from which it follows that the expression in the square brackets must vanish. Performing the integration. we 
get the equation 


(a? + 2c?)c cos! £ 3c? Q? _ 25 (4a MO pie £ ‘2 
3 mk (a 


(a? — c2)? a a22 2aku 6 








(M= mea is the angular momentum of the body around the z axis), which determines the ratio of the 
semiaxes c/a for given Q or M. The dependence of the ratio c/a on M is single-valued; c/a increases 
monotonically with increasing M. 

However, it turns out that the symmetrical form which we have found is stable (with respect to smali 
perturbations) only for not too large values of M.t The stability is lost for M = 2.89 m8 u6 (when cf 
a = 0.58). With further increase of M, the equilibrium shape becomes a general ellipsoid with gradually 
decreasing values of b/a and c/a (from 1 and from 0.58, respectively). This shape in turn becomes unstable 
for M = 3.84 k? mP u (when a: b : c = 1: 0.43 : 0.34). 


§ 100. The centrally symmetric gravitational field 


Let us consider a gravitational field possessing central symmetry. Such a field can be 
produced by any centrally symmetric distribution of matter; for this, of course, not only the 
distribution but also the motion of the matter must be centrally symmetric, i.e. the velocity 
at each point must be directed along the radius. 

The central symmetry of the field means that the space-time metric, that is, the expression 
for the interval ds, must be the same for all points located at the same distance from the 
centre. In euclidean space this distance is equal to the radius vector; in a non-euclideam 
space, such as we have in the presence of a gravitational field, there is no quantity which has 
all the properties of the euclidean radius vector (for example to be equal both to the distance 
from the centre and to the length of the circumference divided by 27). Therefore the choice 
of a “radius vector” is now arbitrary. 

If we use “spherical” space coordinates r, 0, @, then the most general centrally symmetric 
expression for ds? is 


ds? = h(r, i) dr’ + k(r, i) (sin? 0 d@’+ d6) + I(r, Ò df + afr, t) dr dt, (100.1) 


where a h, k, l are certain functions of the “radius vector” r and the “time” t. But because of 
the arbitrariness in the choice of a reference system in the general theory of relativity, we cam 
still subject the coordinates to any transformation which does not destroy the central symmetry 
of ds?; this means that we can transform the coordinates r and f according to the formulas 


r =fi(r’, t’), t =f’, r), 


t References to the literature concerning this question can be found in the book by H. Lamb, Hydrodynamics. 
chap. XII. 


| 
| 
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where fi, f are any functions of the new coordinates r,t’. 

Making use of this possibility, we choose the coordinate r and the time ¢ in such a way 
that, first of all, the coefficient a(r, t) of dr dt in the expression for ds? vanishes and, 
secondly, the coefficient k(r, t) becomes equal simply to —r’.+ The latter condition implies 
that the radius vector r is defined in such a way that the circumference of a circle with centre 
at the origin of coordinates is equal to 27r (the element of arc of a circle in the plane 6 = 
n/2 is equal to dl = r dọ). It will be convenient to write the quantities / and / in exponential 
form, as —e* and ce” respectively, where A and v are some functions of r and t. Thus we 
obtain the following expression for ds”: 


ds? = e'e dl- r(d@ + sin? 6 dd) — e dr’. (100.2) 
Denoting by xX, xt, x, x, respectively, the coordinates ct, r, 0, @, we have for the nonzero 
components of the metric tensor the expressions 
goe, gn=-e. gear, 83 =- r sin’ O. 
Clearly, 
=e", g=- en, gsr, gear? sin? 0. 


With these values it is easy to calculate the T}, from formula (86.3). The calculation leads 
to the following expressions (the prime means differentiation with respect to r, while a dot 
on a symbol means differentiation with respect to cr): 


Thee, ra=% Tå = — sin 8 cos 0, 
À qe -A 1. V owa 
Teste’, TL = - re", TA, =~ et, 
u=9 ; 22 00 ? (100.3) 
Thal aT Ty = cot, To= 5 
Th=4, T} = - rsin2@e. 


All other components (except for those which differ from the ones we have written by a 
transposition of the indices k and /) are zero. 

To get the equations of gravitation we must calculate the components of the tensor Ri 
according to formula (92.7). A simple calculation leads to the following equations: 





87k afv 1 1 
Pe ae (Sa) (100.4) 
Bak 8th pa 1 afyr V2 Wad VX) Leli wv 
ph =a = - 3? Vit t 3 |t9 A+ - |, 
(100.5) 
82k 0 afl X 1 
y h= (4- m + or (100.6) 


+ These conditions do not determine the choice of the time coordinate uniquely. It can still be subjected 
to an arbitrary transformation t = f(f’), not containing r. 
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peg Tà = -e74 å, (100.7) 
The other components of (95.6) vanish identically. Using (94.9), the components of the 
energy momentum tensor can be expressed in terms of the energy density £ of the matter, its 
pressure p, and the radial velocity v. 

The equations (100.4)-(100.7) can be integrated exactly in the very important case of a 
centrally symmetric field in vacuum, that is, outside of the masses producing the field. 
Setting the energy-momentum tensor equal to zero, we get the following equations: 


-af 1) 1 _ 
e (2 + = “7 = 0, (100.8) 
À’ 1 1 
-aA 2 d 
e (4 =)+ z 0, (100.9) 
A=0 (100.10) 


[we do not write the fourth equation, that is, equation (100.5), since it follows from the other 
three equations]. 

From (100.10) we see directly that A does not depend on the time. Further, adding equations 
(100.8) and (100.9), we find X + v = 0, that is, 


A+ve=f(, (100.11) 


where f(t) is a function only of the time. But when we chose the interval ds? in the form 
(100.2), there still remained the possibility of an arbitrary transformation of the time of the 
form f= f(r). Such a transformation is equivalent to adding to v an arbitrary function of the 
time, and with its aid we can always make f(t) in (100.11) vanish. And so, without any loss 
in generality, we can set A + v= 0. Note that the centrally symmetric gravitational field in 
vacuum is automatically static. 

The equation (100.9) is easily integrated and gives: 


er ae’=le const, (100.12) 


Thus, at infinity (r > 0), e7? = e” = 1, that is, far from the gravitating bodies the metric 
automatically becomes galilean. The constant is easily expressed in terms of the mass of the 
body by requiring that at large distances, where the field is weak, Newton’s law should 
hold. In other words, we should have goo = 1 + (2@/c”), where the potential @ has its 
Newtonian value (99.4) @ = — (km/r) (m is the total mass of the bodies producing the field). 
From this it is clear that const = — (2km/c*). This quantity has the dimensions of length; it 
is called the gravitational radius r, of the body: 

r = 2k (100.13) 


c 





t+ For the field in the interior of a spherical cavity in a centrally symmetric distribution, we must have 
const = 0, since otherwise the metric would have a singularity at r = 0. Thus the metric inside such a cavity 
is automatically galilean, i.e. there is no gravitational field in the interior of the cavity (just as in Newtonian 
theory). 
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Thus we finally obtain the space-time metric in the form: 


ds? = í - z) c? dt? r? (sin? 0 dọ? + d0?) — -drt . (100.14) 

1- 

r 
This solution of the Einstein equations was found by K. Schwarzschild (1916). It completely 
determines the gravitational field in vacuum produced by any centrally-symmetric distributtion 
of masses. We emphasize that this solution is valid not only for masses at rest, but also when 
they are moving, so long as the motion has the required symmetry (for example, a centrally- 
symmetric pulsation). We note that the metric (100.14) depends only on the total mass of the 

gravitating body, just as in the analogous problem in Newtonian theory. 
The spatial metric is determined by the expression for the element of spatial distance: 


dr? 
| _fe 
7 


d? = 





+ r°(sin? Odo? + dO”). (100.15) 


The geometrical meaning of the coordinate r is determined by the fact that in the metric 
(100.15) the circumference of a circle with its centre at the centre of the field is 27r. But the 
distance between two points rı and r, along the same radius is given by the integral 


n 
Í gs a, (100.16) 
= 
n 1-2 


~| 


Furthermore, we see that ggg < 1. Combining with the formula (84.1) dT = 4 go dt, 
defining the proper time, it follows that 


dt< dt. (100.17) 


The equality sign holds only at infinity, where t coincides with the proper time. Thus at finite 
distances from the masses there is a “slowing down” of the time compared with the time at 
infinity. 

Finally, we present an approximate expression for ds? at large distances from the origin of 
coordinates: 


ds? = dsj — 28% (dr? + cds”), (100.18) 
C 
The second term represents a small correction to the galilean metric dsj. At large distances 
from the masses producing it, every field appears centrally symmetric. Therefore (100.18) 
determines the metric at large distances from any system of bodies. 

Certain general considerations can also be made concerning the behaviour of a centrally 
symmetric gravitational field in the interior of the gravitating masses. From equation (100.6) 
we see that for r > 0, A must also vanish at least like 7°; if this were not so the right side 
of the equation would become infinite for r — 0, that is, TE would have a singular point at 
r= 0, which is physically impossible. Formally integrating (100.6) with the limiting condition 
M,-9 = 0, we obtain 


2=-1n l - Szk Í neah (100.19) 
c r 
0 
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Since, from (100.10), TE = € "To = 0, it is clear that A = 0, that is, 
ezl. (100.205 


Subtracting equation (100.6) term by term from (100.4), we get, 


(E+ pit + ¥| 


aaa 


c? 


-4 „ 82k 
"+ Mae Ty - 1) = > 0, 


ie. v’ + A’ > 0. But for r — œ (far from the masses) the metric becomes galilean, i.e. v -> 
0, A — 0. Therefore, from v’ + X 2 0 it follows that over all space 


V+ASso. (100.219 
Since A 2 0, it then follows that v < 0, i.e. 
e<l. (100.22 


The inequalities obtained show that the above properties (100.16) and (100.17) of the 
spatial metric and the behaviour of clocks in a centrally symmetric field in vacuum apply 
equally well to the field in the interior of the gravitating masses. 

If the gravitational field is produced by a spherical body of “radius” a, then for r >a. we 
have TE = 0. For points with r > a, formula (100.19) therefore gives 


À=-1n l - STk nra . 
cr J 


On the other hand, we can here apply the expression (100.14) referring to vacuum, according 
to which 





m= Z f Tr? dr, (100.235 
C 


expressing the total mass of a body in terms of its energy-momentum tensor. 
In particular, for a static distribution of matter in the body we have T = g, so that 







m= 47 f er?dr. a 


We call attention to the fact that the integration is taken with respect to Arr’ dr, whereas 
element of spatial volume for the metric (100.2) is dV = Ane” dr, where, according 
(100.20), e? > 1. This difference indicates the gravitational mass defect of the body. 
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PROBLEMS 


1. Find the invariants of the curvature tensor for the Schwarzschild metric (100.14). 


Solution: A calculation with (92.1) and the T}, from (100.3) (or using the formulas found in problem 2 
of § 92) leads to the following values for the nonzero components of the curvature tensor: 


Row Fg Roo Ro303 rg (r — F3) 
=z 202 =- 
r?’ sin? 0 2? 
Ri313 Tg 





Riz12 = = y R373 = -Fr sin? 0 
sin? 0 Ur- ry 8 ` 


For the invariants /, and J, of (92.20) we find: 


r V ny 
L =| He Il = -| —— 


(products including the dual tensor Rim are identically zero). The curvature tensor belongs to type D of the 
Petrov classification (with real invariants A® = A@ = -r,/2r°). We note that the curvature invariants have 
a singularity only at the point r = 0, and not at r = r,. 


2. Determine the spatial curvature for this metric. 


Solution: The components of the spatial curvature tensor Pggys can be expressed in terms of the components 
of the tensor Pap (and the tensor Yap) so that we need only calculate Pag (see problem 1 in § 92). The tensor 
Papis expressed in terms of Yg just as Ry, is expressed in terms of g. Using the values of Ygg from (100.15), 
we find from the calculations: 


r, r, 
P? = pe = — , 4 = £, 
8 $ 2r? r? 
and PÊ = 0 for a + B. We note that PÊ, P$ > 0, P; <0, while P= P$ =0. 


From the formula given in problem 1 of § 92, we find: 
Prore = (Pr + PSY nYo =- PY mY o0> 
Pro = -PEY nYo 


Popop = E; Yeo Y gp- 


It then follows (see the footnote on p. 283) that for a “plane” perpendicular to the radius, the Gaussian 
curvature 1s 


P, 
K=- --P >00, 
YooY po 


(which means that, in a small triangle drawn on the “plane” in the neighbourhood of its intersection with 
the radius perpendicular to it, the sum of the angles of the triangle is greater than 7). As to the “planes” 
which pass through the centre, their Gaussian curvature K < 0; this means that the sum of the angles of a 
small triangle in such a “plane” is less than z (however this does not refer to the triangles embracing the 
centre—the sum of the angles in such a triangle is greater than 7). 


3. Determine the form of the surface of rotation on which the geometry would be the same as on a “plane” 
passing through the origin in a centrally symmetric gravitational field in vacuo. 


Solution: The geometry on the surface of rotation z = z(r) is determined (in cylindrical coordinates) by 
the element of length: 
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dP = dP + d? + Pdg? = dr (l + 2) + Pde. 
Comparing with the element of length (100.15) in the “plane” 6 = 2/2 





2 2 Aen? dr? 
dl r°dop tI nr’ 
we find 
r -1 
ee2=(1-4) , 
r 
from which 


z= T). 


For r = r, this function has a singularity—a branch point. The reason for this is that the spatial meame 
(100.15) in contrast to the space-time metric (100.14), actually has a singularity at r = rg. 

The general properties of the geometry on “planes” passing through the centre, which were mentionsd 
in the preceding problem, can also be found by considering the curvature in the pictorial model given heme. 


4. Transform the interval (100.14) to such coordinates that its element of spatial distance has conformal— 
euclidean form, i.e. dÊ is proportional to its euclidean expression. 


Solution: Setting 


we get from (100.14) 





1- 4 
ds? = tp c? dt? — h + 5) (dp? + p2d0? + psin20 do’). 
Te 
1+ 4p 


The coordinates p, 0, 9 are called isotropic spherical coordinates; instead of them we can also introdeme 
isotropic cartesian coordinates x, y, z. In particular, at large distances (p >> rg) we have approximatety- 


r 
ds? = h — z) ce dt? — h + Z) (dx? + dy? + dz’). 





5. Find the equations for a centrally symmetric gravitational field in matter in the comoving referemmm: 
system. 


| 


3 


Solution: We make use of the two possible transformations of the coordinates r, ¢ in the element 
interval (100.1) in order to, first, make the coefficient a(r, f) of dr dt vanish, and, second, to make the 
velocity of the matter vanish at each point (because of the central symmetry the other components are 
present). After this is done, r and ¢ can still be subjected to an arbitrary transformation of the form r= 
and t = x(t’). 

We denote the radial coordinate and time selected in this way by R and q, and the coefficients h, k. d 


—e4, -e, e”, respectively (where A, u and v are functions of R and 1). We then have for the line el 


ds? = edt- e*dR? - eX(d0" + sin? 6 d°). 










In the comoving reference system the components of the energy-momentum tensor are: 


Tp =e, Ti =T? =T} =-p 
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The calculation gives the following field equations: 








-BE Ty a Ep opea Es pv) erci- piva He, o 
-5E T? = ap = let (2v” + v? + 2u” p? -WA v's pv’) + 

sev (Avs v- Ap 2A-A? -2ji- 1’), (3) 
Stk m Eee ea prau PEro eer, 
ae ry =0= te? Qi + hu- Au’ - v'i) (5) 


(where the prime denotes differentiation with respect to R and the dot with respect to cf). 
General relations for À, u and v can be found easily if we start from the equations TŽ ,„ = 0 which are 
contained in the field equations. Using formula (86.11), we get the following two equations: 
2é , 2p" 


A+ 2p= -rE Wee 








If p is known as a function of £, equation (6) can be integrated in the form: 








Ae 2u=-2 Í E +f (R), v=- f P_I AT), (7) 


+E pE 


where the functions f,(R) and f(T) can be chosen arbitrarily in view of the possibility mentioned above of 
making arbitrary transformations of the form R = R(R’), t= T(7). 


6. Find the equations determining the static gravitational field in vacuum around an axially symmetric 
body at rest (H. Weyl, 1917). 


Solution: The static line element in cylindrical space coordinates x!=¢0,2 =, xX =z is assumed to have 
the form 


ds? = edP — e? dë- Pd + dô, 


where v, @, u are functions of p and z; such a representation fixes the choice of coordinates to within a 
transformation of the form @ = e(0’, z’), z = z(0', 7), which multiplies the quadratic form do’ + dz? simply 
by a common factor. 

From the equations 


Ro = et [2V p p+ Vip Vp + Op) +2V,z2* Viz + @,)] = 9, 


RI = te#[2@ pp + Op(V p+ Op) +20,..+ O,(V,,+ O,)] =0 
(where the subscripts ,p and ,z denote differentiation with respect to @ and z), and taking their sum, we find: 
Q pp + O 22=9, 
where 
g'e, z) = e7": 


+ The components R; can be calculated directly as was done in the text or with formulas obtained in 
problem 2 of § 92. 
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Thus @’(@, z) is a harmonic function of the variables @, z. According to the well-known properties of such 
functions, this means that there exists a conjugate harmonic function z’(@, z) such that g’ + iz’ = f(@ + i 
where fis an analytic function of the complex variable ọ + iz. If now we choose 0’, z’ as new coordinates, 
because of the conformality of the transformation @, z > g'z’ we will have 


e#(de? + d) = ef (do? + dz), 


where j'(0’, Z’) is some new function. At the same time e? = ọ°e™; writing @ + v = yand dropping tae 
primes, we write ds? in the form 


d? = e’c"d? — pede — eX (de? + dz), ile 


Forming the equations R? = 0, R3 — R? = 0, R3 = 0 for this metric, we find: 





1d (pv), dv 

salega oe -0, i» 
dy_ wav day |(xyý (aY 

ac E Je ae" z-e |(%) (3) l > 


We note that (2) has the form of the Laplace equation in cylindrical coordinates (for a function independemg | 
of @). If this equation is solved, then the function y(@, z) is completely determined by eqs. (2)-(3). At lage 
distances from the body producing the field, the functions v and y should tend to zero. ; 


§ 101. Motion in a centrally symmetric gravitational field 


Let us consider the motion of a particle in a centrally symmetric gravitational field. As im - 
every centrally symmetric field, the motion occurs in a single “plane” passing through the 
origin; we choose this plane as the plane @ = 7/2. 

To determine the trajectory of the particle, we use the Hamilton—Jacobi equation: 

os OS , 

ik 202-0. | 

ax? axt © | 

where mis the mass of the particle (and we denote the mass of the central body by m’). Using 
the g* given in the expression (100.14), we find the following equation: 


2) (B)-b-A1B)-H1g) wos ome 


ap 


where r, = 2km’/c? is the gravitational radius of the central body. l 
By the general procedure for solving the Hamilton-Jacobi equation, we look for an S m 
the form 












S=- &t+ Mọ + S,(P, (101-2 


with constant energy & and angular momentum M. Substituting (101.2) in (101.1), we fimdl. 
the derivative dS,/dr, and thus: 


2 r. -2 2 r, -I 
sp EES e as 


The dependence r = r(f) is given (cf. Mechanics, § 47) by the equation 0S/d& = const, from 
which 
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ct = fo f i (101.4) 
m 
É _ fe o g I+ M? I 
r me? m*c*r? 


The trajectory itself is determined by the equation OS/dM = const, so that 





` oot 
nee 
| 


Mdr (101.5) 





This integral reduces to an elliptic integral. 

For the motion of a planet in the field of attraction of the Sun, the relativistic theory leads 
to only an insignificant correction compared to Newton’s theory, since the velocities of the 
planets are very small compared to the velocity of light. In the integrand in the equation 
(101.5) for the trajectory, this corresponds to a small value for the ratio r,/r, where r, is the 
gravitational radius of the Sun.t 

To calculate the relativistic corrections to the trajectory, it is convenient to start from the 
expression (101.3) for the radial part of the action, before differentiation with respect to M. 

We make a transformation of the integration variable, writing 


r(r- r) =r°, ie r- 
as a result of which the term with M? under the square root takes the form M’/r”. In the other 
terms we make an expansion in powers of r,/r’, and obtain to the required accuracy: 


1/2 
72 3 2242 
$, = 28'm+ E + L (Qm?m'k + 48 'mr,) - + m- Zen dr, 
c? r E r 2 


(101.6) 


where for brevity we have dropped the prime on r’ and introduced the non-relativistic 
energy & (without the rest energy). 

The correction terms in the coefficients of the first two terms under the square root have 
only the not particularly interesting effect of changing the relation between the energy and 
momentum of the particle and changing the parameters of its Newtonian orbit (ellipse). But 
the change in the coefficient of 1/7 leads to a more fundamental effect—to a systematic 
(secular) shift in the perihelion of the orbit. 

Since the trajectory is defined by the equation @ + (dS,/dM) = const, the change of the 
angle @ after one revolution of the planet in its orbit is 


where AS, is the corresponding change in S,. Expanding S, in powers of the small correction 
to the coefficient of 1/77, we get: 


+ For the Sun, r, = 3 km; for Earth, r, = 0.9 cm. 
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2.242 0 
3m°c*r, GAS 


= AS® _ 
AS, = AS; AM JM’ 





where AS® corresponds to the motion in the closed ellipse which is unshifted. Differentiating 
this relation with respect to M, and using the fact that 


_ 9 no = Ag = 
ag AS = AG = 2a, 


we find: 


3mm c?r? 62k? m? m”? 
——— = 28+ 
2M? c?M? 
The second term is the required angular displacement d6@ of the Newtonian ellipse during 
one revolution, i.e. the shift in the perihelion of the orbit. Expressing it in terms of the length 


a of the semimajor axis and the eccentricity e of the ellipse by means of the formula 


Ap =2m + 


M? 
km'm? a-e) 
we obtain:} 
5p = Orem (101.7) 
c’a(l — e*) 


Next we consider the path of a light ray in a centrally symmetric gravitational field. This 
path is determined by the eikonal equation (87.9) 


which differs from the Hamilton-Jacobi equation only in having m set equal to zero. Therefore 
the trajectory of the ray can be obtained immediately from (101.5) by setting m = 0; at the 
same time, in place of the energy & = — (S/o#) of the particle we must write the frequency 
of the light, @ = — (Oy/ot). Also introducing in place of the constant M a constant @ defined 


by @ = cM/qp, we get: 
$= | -r . 
— 1- Tg 
r2 r 


If we neglect the relativistic corrections (r, — 0), this equation gives r = Q/cos @, i.e. a 
straight line passing at a distance @ from the origin. To study the relativistic corrections, we | 
proceed in the same way as in the previous case. | 

For the radial part of the eikonal we have [see (101.3)]: 


_ 0o r g? 
y,(r)= z | r-r 


f Numerical values of the shifts determined from formula (101.7) for Mercury and Earth are equal 
respectively, to 43.0” and 3.8” per century. 


(101.8) 
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Making the same transformations as were used to go from (101.3) to (101.6), we find: 


wry = 0 [te SE a 


Expanding the integrand in powers of r,/r, we have: 


r 0 rœ 
= yO, 2 Í +a © cosh! E, 
wreaw z T- o 0 
where w® corresponds to the classical straight ray. 

The total change in y, during the propagation of the light from some very large distance 
R to the point r = @ nearest to the centre and then back to the distance R is equal to 


w 
Ay, = Ay +2 ae 2 cosh“ £ . 


The corresponding change in the polar angle @ along the ray is obtained by differentiation 
with respect to M = 0o/ ac: 


aga ZAW AYP 2rR 


- + — .. 
OM oM 0 [R2 o? 
Finally, going to the limit R —> œ, and noting that the straight ray corresponds to Ag= 7, we 
get: 








A 2r, 
= m+ —Č. 
ġ=n+ 0 


This means that under the influence of the field of attraction the light ray is bent: its 
trajectory is a curve which is concave toward the centre (the ray is “attracted” toward the 
centre), so that the angle between its two asymptotes differs from a by 


27, = Akon 
101.9 
o 20° ( ) 





p= 


in other words, the ray of light, passing at a distance @ from the centre of the field, is 
deflected through an angle 6¢.+ 


§ 102. Gravitational collapse of a spherical body 


In the Schwarzschild metric (101.14), go goes to zero and g4; to infinity at r = r, (on the 
“Schwarzschild sphere”). This could give the basis for concluding that there must be a 
singularity of the space-time metric and that it is therefore impossible for bodies to exist that 
have a “radius” (for a given mass) that is less than the gravitational radius. Actually, however, 
this conclusion would be wrong. This is already evident from the fact that the determinant 
g = -r^ sin? 0 has no singularity at r, = r, so that the condition g < 0 (82.3) is not violated. 
We shall see that in fact we are dealing simply with the impossibility of establishing a rigid 
reference system for r < r,. 


f For a ray just skirting the edge of the Sun, 6¢ = 1.75”. 
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To make clear the true character of the space-time metric in this domaint we make a 
transformation of the coordinates of the form: 


r 


cra tas | foe R=ct+ | a. (102.1) 
(eae 


Then 


ds? = 





I- (c?dt?— f?dR*) — r° (d0? + sin? 0 dọ’). 
We eliminate the singularity at r = r, by choosing f(r) so that f(r,) = 1. If we set f(r) = „fr,frs 


then the new coordinate system will also be synchronous (g,,;= 1). First choosing the \ upper 
sign in (102.1), we have: 


— f? 3/2 
r- cr= | OE Pef T d=2 2 > 
r alr 3 pl2 
1-— lf 8 g 
or 


3 2⁄3 
= (5 (R- ct)} ri” (102) 


(we set the integration constant, which depends on the time origin, equal to zero). The 
element of interval is: 


dR? 


3 
2r, (R — er) 


4/3 
ds? = c?dt? — a A É (R- en) r2” (dO? + sin? Odo"). (1023 


In these coordinates the singularity on the Schwarzschild sphere [to which there correspomdis 
the equality 4 (R — ct) = r,] is absent. The coordinate R is everywhere spacelike, while Ti 
timelike. The: metric (102.3) is nonstationary. As in every synchronous reference system. the 
time lines are geodesics. In other words, “test” particles at rest relative to the refereane 
system are particles moving freely in the given field. 

To given values of r there correspond world lines R — ct= const (the sloping straight timnas 
in Fig. 20). The world lines of particles at rest relative to the reference system are shown am 
this diagram as vertical lines; moving along these lines, after a finite interval of proper t 
the particles “fall in” to the centre of the field (r = 0), which is the location of the 
singularity of the metric. 

Let us consider the propagation of radial light signals. The equation ds* = 0 (for @, = 
const) gives for the derivative dt/dR along the ray: 


3 
+ The physical meaning of the Schwarzschild singularity was first explained by D. Finkelstein (1 
using a different transformation. The metric (102.3) was first found by Lemaitre (1938). 
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T 





kermi 1 =+ 4, (102.4) 


Rre 


the two signs corresponding to the two boundaries of the light “cone” with its vertex at the 
given world point. When r > r, (point a in Fig. 20) the slope of these boundaries satisfies 
lc dt/dR\ < 1, so that the straight line r = const (along which c dt/dR = 1) falls inside the 
cons. But in the region r < r, (point a’) we have lc dt/dRI > 1, so that the line r = const, the 
world line of a particle at rest relative to the centre of the field, lies outside the cone. Both 
boundaries of the cone intersect the line r = 0 at a finite distance, approaching it along a 
vertical. Since no causally related events can lie on the world line outside the light cone, it 
follows that in the region r < r, no particles can be at rest. Here all interactions and signals 
propagate in the direction toward the centre, reaching it after a finite interval of time T. 

Similarly, choosing the lower signs in (102.1) we would obtain an “expanding” reference 
system with a metric differing from (102.3) by a change of the sign of t. It corresponds to 
a space-time in which (in the region r < r,) again rest is impossible, but all signals propagate 
outward from the centre. 

The results described here can be applied to the problem of the behaviour of massive 
bodies in the general theory of relativity. 

The investigation of the relativistic conditions for equilibrium of a spherical body shows 
that for a body of sufficiently large mass, states of static equilibrium cannot exist.} It is clear 
that such a body must contract without limit (i.e. it must undergo “gravitational collapse’’).t 

In a reference system not attached to the body and galilean at infinity [metric (100.14)], 
the radius of the central body cannot be less than r,. This means that according to the clocks 
t of a distant observer the radius of the contracting body only approaches the gravitational 
radius asymptotically as ź — oo. It is easy to find the limiting form of this dependence. 

A particle on the surface of the contracting body is at all times in the field of attraction of 
a constant mass m, the total mass of the body. As r — r, the gravitational force becomes very 


+ See Statistical Physics, § 111. 
+ The essential properties of this phenomenon were first explained by J. R. Oppenheimer and H. Snyder 
(1939). 
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large; but the density of the body (and with it, the pressure) remains finite. Neglecting the 
pressure forces for this reason, we reduce the determination of the time dependence r = rity 
of the radius of the body to a consideration of the free fall of a test particle in the field of the 
mass m. 

The function r(t) for fall in a Schwarzschild field is given by the integral (101.4), where 
for purely radial motion M = 0. Thus, if the fall starts at a “distance” rp from the centre with 
zero velocity at some time tọ, the energy of the particle is % = mc? j1 —rg/ro , and for the 
time t for it to reach the “distance” r we have: 


19) 

- 

e(t- t) = {1 -2f —— or (1025) 
To i Fg Fo Tg 

~ r r T o 


This integral diverges like r, In (r — rą) for r —> r,. Thus we find the asymptotic formula for 
the approach of r to r,: 


r — r, = const ees) (102.6 


Thus the final stage of approach of the collapsing body to the gravitational radius occurs 
according to an exponential law with a very small characteristic time ~ rlc. 

Although the rate of contraction as observed from outside goes to zero asymptotically. tee 
velocity v of fall of the particles, as measured in their proper time, increases and approaches 
the velocity of light. In fact, according to the definition (88.10): 





1-2 
1-2- L., a02 

c lg 

1- => 

% 


The approach to the gravitational radius, which according to the clocks of the outside 
observer takes an infinite time, occupies only a finite interval of proper time (i.e. time in the 
reference system comoving with the body). This is already clear from the analysis givem 
above, but one can also verify it directly by computing the proper time T as the invariammt 


integral 
1 
dt? 2 
cTtT= f ds = f |e?so Ar? + an | dr 


Taking dr/dt for the falling particle from (102.5), we get for the proper time for fall fram 
ro tor: | 


1 PI 

r, r, \ 2 

f (2 - z) dr. (102% 
r To 


° 
This integral converges for r > F; . ; 


4 
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Having reached the gravitational radius (as measured by proper time), the body will 
continue to contract, with all of its particles arriving at the centre within a finite time; the 
moment of collapse of each portion of the matter into the centre is a true singularity of the 
space-time metric. We do not, however, observe any of this process of collapse of the body 
within the Schwarzschild sphere. The moment when the surface of the body crosses this 
sphere corresponds to f = œ, we may say that the whole process of collapse within the 
Schwarzschild sphere occurs “after an infinite time” for the distant observer—an extreme 
example of the relativity of time. There are, of course, on logical contradictions in this 
picture. In complete accord with it is the statement above about the property of the contracting 
coordinate system: in this system no signals emerge from the Schwarzschild sphere. Particles 
or light rays may intersect this sphere (in the comoving reference system) only in one 
direction—-toward the inside, and once crossing there, can no longer emerge. Such a “one- 
way valve” is called the event horizon. 

With respect to an external observer the contraction to the gravitational radius is accompanied 
by a “closing up” of the body. The time for propagation of signals sent from the body tends 
to infinity: for a light signal c dt = dr/(1 — rg/r), the time for propagation from r to some 
ro > r is given by the integral 








o 
h-r, 
cats f dr_ ey par, n2, (102.9) 
Fo r—Tl, 
1-2 
f 


which [like the integral [102.5)] diverges for r — rg. Intervals of proper time on the surface 
of the body are shortened, as compared to intervals of time t for the distant observer, in the 


ratio 
V¥ 800 = 41- r/r; 


consequently, as r —> r, all processes on the body appear to be “frozen” with respect to the 
external observer. 

The frequency of a spectral line emitted by the body and received by a distant observer is 
reduced, but this is not only an effect of the gravitational red shift, but also the effect of the 
Doppler shift due to the motion of the source, which is falling toward the centre along with 
the surface of the sphere. When the radius of the sphere is already close to r, (so that the 
velocity of fall is already close to the light velocity) this effect reduces the frequency by a 


factor 
| v v\_1 v 
1-4 /(1+ 4-5 Ia: 


Under the influence of both effects, the observed frequency consequently goes to zero as 
r — r, according to the law 





Tg 
@ = const 1-— . (102.10) 


Thus, from the point of view of a distant observer, the gravitational collapse leads to the 
appearance of a “congealed” body which sends no signals into the surrounding space and 
interacts with the external world only through its static gravitational field. Such a structure 
is called a black hole or a collapsar. 
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In conclusion we make one further remark of a methodological nature. We have seen that — 
for the central field in vacuum the “system of the outside observer” that is inertial at infinity — 
is not complete: there is no place in it for the world lines of particles moving inside the ` 
Schwarzschild sphere. The metric (102.3) is still applicable inside the Schwarzschild sphese, | 
but this system too is not complete in a certain sense. Consider, in this system, a particle | 
carrying out a radial motion in the direction away from the centre. As T — œ its world hee | 
goes out to infinity, while for T — — œ it must approach asymptotically to r = r,, since, im 
this metric, within the Schwarzschild sphere motion can occur only along the direction =m } 
the centre. On the other hand, emergence of the particle from r = r, to any given point r> | 
r, occurs within a finite interval of proper time. In terms of proper time the particle mama | 
approach the Schwarzschild sphere from inside before it can begin to move outside it; bet 7 
this part of the history of the particle is not kept by the particular reference system.+ 

We emphasize that this incompleteness arises only in a formal treatment of the metric of 
the field, where it is regarded as produced by a point mass. In a real physical problem, say 
the collapse of an extended body, this incompleteness does not occur: the solution obtained 
by matching the metric (102.3) with the solution inside of the matter, will, of course, be 
complete, and will describe the whole history of all possible motions of the particles. (The 
world lines of particles moving in the region r > r, in the direction toward the cente 
necessarily begin from the surface of the sphere, even before its contraction to within the 
Schwarzschild sphere.) 
















PROBLEMS 


1. Find the radii of circular orbits for a particle in the field of a black hole (S.A. Kaplan, 1949). 


Solution: The dependence r = r(t) for a particle moving in the Schwarzschild field is given by (101-4, 
or, in differential form: 


l d 1 
l-rredt & 


U(r) = me? ( - (1 + tis) 
r mer? 


(m is the mass of the particle, r, = 2km’/c’ is the gravitational radius of the central body with mass m’). Te 
function U(r) plays the role of an “effective potential energy” in the sense that the condition % > U 
determines the admissible range of the motion (in analogy to nonrelativistic theory). Figure 21 
curves of U(r) for various values of the angular momentum M of the particle. 

The radii of curvature of the orbits and the corresponding values of % and M are determined by te 
extrema of the function U(r), where the minima correspond to stable, and the maxima to unstable ortams. 
Simultaneous solution of the equations U(r) = 4, U’(r) = 0 gives: 


[fy -U*(r)]"”, m 


where 


f= Me |-> (1-4), 
TTo r 


+ The construction of a reference system that is not incomplete in this way is considered in problem 5 
this section. 
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Fic. 21. 


where the upper sign refers to stable, and the lower to unstable orbits. The stable orbit closest to the centre 
has the parameters 


r=3r,, M= V3 mer, & = [E me. 


The minimum radius for an unstable orbit is 3r,/2 and is reached in the limit M — ~, % — o., Figure 22 


shows the dependence of r/r, on M/mcr,; the upper branch gives the radius for stable, and the lower for 
unstable orbits. 








20 
15 
titg 10 
5 H| 
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43 2 3 
M/mcrg 
Fic. 22. 


2. For motion in this same field determine the cross-section for gravitational capture of (a) nonrelativistic, 
(b) ultrarelativistic, particles coming from infinity (Ya. B. Zel’dovich and I. D. Novikov, 1964). 


Solution: (a) For a nonrelativistic velocity V. (at infinity) the energy of the particle is & ~ mc”. From Fig. 
21 we see that the line & = mc’ lies above all the potential curves with angular momenta M < 2mery, i.e. 
all those with impact parameters @ < 2cr,/v... All particles with such values of @ undergo gravitational 


+ For comparison we recall that in a Newtonian field circular orbits would be possible (and stable) at any 
distance from the centre (the radius being related to the angular momentum by the formula r = M?/kan'm’. 
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capture: they reach the Schwarzschild sphere (asymptotically, as t —> œ) and do not emerge again to infimaing. 
The capture cross-section is 
2 
oO = 4nr; (<<) . 
Væ 


(b) In equation (1) of problem 1 the transition to the ultrarelativistic particle (or to a light ray) is achiewai ; 
by the substitution m — 0. Also introducing the impact parameter @ = cM/é, we get: 
odro h Zen, 
Tg cdt r? r? 

r 








The limits of the radial motion (the turning points) are determined by the roots of the expression under te 
square root. They are plotted as functions of @ in Fig. 23; the regions of possible motions correspond to te 
unshaded part of the plane. The curve has a minimum at the point 


3V3 3 


ORD hR THD Me 





they 


Fic. 23. 


For smaller values of the impact parameter the particle does not reach the turning point, i.e. it moves to te 
Schwarzschild sphere. Then we get for the capture cross-section 


o= 2 mr. 


§ 103. Gravitational collapse of a dustlike sphere 


A discussion of the course of change of the internal state of a collapsing body (incl 
in the course of the process its compression below the Schwarzschild sphere) requires 
solution of the Einstein equations for the gravitational field in a material medium. In 
centrally symmetric case the field equations can be solved in general form if we neglect 
pressure of the matter: p = 0 (R. Tolman, 1934). Although the approximation made is 
usually admissible in real situations, the general solution of this problem has consi 
methodological interest. 
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As was shown in § 97, for a dustlike medium one can choose a reference system which is 
both synchronous and comoving.} Denoting the time and the radial coordinate chosen in 
this way by Tand R, we write the spherically symmetric line element in the formt 


ds? = dt? — e*®) dR? — r(t, R)(d0" + sin? 6 dd’). (103.1) 


The function r(t, R) is the “radius”, defined so that 27r is the circumference of a circle 
(with centre at the origin). The form (103.1) fixes the choice of t uniquely, but still permits 
arbitrary transformations of the radial coordinate of the form R = R(R’). 

The calculation of the components of the Ricci tensor for this metric leads to the following 
system of Einstein equations:§ 


er + Fer? +1 =0, (103.2) 
e’ n , À? 2r = 
-4 Qr" - ra) + tA Ag, a + <= 0, (103.3) 
-4 
-6 (2rr” + r° — rr’A’) + > L rd +7? + 1) = 8zke, (103.4) 
r2 
2- y- 0, (103.5) 


where the prime denotes differentiation with respect to R, and the dot with respect to T. 
Equation (103.5) is immediately integrated over the time, giving 
a2 ` 
A r 
e= IFAR + FR)’ (103.6) 
where f(R) is an arbitrary function, subject only to the condition that 1 + f> 0. Substituting 
this expression in (103.2), we get 


2+ F°- f=0 
[substitution in (103.3) gives nothing new]. The first integral of this equation is 


aise 


t? = f(R) + (103.7) 


where F(R) is another arbitrary function. Thus 


The function r(t, R) obtained from the integration can be written in the parametric form: 


+ The matter must move “without rotation” (cf. the footnote on p. 310). In the present case this condition 
is surely satisfied, since spherical symmetry implies purely radial motion of the material. 

In this section, we set c = 1. 

§ Compare problem 5 of § 100. Equations (103.2)-(103.5) are obtained, respectively, from eqs. (2)-(5) 
of the problem if we set v = 0, e = r°, p = 0. We note that the second of eqs. (6) of this same problem gives 
v’=0, i.e, v= Wt), when p = 0; the remaining arbitrariness in the metric (1) in the choice of T therefore 
allows us to make v equal to zero, which again demonstrates the possibility of introducing a synchronous- 
comoving reference frame. 
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(cosh n — 1), To(R)- T= 


F (sinh 7 — 7) forf >Q, (103.8) 
iF 2f? 


5 (1 —cos 7), T(R) -t= —E 
2(-f) 


where 7)(R) is again an arbitrary function. If f= 0, 





(n — sinh n) forf > 0, (103.9) 


2 
2 


re Galo - rÚ forf = 0. (103.10) 


In all cases, substituting (103.6) in (103.4) and eliminating f by using (103.7), we get the 
following expression for the matter density: 
F., 


8mke = (103.11) 


Formulas (103.6)—(103.11) determine the required general solution.t We remark that it 
depends on only two “physically different” arbitrary functions: although three functions, f. 
F and 7% appear in it, the coordinate R can still be subjected to an arbitrary transformation 
R = R (R’). This number corresponds exactly to the fact that the most general centrally 
symmetric distribution of matter is given by two functions (the density distribution and the 
radial velocity of the matter), while a free gravitational field with central symmetry does not 
exist. 

Since the reference frame is comoving with the matter, to each particle of matter there 
corresponds a definite value of R; the function r(t, R) for this value of R determines the law 
of motion of the particular particle, while the derivative r is its radial velocity. An important 
property of the solution obtained here is that the assignment of the arbitrary functions 
appearing in it over the interval from 0 to some Rọ completely determines the behaviour of 
the sphere of this radius; it does not depend on how the functions are assigned for R > Rọ 
One automatically obtains the solution of the interior problem for any finite sphere. The 
total mass of the sphere is given, according to (100.23), by the integral 


r(1,Ro) Ro 
m=4n f er’ dr=4n f er?r'dR. 
r 


Substituting (103.11) and noting that F(0) = 0 (when R = 0, we must have r = 0), we find 


m= Ro, re = F(Ro) (103.12) 


(r, is the gravitational radius of the sphere). 





2 


For F = const + 0, we find £ = 0 from (103.11), so that the solution applies to empty space, 


+ The functions F, f, % have only to satisfy conditions assuring the positivity of e?, r and £. In addition 7 


to the condition 1 + f>0 given above, it follows that F > 0. We shall also assume that F >0,r >0: tis 
excludes cases that lead to crossing of spherical layers of matter during their radial motion. 


+ It does not, however, include the special case where r = r(7), and does not depend on R, so that eq. $ 
(103.5) reduces to an identity; cf. V. A. Ruban, JETP, 56, 1914 (1969); Soviet Phys. JETP, 29, 1027 (1969. ~ 


This case does not, however, correspond to the conditions of the problem of collapse of a finite body. 
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Le. it describes the field of a point mass (located at the centre, the singular point of the 
metric). So, setting F = r,, f= 0, To = R, we obtain the metric (102.3). 

Formulas (103.8)-(103.10) describe both contraction and expansion of the sphere (depending 
on the range of values taken by the parameter n); both are equally admissible for the field 
equations. The important problem of behaviour of an unstable massive body corresponds to 
contraction—gravitational collapse. The solutions (103.8)-(103.10) are written so that 
contraction occurs when 7, while increasing, tends to %. To the moment T = 7(R) there 
corresponds the arrival at the centre of the matter with a given radial coordinate R (where 
we must have Tj > 0). 

The limiting character of the metric inside the sphere as T —> (R) is the same for all three 
eases (103.8)-(103.10): 


1 1 
3 2 3 A l 
p= (PF) a- 1, en (5) 0 to- 1)”. (103.13) 


This means that all radial distances (in the comoving reference frame used here) tend to 
mfinity, while tangential distances go to zero (like T — %).t Correspondingly the matter 
density increases without limit:§ 


2F’ 


Bake = 


Thus, in agreement with our remarks in § 102, there is a collapse of the whole matter 
tribution in to the centre.{ 

In the special case where the function 7(R) = const (i.e. all the particles reach the centre 
simultaneously), the metric inside the contracting sphere has a different character. In this 
«ease 


4 2\ , 
r= [2E ' (To= T}, eM? x — E (4-13 
3 2 
. 2F3 J1 +f 


— 4 _ 
3(To- T)? ` 


as T— 1p, all distances, both tangential and radial, tend to zero according to the same law 


Sake = (103.15) 


+ The case of F = 0 (where (103.7) gives r = Jfa- To)) corresponds to the absence of a field; by a 
Mable transformation of variables, the metric can be brought to Galilean form. 

$ The geometry on a “plane” passing through the centre is that which would exist on a conical surface 
revolution which is stretching in the course of time along its generators and at the same time contracting 
its bounding circles. 

§ The fact that in this solution collapse occurs for any mass of the sphere is a natural consequence of 
ting the pressure. Clearly, as € — ©, from the physical point of view the assumption that the matter 
@astlike is never admissible, and we should use the ultrarelativistic equation of state p = £€/3. It appears 
ver, that the general character of the limiting laws of compression are to a large extent independent of 
equation of state of the matter (cf. E. M. Lifshitz and I. M. Khalatnikov, JETP 39, 149, 1960; Soviet 
ies. JETP, 12, 108, 1961). 

, The case where Tọ — const includes, in particular, the collapse of a completely homogeneous sphere— 
the problem. 
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2 
~ (To — T)3; the matter density goes to infinity like (t% — t) and, in the limit, its distribution 
becomes uniform. 

We call attention to the fact that in all cases the moment of passage of the surface of the 
collapsing sphere through the Schwarzschild sphere [7(, Ro) = r,] has no significance for iis 
internal dynamics (described by the metric in the comoving reference frame). At cada 
moment of time, however, a definite part of the sphere is already below its “event horizom™. 
Just as F(Rp). through (103.12), determines the gravitational radius of the sphere as a whole, 
so F(R) for any given value of R is the gravitational radius of the part of the sphere withum 
the spherical surface R = const; thus this part of the sphere is determined at each moment ef 
time T by the condition r(T, R) < F(R). 

Finally, we show how these formulas can be used to solve the problem posed at the ead 
of § 102: to construct the most complete reference system for the field of a point mass.+ 

To achieve this goal we must start from a metric in vacuum that could contain bola 
contracting and expanding space-time regions. Equation (103.8) is such a solution, in which 
we must set F = const = r,. Also choosing 


1 
(Rir) +1’ 


2 
Lak Beat}a—cosm 


“2 
2 


f=- T= 5 ref) 


we get: 


(103.19 
3 

t_1{R j . 
—>—=>|=~ +1] (z-n+ sinn); 
(g 
where the parameter n runs through values from 0 to 2%, the time q (for a given R) decreases 
monotonically, while r increases from zero, goes through a maximum, and then again drags 
to zero. 

In Fig. 24, the lines ACB and A’C’B’ correspond to the point r = 0 (parameter values gam 
27 and n = 0). The curves AOA’ and BOB’ correspond to the Schwarzschild sphere r = wy. 
Between A’C’B’ and A’OB’ is the region of space-time in which only motion out from t= 
centre is possible, while between ACB and AOB there is the region in which motion occamm 
only toward the centre. 

The world line of a particle that is at rest relative to this reference system is a vertical 
(R = const). It starts from r = 0 (point a), cuts the Schwarzschild sphere at the pomt 


1 







2 
Tg 
begins to fall in toward the Schwarzschild sphere, passes through it at point c, and 


once more at r = 0 (point d) at the time 


3 
m| R? j 
TtT=fr, +1 . 
g 
(5 


+ Such a system was first found by M. Kruskal using other variables (M. Kruskal, Phys. Rev. 119, 
1960). The form of the solution given here, in which the reference system is synchronous, is due wh 
Novikov, 1963. i 


2 
reaches its farthest distance |: =h [= + \} at time T= 0, after which the particle 
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A t, B 





This reference system is complete: both ends of the world line of any particle moving in 
the field are either at the true singularity r = 0, or go off to infinity. The incomplete metric 
(102.3) covers only the region to the right of the curve AOA’ (or to the left of BOB’), while 
the “expanding” reference system covers the region to the right of BOB’ (or to the left of 
AOA’). The Schwarzschild reference frame with the metric (100.14) covers only the region 
to the right of BOA’ (or to the left of AOB’). 


PROBLEM 


Find the solution of the interior problem for the gravitational collapse of a dustlike homogeneous sphere 
whose material is at rest initially. 


Solution: Setting 
% = const, f= sin? R, F = 2ay sin? R, 
we find 
r=a)sin R(1—cos n), T- To= a(n - sin n) (1) 
(the radial coordinate R is dimensionless and runs through values from 0 to 27). Then the density is 


6 


8xke = —-———_- 
aè (1 — cos 9)? 


(2) 


and, for a given 7, is independent of R, so the sphere is homogeneous. We can represent the metric (103.1) 
with r from (1) in the form 


ds? = dt? — a(P){dR? + sin? R(d0? + sin? 6 dẹ’), (3) 
a = a(l — cos N). 


We call attention to the fact that it coincides with the Friedmann solution for the metric of a universe 
completely filled with uniform dustlike matter (§ 112)—a completely natural result, since a sphere cut out 
of a uniform distribution of matter has central symmetry. 


+ The metric (3) corresponds to a space of constant positive curvature. In analogous fashion, setting 
f= sinh? R, F = 2a sinh? R, we obtain the solution corresponding to a space of constant negative curvature 
¢§ 113). 
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The condition originally posed can be satisfied by (1) for definite choices of the constants ap, To. Makang 
a change of parameter for convenience (n —> 7- n), we write the solution in the form 


_ o smR __ : , 
r= snk, sin Rp (1 + cos n), T= J sin Ry (n + sin 7). i 


where [according to (103.12)] the gravitational radius of the sphere is Tg = To sin? Ro. At the initial time 
(T=0, 1 = 0) the matter is at rest (r = 0), and 2 trp = 27r(0, Ro) is the initial circumference of the sphere. 
The collapse of this matter into the centre occurs at the time T= m7rp/2 sin Ro. 

The time ¢ in the reference frame of a distant observer (the Schwarzschild frame) is related to the proper 


time Ton the sphere by the equation 


ashi- t)ar- 
r 


1- rlr’ 


where by r we mean the value r(t, Ry) corresponding to the surface of the sphere. Integration of shis 
equation leads to the following expression for t as a function of the same parameter n: 


cot Ro + tan 2 


t 2 1 . 
fmm TR cot |n- tage -sia | a 
"s cot; Ro — tan 2 2 sin” Ro 


(where the time ¢ = 0 corresponds to T= 0). The passage of the surface of the sphere through the Schwarzschihii 
sphere (r(t, Ro) = r,) corresponds to the value of the parameter 7 determined by the equation 


r, . 
os? 2 = -£ = sin? Ro. 
2 ro 


As we approach this value, the time t goes to infinity, in accordance with the remarks in § 102.4 


(6 


§ 104. Gravitational collapse of nonspherical and rotating bodies 


All the results of the preceding two sections were applicable strictly to bodies that ame 
rigorously spherically symmetric. Simple arguments show, however, that the qualitative 
picture of gravitational collapse remains the same for bodies with small deviations from 
spherical symmetry (A. G. Doroshkevich, Ya. B. Zel’dovich and I. D. Novikov, 1965). 

We shall consider, first, bodies whose deviation from central symmetry is related to the 
matter distribution and not to a rotation of the body as a whole. 

It is obvious that if a massive centrally symmetric body is gravitationally unstable, tam 
instability will remain for small disturbances of the symmetry, so that such a body will 
collapse. Treating the weak asymmetry as a small perturbation, we can follow its developmemg 
(in the comoving frame) during the contraction of the body. Perturbations, generally speaking, 
increase with increasing density of the body. But if the perturbations are sufficiently weak 
at the start of the contraction, they will still be small at the time when the body reaches is. 
gravitational radius; it was pointed out in § 103 that this moment is in no way special for the 
internal dynamics of the contracting body, while its density is, of course, still finite.¢ x 


+ The function r(t, Ro) determined from formula (4) coincides, of course, with the function calculassi 
from the external metric and given by the integral (102.8). The same remark applies to the function aap 
defined by formulas (4) and (5); it coincides with that given by the integral (102.5). 

+ The development of perturbations in a nonstationary, unbounded homogeneous distribution of mamar 
is treated in § 115 (where the formulas obtained apply equally to the cases of expansion and contractiamp, 
Nonuniformities of the unperturbed distribution or infinite extent of the body do not change the conclusie 
drawn there. 
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Because the internal perturbations in the body are small, the perturbations of the external 
centrally symmetric gravitational field produced by it also remain small. This means that the 
surface of the “event horizon,” the Schwarzschild sphere, also remains almost unchanged. 
and nothing prevents the collapsing body from crossing it (in the comoving reference frame). 

No information reaches the external observer concerning the further growth of perturbations 
inside the body since no signals emerge from beyond the event horizon; the whole process 
remains “infinitely delayed” for the distant observer. From this it follows, in turn, that with 
respect to the external reference frame the gravitational field of the collapsing body must 
tend to become stationary as the body approaches the gravitational radius asymptotically. 
The characteristic time for this approach is very small (~ 7,/c), and during it we may assume 
that in the external space there are only those perturbations that developed earlier in the 
centrally symmetric field. But all disturbances must in the course of time dissipate in space 
as gravitational waves, going out to infinity (or passing beyond the horizon). 

Time-independent static disturbances also cannot remain in the external gravitational field 
of a developing black hole. This conclusion can be obtained from an analysis of constant 
perturbations applied on the Schwarzschild sphere in vacuum. Such an analysis shows that 
in the static case every perturbation (which drops off at infinity) increases without limit as 
it approaches the Schwarzschild sphere of the unperturbed problem; but, as already stated, 
in the present case there is no reason for the appearance of large perturbations of the external 
field. 

The deviations from spherical symmetry in the density distribution of the body are described 
by quadrupole and higher multipole moments of the distribution; each of them gives its 
contribution to the external gravitational field. Our assertion means that all such perturbations 
of the external field damp out in the final stages (from the point of view of the external 
observer) of the collapse.t The developing gravitational field of the black hole is again the 
centrally symmetric Schwarzschild field, determined solely by the total mass of the body. 

The question of the ultimate fate of the body in its collapse beyond the event horizon 
(which is not observable from the external reference frame) is not completely clear. Apparently 
one can assert that here, too, the collapse terminates in a true singularity of the space-time 
metric, but a singularity of a completely different type than in the centrally symmetric case. 
This question is, however, not settled completely at present. 

Let us turn to the case where the weak disturbance of the spherical symmetry is associated 
not with the density distribution but with rotation of the body as a whole; the assumption 
that the perturbation is weak means that we must have a sufficiently slow rotation. All the 
previous remarks remain valid with one exception. It is clear from the start that, because of 
the conservation of the total angular momentum M of the body, the field of the black hole 
cannot depend on just the mass of the body. To this there corresponds the fact that among 
the stationary (but not static) time-independent perturbations of a centrally symmetric 
gravitational field there is one which does not increase without limit as r — r,. This perturbation 
is just the one that is associated with rotation of the body, and is described by adding to the 


+ Cf. T. Regge and J. A. Wheeler, Phys. Rev. 108, 1063 (1957). We emphasize that we are speaking of 
perturbations coming from the central body itself. The condition imposed at infinity excludes cases where 
static perturbations arise from external sources: in such cases small perturbations only distort the Schwarzschild 
sphere without changing its qualitative properties and without producing a true space-time singularity on 
it. 

ł For this damping law, cf. R. H. Price, Phys. Rev. D, 5, 2419, 2439 (1972). During collapse, initially 
static 2'-pole perturbations of the external gravitational field damp like 1/77, 
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Schwarzschild metric tensor g,, (in the coordinates x? = t, x! = r, x? = 0, x° = @) the small off- 
diagonal component:t 





go = 2M sin? 0 (104.1) 


(cf. the problem in § 105). This expression remains valid (in the external space) as the body 
approaches the gravitational radius, and thus the gravitational field of a slowly rotating 
black hole will (to first approximation in the small angular momentum M) be a centrally 
symmetric Schwarzschild field with the small correction (104.1). This field is no longer 
static but only stationary. 

If gravitational collapse is possible for small disturbances of spherical symmetry, then 
collapse of the same character (with movement of the body beyond the event horizon) must 
also be possible in some finite range of sizeable deviations from sphericity; the conditions 
determining this region are not as yet established. Independent of these conditions, it appears 
that one can assert that, from the point of view of an external observer, the properties of the 
structure resulting from the collapse (a rotating collapsar) are independent of all characteristics 
of the initial body except for its total mass m and angular momentum M.+ If the body does 
not rotate as a whole (M = 0), then the external gravitational field of the collapsar is the 
centrally symmetric Schwarzschild field.§ 

The gravitational field of the rotating black hole is given by the following axially symmetric 
stationary Kerr metric-] 


2 
as? = (1-2) a- FE a p? a0? - 








. p 
2. 72 nra? 2 . 2 2, 2na . , 
-| 7^ +a“ + p7 sin 0 | sin^ 0 do“ + p? sin’ Odo dt, (104.2) 
where we have introduced the notation 
Azr-rr+a, pP =r +a’ cos’ 0, (104.3) 


while r, is again r, = 2mk. This metric depends on two constant parameters, mand a, whose 
meaning is clear from the limiting form of the metric at large distances r. To terms of order 
~ l/r, we have: 


r, Fra 
g gt 2g. 
go~ l-> 83 = — sin? 0; 


+ In this section, we set c = 1. 

+ To avoid misunderstandings we remind the reader that we are not considering bodies that carry am 
uncompensated electric charge. 

§ This assertion is strongly supported by the following theorem due to Israel: among all static solutions 
of the Einstein equations that are galilean at infinity and have closed single-sheeted spatial surfaces go = 
const, t = const, the Schwarzschild solution is the only one that has a horizon (go = 0) without a singularity 
of the space-time metric on it (for the proof cf. W. Israel, Phys. Rev. 164, 1776, 1967). 

€ This solution- of the Einstein equations was discovered by R. Kerr, 1963, in a different form, and 
reduced to (104.2) by R. H. Boyer and R. W. Lindquist, 1967. There is no constructive analytic derivation 
of the metric (104.2) in the literature that is adequate in its physical ideas, and even a direct check of this 
solution of the Einstein equations involves cumbersome calculations. The claim that the Kerr metric is the 
unique field for a rotating collapsar is supported by a theorem analogous to the theorem of Israel (cf. B. 
Carter, Phys. Rev. Lett. 26, 331, 1971). 
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comparison of the first expression with (100.18) and of the second with (104.1) shows that 
m is the mass of the body, while the parameter a is related to the angular momentum M by 


M= ma (104.4) 


(M = mac in the usual units). For a = 0 the Kerr metric goes over into the Schwarzschild 
metric in its standard form (100.14).+ We also call attention to the fact that the form (104.2) 
exhibits explicitly the symmetry under time reversal: this transformation (t — — f) also 
changes the rotation direction, i.e., the sign of the angular momentum (a —> — a), so that ds” 
remains unchanged. 

The determinant of the metric tensor (104.2) is 


- g = fÍ sin’ 0. (104.5) 


We also give the contravariant components g, by introducing them into the following 
expression for the square of the four-gradient operator: 


2 2 2 
OO lja 2 org lf2) Ala) _ 
g x ek =A | tart p? sin o (2) p? (2) 
1 o 2 1 1 Fer d ? 2r,ra fe] o (104.6 
~ p*?\0e) Asmo) p? jl a + p’A ò$ ot” °) 


When m = 0, in the absence of a gravitating mass, the metric (104.2) should become 
galilean. In fact, the expression 











2 
ds? = dt? - ? — dr? — p?d0? - (r? + a”) sin? ode? (104.7) 
r° +a 


is the galilean metric 
ds’ = d? - dx’ — dy’ - dz? 


written in spatially oblate spheroidal coordinates; the transformation to cartesian coordinates 
is accomplished with the formulas: 


x= r?+ a’ sin Ocos ¢, 


y= Jr? +a’ sin Ocos ¢, 
z=rcos 0, 
the surfaces r = const are oblate ellipsoids of rotation: 


x? + y? 





2 
z 

+5 =l. 
r +a r? 


The metric (104.2) has a fictitious singularity, just as the Schwarzschild metric (100.14) 


+ To terms of first order in a, the metric (104.2) for a << 1 differs from the Schwarzschild metric only 
in the term (2r,a/r) sin? @d@ dt, in agreement with our remarks above about the case of weak deviations 
from spherical symmetry. 
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has a fictitious singularity at r = r. But, whereas in the Schwarzschild case goo goes to 0 and 
gı to infinity simultaneously on the surface r = Te in the Kerr metric these two surfaces are 
separated. The equality go = 0 holds when p° = rr,; the larger of the two roots of this 
quadratic equation is 





2 
r r 
n= 5 + O — a? cos?0  (g = 0). (104.8) 
The quantity 21; goes to infinity when A = 0; the larger of the two roots of this equation ts 
r ny 
Thor = > + ( > - a? (811 = 00), (104.9) 


For brevity, we shall denote the surfaces r = ro and r = ryor, Whose physical meaning ts 
explained below, by Sọ and Shor- The surface Shor is a sphere, while Sọ is an oblate figure 
of rotation; Shor is contained inside Sp, and the two surfaces touch at the poles (8 = 0 and 
O= m). 

As we see from (104.8)-(104.9), the surfaces Sg and Shor exist only whem 
a Sr,/2. When a > r,/2 the character of the metric (104.2) changes radically and begins to 
show physically inadmissible properties that violate the principle of causality.+ 

The fact that the Kerr metric is no longer meaningful for a > r,/2 implies that the value 

Fo mr, 

gives the upper limit of possible angular momenta of a collapsar. It must be regarded as a 
limiting value that can be approached arbitrarily closely, while exact equality a = aya, is 
impossible. The corresponding limiting values of the radii of the surfaces Sọ and Shor are 


= 5 (1+ sin), ha = È (104.11) 


We shall show that the surface Spor is the event horizon, which is passed by a moving 
particle or light ray in only one direction, toward the interior. 

As apreliminary, we show that, from the general point of view, the property of unidirectional 
passage of world lines of moving particles holds for any null hypersurface (i.e. a hypersurface 
whose normal at every point is a null vector). Suppose the hypersurface is defined by the 
equation f(x°, x!, x”, x°) = const. Its normal is directed along the four-gradient n’ = = flax’, so 
that for a null hypersurface we have n,n' = 0. This means, in other words, that the direction 
of the normal lies in the surface itself: along the hypersurface df = n,dx' = 0, and this 
equation is satisfied when the directions of the four-vectors dx! and n' coincide. From this 
same property njn' = 0, the element of length on the hypersurface in this same direction is 
ds = 0. In other words, along this direction the hypersurface is tangent, at the given point. 


+ The violations manifest themselves in the appearance of closed timelike world lines: they would make 
it possible to head into the past and then later develop into the future. We point out immediately that these 
same violations would appear if we extended the Kerr metric inside of Shor, even when a < r,/2, which 
shows the physical inapplicability of this metric inside of Shor (we shall return to this point later). For this 
same reason, there is no physical interest in the surfaces defined by the two smaller roots of the quadrate 
equations goo = 0 and i/g,, = 0, which lie inside Shor; cf. B. Carter, Phys. Rev, 147, 1559 (1968). 
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to the light cone constructed on the point. Thus, the light cones constructed at each point of 
a null hypersurface (say, in the direction of the future) lie entirely on one side of it, and are 
tangent to the hypersurface (at these points) along one of their generators. But this means 
precisely that (directed into the future) the world lines of particles or light rays can cross the 
hypersurface in only one direction. 

This property of null hypersurfaces is usually physically trivial: unidirectional passage 
through these surfaces simply expresses the impossibility of motion with a velocity greater 
than the light velocity (the simplest example of this sort is the hypersurface x = ¢ in a flat 
space-time). A nontrivial new physical situation arises when the null hypersurface does not 
extend out to spatial infinity, so that its sections ¢ = const are closed spatial surfaces; these 
surfaces are the event horizon in the same sense as the Schwarzschild sphere was in the 
centrally symmetric gravitational field. 

What is the surface Shor in the Kerr field? The condition n,n’ = 0 for the hypersurface of 
the form f(r, 6) = const in the Kerr field has the form 


of’ ofy 3 afy (ay 
(2) +g? ($) =z (32) + (£) =0 (104.12) 
[with g* from (104.6)]. This equation is not satisfied on Sp, but is satisfied on Shor (where 
of/00 = 0, A= 0). 


Continuation of the Kerr metric inside the surface of the horizon (as was done in §§ 102, 
103 for the Schwarzschild metric) has no physical meaning. Such a continuation would 
depend on only the same two parameters (m and a) as the field outside of Shor, from which 
it is already clear that it could have no connection with the physical question of the fate of 
the collapsing body after its passing under the horizon. The effects of nonsphericity are not 
at all damped out in the comoving reference frame, and, on the contrary, must increase with 
further contraction of the body, so there is no reason to expect that the field beyond the 
horizon should be determined solely by the mass and angular momentum of the body.+ 

Let us consider the properties of the surface Sy and the space between it and the horizon 
(this region of the Kerr field is called the ergosphere). 

The fundamental property of the ergosphere is that no particle in it can remain at rest 
relative to the frame of a distant observer: when r, 0, @ = const, we have ds? < 0, i.e. the 
interval is not timelike, as it should be for the world line of a particle; the variable ¢ loses its 
temporal character. Thus a rigid reference frame cannot be extended from infinity into the 
ergosphere, and in this sense the surface Sy might be called the limit of stationarity. 

The character of the motion of a particle in the ergosphere is essentially different from 
what we had inside the horizon of the Schwarzschild field. In the latter case, also, particles 
could not be at rest relative to an external reference system, and we could not have r = const; 
all particles had to move radially toward the centre. In the ergosphere of the Kerr field it is 
ġ = const that is impossible for particles (the particles must necessarily rotate around the 
axis of symmetry of the field), while r = const is possible for a particle. Furthermore, 
particles (and light rays) can move both with increasing and decreasing r, and can emerge 
from the ergosphere into the external space. Corresponding to this last point, it is possible 
for particles coming from the external region to reach the ergosphere: the time for such a 
particle (or light ray) to reach the surface Sọ, as measured with the clocks ¢ of a distant 


+ Mathematically, this situation manifests itself in the violation of the causality principle (mentioned 
above) when we extend the Kerr metric into the interior of Spor. 
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observer, is finite for all of Sọ except for the poles, at which Sọ touches Shor; the time for 
reaching these points, just as for all points of Shor is again, of course, infinite. 

Because of the inevitability of rotational motion of particles in the ergosphere, the natural 
form for writing the metric in this region is: 


2 2 
ds? = (ew - zé) dt? + gdr? + gnd8? + saa + ša dr) (104.13) 
33 33 


The coefficient of d?’, 


2 
& A 
go- 2 = 7 


§33 reat rra? 


sin? @/p? 
is positive everywhere outside of Shor (and does not vanish on Sọ); the interval ds is timelike 
when r = const, 8 = const, dọ = — (g03/g33)dt. The quantity 


803 rar 

833 p*(r? + a”) + rra? sin? 0 (104.14) 
plays the role of a “generalized angular velocity of rotation of the ergosphere” relative to the 
external reference system (where this direction of rotation coincides with the direction of 
rotation of the central body).+ 

The energy of a particle, defined as —OS/0r, the derivative of the action with respect to the 

proper time of the particle, synchronized along the trajectory, is always positive (cf. § 88). 
But, as explained in § 88, during motion of the particle in a field independent of time t, the 
energy & defined as —0S/dt, is conserved; this quantity coincides with the covariant component 
of four-momentum pọ = mug = mgo,dx' (where m is the mass of the particle). The fact that the 
variable ż (the time according to the clocks of the distant observer) does not have temporal 
character inside the ergosphere results in a peculiar situation: in this region goo < 0, and thus 
the quantity 


at d 
Zo = M( gol? + gozu?) = m (se Fs * 803 $) 


can be negative. Since, in the external space, where ż is the time, the energy % cannot be 
negative, a particle with %& < 0 cannot fall into the ergosphere from outside. A possible 
source for the appearance of such a particle is the breakup of a body, entering the ergosphere, 
into, say, two parts, one of which is captured in a “negative energy” orbit. This part can me 
longer emerge from the ergosphere, and is finally captured within the horizon. The secome 


+ The time for reaching particular points of Sp may also turn out to be infinite in particular cases af | 
special values of the energy and angular momentum of the particle, chosen so that the radial velocamy : 
vanishes at the particular point of Sp. 

+ We call attention to the fact that intervals of proper time for particles moving along the boundary of de | 
ergosphere do not vanish along with goo. In this sense, Sp is not the surface of “infinite red shift”; dhe - 
frequencies of light signals sent out from it by a moving source (here sources cannot be at rest) aml 
observed by a distant observer, do not go to zero. We recall that in the centrally symmetric field there commit 
be neither sources at rest nor moving sources on the Schwarzschild sphere (since a null surface comment 
contain timelike world lines). The “infinite red shift” arose there because, as r — r,, intervals of proper timme | 
dt= 4 00 dt (for given dt), as measured with clocks at rest relative to the reference frame, went to zema. : 
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part can return into the external space; since æ% is a conserved additive quantity, the energy 
of this part is greater than the energy of the initial body, so we get an extraction of energy 
from the rotating black hole (R. Penrose, 1969). 

Finally, we note that although the surface So is not singular for the space-time metric, the 
purely spatial metric [in the reference frame (104.2)] does have a singularity there. Outside 
of So, where the variable ¢ has temporal character, the spatial metric tensor is calculated from 
(84.7), and the element of spatial distance has the form 


Asin? @ 3 


104.15 
1 — rr,/p? C ) 


2 
di? = Pedr? + p2d0? + 


Near Sy parallels (9 = const, r = const) go to infinity according to the law 27a sin’ 6/ af B00 - 
The difference in readings of clocks [cf. (88.5)] also goes to infinity here when they are 
synchronized along this closed contour. 


PROBLEMS 


1. Carry out the separation of variables in the Hamilton-Jacobi equation for a particle moving in the Kerr 
field (B. Carter, 1968). 


Solution: In the Hamilton-Jacobi equation 


ix OS OS 2 
—-— m°=0 

ax! ax 
(m is the mass of the particle, not to be confused with the mass of the central body) with g* from (104.6) 
the time f and the angle @ are cyclic variables; they therefore enter in the action S in the form —<ot + Lọ, 
where & is the conserved energy and L denotes the component of the angular momentum along the axis of 
symmetry of the field, It turns out that the variables @ and r can also be separated. Writing S in the form 


S=- t+ Lo + Sr) + So(O), (1) 
we reduce the Hamilton-Jacobi equation to two ordinary differential equations (cf. Mechanics, § 48): 


dSo 2 . LY 2m2 oog? 
(S) + (aa sin 0-5 | +a’m? cos? 0 = K, 





dS, lea. 2 2,2 
(S) ~_ le +a’) fg- aL] +m*r*=-K, (2) 
where K (the separation parameter) is a new arbitrary constant. The functions So and S, are then determined 


by simple quadratures. 
The four-momentum of the particle is 


Calculating the right-hand side of this equation using (1) and (2), we get the following equations: 


ra rara? 
min Atr, Beats ma sin? (3) 


do L Tr rra 
== l-> |}+53— & 4 
m -js ml o j ea” a 
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dr\? , 
m( or) =% [(r?2 + a2) & -aL -A (K + m?r?), (5) 
dÝ 1 1 . LY 
2, 44 _~ S _ 72 m2 2 _ to ft 
m (2) = 58 (K - a*m* cos* 0) of a& sin @ in z) (6i 


These integrals are the first integrals of the equations of motion (the equations of the geodesics). The 
equation of the trajectory and the time dependence of the coordinates along the trajectory can be found 
either from (3) to (6) or directly from the equations 


AS/0&% = const, OS/oL = const, AS/OK = const. 


For the case of light rays, we must set m = 0 on the right sides of equations (3)-(6) and write @ in place 
of & (cf. § 101), while we must replace the derivatives md/ds on the left sides by the derivatives d/dA with 
respect to the parameter A, which varies along the ray (cf. the end of § 87). 

Equations (4)--(6) permit purely radial motion only along the axis of rotation of the body, as is already 
clear from symmetry arguments. From these same considerations it is clear that motion in a “plane” is 
possible only if the plane is equatorial. In that case, setting @= 7/2 and expressing K in terms of 4 and L 
from the condition d@/ds = 0, we obtain the equations of motion in the form 





dg M Tg rga 
mop = DFJ Fax 2 8 
2{ dr ? 1 2,2 2_ A 2 22 
m| — | =- [(r* + 4°) & aL] - — [(a& -L)* Hm r], (9 
ds rê rê 


2. Determine the radius of the circle, closest to the centre, that is a stable orbit for a particle moving im 
the equatorial plane of the limiting (a > r,/2) Kerr field (R. Ruffini and J. A. Wheeler, 1969). 


Solution: Proceeding as in problem 1 of § 102, we introduce the “effective potential energy” Ultre 
defined from 


L + UN) — aL? — A[(aU(n - LP + Pm’) = 0 


[for & = U the right side of eq. (9) vanishes]. The radii of stable orbits are determined by the minima of tae 
function U(r), i.e. by simultaneous solution of the equations U(r) = %, U’(r) = 0 for U”(r) > 0. The orbit 
closest to the centre corresponds to U”(F min) = 0; for r < rin, the function U(r) has no minima. As a resale 
we obtain the following values for the parameters of the motion: 

(a) When L < 0 (motion opposite to the direction of rotation of the collapsar) 


Tmn 8 % | 5 Lb _ i 
To 2 m 33’ mg 343 

(b) For L > 0 (motion in the direction of rotation of the collapsar) as a > r,/2 the radius ryj, tends towand 
the radius of the horizon. Setting a = (r,/2) (1 + ô, we find, for ô — 0: 








Thor =4(1+ 126 , Te = 111 + (48)3] 
E 


Tg 
Then 
æ _ L _ 1 i 
m mr, = 5 [1 + (46)3]. 
We call attention to the fact that 7pin7hor remains greater than 1 throughout, i.e. the orbit does not go oursade 
the horizon. This is as it should be: the horizon is a null hypersurface, and no timelike world lines of moving 
particles can lie on it. 
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Let us consider a stationary gravitational field at large distances from the body producing 
it. and determine the first terms in its expansion in powers of 1/r. 

Far from the body, the field is weak. This means that there the space-time metric is almost 
galilean, i.e. we can choose a reference system in which the components of the metric tensor 
are almost equal to their galilean values: 


gi) =1, gR=0, g9 =- Sap: (105.1) 


We accordingly write the g; in the form 
Six = By + hx, (105.2) 


where the h; are small corrections determined by the gravitational field. 

In operating with the tensor h; we shall agree to raise and lower its indices using the 
“unperturbed” metric: hf = gO, etc. Here we must distinguish the h* from the corrections 
to the contravariant components of the metric tensor g’* The latter are determined by 
solving the equations: 


gas = (gy + hug = ô, 
so that, to terms of second order, we find: 
gk = gkO_ pike hih". (105.3) 
To this same accuracy, the determinant of the metric tensor is 
g=gO 14+ h+ bh? — shins), (105.4) 


where h = h;. i 

We emphasize immediately that the condition that the A; be small in no way fixes a unique 
choice of reference frame. If this condition is satisfied in any one system, it will also be 
satisfied after any transformation x” = x’ + &', where the EÍ are small quantities. According 
to (94.3), the tensor hy then goes over into 


4 Š; Ir (105.5) 


where &! = ge k [because of the constancy of the go the covariant derivatives in (94.3) 
reduce to ordinary derivatives in the present caseļ.} 

In first approximation, to terms of order 1/r, the small corrections to the galilean values 
are given by the corresponding terms in the expansion of the centrally symmetric Schwarzschild 
metric. Because of the indeterminacy in the choice of reference frame (galilean at infinity) 
mentioned above, the specific form of the hy depends on the way the radial coordinate r is 
defined. Thus, if the Schwarzschild metric is written in the form (100.14) the first terms in 
its expansion for large r are given by the expression (100.18). Changing from spherical 
spatial coordinates to cartesian (for which we must write dr = n,dx®, where n is the unit 
vector in the direction of r), we obtain the following values: 


+ For a stationary field it is natural to admit only those transformations that preserve the time-independence 
of the g;,, i.e. the é’ must be functions only of the space coordinates. 
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r, 
hog =-— he =- $ nang, hyn = 0, (105.6) 


where r, = 2kmIc*.+ 

Among the terms of second order proportional to 1/7’, there are terms having two different 
origins. Some of the terms result from the effect of nonlinearity of the Einstein equations on 
the first-order terms. Since the latter depend only on the mass (and on no other characteristics 
of the body), these second-order terms can depend only on the mass. It is therefore clear that 
these terms can be obtained by expanding the Schwarzschild metric. In these coordinates. 


we find 
ry? 
2 2 g ; 
hi) = 0, heg =— [4 nang. (105.7) 


The remaining second-order terms arise as the corresponding solutions of the linearized 
field equations. Having in mind later applications, we shall carry out the linearization of the 
equations with the formulas written in more general form than is needed here; at the start we 
shall not make use of the stationarity of the field. 

For small h; the quantities T} , expressed in terms of derivatives of the hy, are also small. 
Neglecting powers higher than the first, we can keep in the curvature tensor (92.1) only the 
terms in the first bracket: 














_1 O Rim 0 hy Ə? Nm Ohi 10 
wen 2 ack ax!” ae — Bela! ~ xk ax™ | (109.6) 
For the Ricci tensor, we have to this same accuracy: 
Ry = "Rime ~ GOR inks 
or 
2p! 
all gimo hi , hi | Ph h 
Rg = 5 £ ox! ox” + ax* ox! + oxiax! xiak V (105.9 


The expression (105.9) can be simplified by making use of the remaining arbitrariness im 
the choice of reference frame. We can impose on the h; four (the number of arbitrary 
functions é^ supplementary conditions 





= hk — 5th. (105.10) 
Then the last three terms in (105.9) cancel one another, and we are left with 


+ If, however, we start from the Schwarzschild metric in isotropic spatial coordinates (cf. problem 4 af 
§ 100), we would get: 


r r 
h =- =, AQ =- F Sap hi = 0. (105 Sap 
The shift from (105.6) to (105.6a) is accomplished by the transformation (105.5) with 


a 
Fg X 


OL «a _ 
g =0, r=- 5. 
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Ry = — 4 gino he (105.11) 
ik 2& ox! dx" ` ` 
In the stationary case that we are considering here, when the A; do not depend on the time, 
the expression (105.11) reduces to Ry, = SAhy , where A is the Laplace operator in the three 
spatial coordinates. The Einstein equations for the field in vacuum thus reduce to the Laplace 
equation 


Ahi, = 0, (105.12) 
with the supplementary conditions (105.10), which take the form 
3 (nb - th8b) = 0, (105.13) 
2 pb- 
ew hy =0. (105.14) 


We call attention to the fact that these conditions still do not completely fix a unique choice 
of reference frame. It is easy to see that if the hy, satisfy eqs. (105.13)-(105.14), then the 
same conditions will be satisfied by the h; of (105.5) so long as the &' satisfy the equations 


Ač = 0. (105.15) 


The component hoo must be given by a scalar solution of the three-dimensional Laplace 
equation. We know that such a solution, proportional to 1/r’, has the form a - V(1/r), where 
a is a constant vector. But a term of this type in hoo can always be eliminated by simply 
shifting the coordinate origin in the term of first order in 1/r. Thus the presence of such a 
term would indicate only a poor choice of the coordinate origin, and is therefore not of 
interest. 

The components hog are given by a vector solution of the Laplace equation, i.e. they must 
have the form 


dð_ 1 
hoa = Nap 5 BP 


where A, is a constant tensor. The condition (105.14) gives 


2 lo 
Baye r 
from which it follows that the Aog must have the form agg + A6,, where agp is an antisymmetric 
tensor. But a solution of the form A -2 l can be eliminated by the transformation (105.5) 
with €° = A/r, E* = 0 [satisfying the condition (105.15)]. Thus the only solution that has real 
meaning is 


Finally, by similar but more complicated arguments one can show that by a suitable 
transformation of the spatial coordinates one can always eliminate the quantities hog given 
by a tensor solution (symmetric in a and f) of the Laplace equation. 

As for the tensor agg, it is related to the total angular momentum tensor M,g, and the final 
expression for ho, has the form 
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n 
nia = °F Mog St =~ ŽP Mag 5 (105.16) 
We show this by calculating the integral (96.17). 

The angular momentum Mg is related only to the hoa, and so in calculating it we may 
assume that all other components of h;, are absent. To terms of second order in the hog, we 
have from (96.2)-(96.3) (we note that g%° =-h®° = hy, while -g differs from unity only by 
a term of second order: 


hÊ = cI o 


4 
= Tenk aY (g 0° ghr -g1 g”P) = — TEE 3 (hao py — Myo og)- 


Upon substituting from (105.16), the second term under the derivative sign vanishes, while 
the first gives 


Cc 


ce 3Ngny — bg 
8x ay r? 


aop E ? l, Y 
h 8m Moy axbax’ r , 
Using this expression we find that, carrying out the integration in (96.16) over the surface 
of a sphere of radius r (df, = nyr do): 


1f (x%nP°r — x6 n°) df, = 


=- + f (Rany Mpy — ngny May) do = -4 (ay M py — 8p, Moy) = $M op. 
An analogous calculation gives: 


1 ay B c? 1 
J Paty = Eg | aod ~ hoodia) = $Mop 
Adding these two quantities we obtain the required value of Mag. 

We emphasize that in the general case, when the field near the body may not be weak, Mag 
is the total angular momentum of the body together with its gravitational field. Only if the 
field is weak at all distances can its contribution to the angular momentum be neglected.+ 

Formulas (105.6)—-(105.7) and (105.16) solve our problem to terms of order 1/r°.} The 
covariant components of the metric tensor are: 


gu = 6+ he + HY. (105.10 
According to (105.3), to this same accuracy the contravariant components are 
git = gk — h*® _ nk + AD po, (105.18) 


+ If the rotating body is spherical in shape, the direction of M remains the only distinguished directom 
for the field in all the space outside the body. If the field is weak everywhere (and not just at large distances 
from the body) formula (105.16) is valid over all the space outside the body. This formula remains valið 
over all space also for the case when the centrally symmetric part of the field is not weak everywhere. bam 
the spherical body rotates sufficiently slowly (cf. problem 1). 

+ The transformations (105.5) with é? = 0, E% = €%x', x’, X°) do not change the hog. Thus the expressam 
(105.16) does not depend on the choice of the coordinate r. 
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Formula (105.16) can be rewritten in vector form ast 
2k 








g= (105.19) 


where M is the total angular momentum “vector of the body. It was shown in problem 1 of 
§ 88 that in a stationary gravitational field a “Coriolis force” acts on the body which is the 
same as that which would act on the body in a reference frame rotating with angular velocity 


Q= 5 oo curl g. 


We may therefore say that in the field of a rotating body a coriolis force acts on a distant 
particle with strength corresponding to an angular velocity: 


~ 3n(M - n)}. (105.20) 





-E -_k 
~ 5 culg = 55 


Finally, we apply the expression (105.6) to calculate the total energy of a gravitating body 
using the integral (96.16). Computing the necessary components of h™ from formulas 
(96.2)-(96.3), we find to the required accuracy (we keep terms to order 1/1): 














h% = 0, 
4 c? aß ap 2 
Wa C J (,00 aß d ùf 6 x%xP \)_ me? ne 
= Tonk 9,7 (88) = Be 3l nn r T 
Now, integrating in (96.16) over a sphere of radius r, we get, finally, 
=0, P =mc, (105.21) 


a result which was naturally to be expected. It is an expression of the equality of “gravitational” 
and “inertial” mass (“‘gravitational” mass is the mass that determines the gravitational field 
produced by the body, the same mass that appears in the metric tensor in a gravitational 
field, or, in particular, in Newton’s law; “inertial” mass is the mas that determines the ratio 
of energy and momentum, of the body; in particular, the rest energy of the body is equal to 
this mass multiplied by c’). 

In the case of a constant gravitational fleld it is possible to derive a simple expression for 
the total energy of matter plus filed in the form of an integral only over the space occupied 
by the matter. We can do this, for example, by starting from the following expression, which 
is valid when all quantities are independent of x°:+ 


f To the assumed accuracy, the vector gg = —80q/809 = — Zoa- For this same reason, in the definitions of 
vector product and curl (cf. the footnote on p. 272) we must set y= 1, so that they may be understood in 
their usual sense for cartesian vectors. 

+ From (92.7) we have 
l 


ax! 


and, using (86.5) and (86.8), we find that this expression can be written as 
R? = Tee 2 -e grh) ~ @ T8965); 


using the same relation (86.8) it is easy to show that the second term on the right is identically equal to 
ag” 
— arp, 


summai ¢ over Í by one over œ in the first term, for this same reason, we get (105.22). 


. if Wi 
Ry = g” Rio = g” (z -Dara — TiTom } 





, and, because all quantities are independent of x°, is equal to zero. Finally, replacing the 
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R? = (/-gg'°T) (105.22) 


_", =3 a 
Integrating R? ./—g over (three-dimensional) space and using the three-dimensional Gauss 
formula, we obtain: 


f R? J-g dV = ; J=g 8 T &dfa. 


Taking a sufficiently remote surface for the integration and using the expressions (105.6) for 
the gy; we find, after simple calculations: 


Noting also that, according to the field equations, 


82k 4nk 
Ry = cf (Ty - aT) = 4 





(1) - Tl- T? - T$), 
we get the required formula: 
P°=mc= t f (TE — TL- T2 - T3) V-g dV. (105.23) 


This formula expresses the total energy of the matter and the constant gravitational field 
(i.e., the total mass of the body) in terms of the energy-momentum tensor of the matter alone 
(R. Tolman, 1930). We recall that in the case of central symmetry of the field we had sti 
another expression for this quantity—formula (100.23). 


PROBLEMS 


1. Show that formula (105.16) remains valid for the field over all space outside of the rotating sphenicall 
body under conditions of slow rotation (M << cmr,) but without the requirement that the centrally symmesme 
part of the field be small (A. G. Doroshkevich, Ýa. B. Zel’dovich and I. D. Novikov, 1965; V. Gurovidh, 


1965). 
Solution: In spherical spatial coordinates (x! = r, x? = 0, x° = ¢) formula (105.16) is written as 


he = 2kM sin? @. 2 
re? 


| 


Considering this quantity to be a small correction to the Schwarzschild metric (100.14), we must verify dam 
the equation Ro; = 0, linearized in hog, is satisfied (since in the other field equations the correction tex. 
drop out identically). Ro; can be calculated using formula (4) of the problem in § 95, where the linearizammmm 


means that the three-dimensional tensor operations should be carried out with the “unperturbed” 
(100.15). As a result we get the following equation 


( -*) 2? hos + E hg + SOD ( a Ze) =o, 
r r 








which expression (1) actually does satisfy. 


2. Determine the systematic (“secular”) shift of the orbit of a particle moving in the field of a 
body, associated with the rotation of the latter (J. Lense, H. Thirring, 1918). 
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Solution: Because all the relativistic effects are small, they superpose linearly with one another, so in 
calculating the effects resulting from the rotation of the central body we can neglect the influence of the 
non-Newtonian centrally symmetric force field which we considered in § 101; in other words, we can make 
the computations assuming that of all the hy only the hog are different from zero. 

The orientation of the classical orbit of the particle is determined by two conserved quantities: the 
angular momentum of the particle, M = r x p, and the vector 


As2xM-— PMT 
m r 


whose conservation is peculiar to the Newtonian field @ = — km’/r (where m is the mass of the central 
body).+ The vector M is perpendicular to the plane of the oribit, while the vector A is directed along the 
major axis of the ellipse toward the perihelion (and is equal in magnitude to kmm’e, where e is the 
eccentricity of the orbit). The required secular shift of the orbit can be described in terms of the change in 
direction of these vectors. 

The Lagrangian for a particle moving in the field (105.19) is 





L= -me Ë = Lo + ôL, ôL = mcg -v = 2km 


di c?r? M’-vxr, (1) 


(where we denote the angular momentum of the central body by M’ to distinguish it from the angular 
momentum M of the particle). Then the Hamiltonian is [cf. Mechanics (40.7)]: 


2k 
er 





H=Hy+ ÂX, X= M’-rxp. 
Computing the derivative M =t xp +r x p using the Hamilton equations t = 0%/dp, p =-(0Z/0n), 
we get: 
2k 


M=-5 MxM. (2) 





Since we are interested in the secular variation of M, we should average this expression over the period of 
rotation of the particle. The averaging is conveniently done using the parametric representation of the 
dependence of r on the time for motion in an elliptical orbit, in the form 


r =a(l — e cos ), t= E-e sing) 


(a and e are the semimajor axis and eccentricity of the ellipse; cf. Mechanics, § 15): 


T 2m 
r= f a_i Í rs . 
T Y r? 2ra? J (l-e cos E œl- eye 


Thus the secular change of M is given by the formula 


dM _2kM'xM (3) 
dt ~ -a(1—e)’ 
ie. the vector M rotates around the axis of rotation of the central body, remaining fixed in magnitude. 
An analogous calculation for the vector A gives: 





6k- (M-M’)(r xM). 
cr c mr 


The averaging of this expression is carried out in the same way as before; from symmetry considerations 
Št is clear beforehand that the averaged vector r/r° will be along the major axis of the ellipse, i.e. along the 


+ See Mechanics, $ 15. 
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direction of the vector A. The computation leads to the following expression for the secular change of te 
vector A: 

dA _ _ 2kM’ r. in’ 

m Q xA, Q= Aaa -e7 7 {n’ — 3n(n - n’)} e) 
(n and n’ are unit vectors along the directions of M and M’), i.e. the vector A rotates with angular velocity 
Q, remaining fixed in magnitude; this last point shows that the eccentricity of the orbit does not underge 


any secular change. 
Formula (3) can be written in the form 


dM _ 
XM, 


with the same © as in (4); in other words, Q is the angular velocity of rotation of the ellipse “as a whole”. 
This rotation includes both the additional (compared to that considered in § 101) shift of the perihelion of 
the orbit, and the secular rotation of its plane about the direction of the axis of the body (where the lamar 
effect is absent if the plane of the orbit coincides with the equatorial plane of the body). 

For comparison we note that to the effect considered in § 101 there corresponds 


_ __ 6akm’ n 
~ ca(l — e?)T 


§ 106. The equations of motion of a system of bodies in the second approximation 


As we shall see later (§ 110), a system of moving bodies radiates gravitational waves and 
thus loses energy. This loss appears only in the fifth approximation in 1/c. In the first four 
approximations, the energy of the system remains constant. From this it follows that a 
system of gravitating bodies can be described by a Lagrangian correctly to terms of order 
1/c’ in the absence of an electromagnetic field, for which a Lagrangian exists in general only 
to terms of second order (§ 65). Here we shall give the derivation of the Lagrangian of a 
system of bodies to terms of second order. We thus find the equations of motion of the 
system in the next approximation after the Newtonian. 

We shall neglect the dimensions and internal structure of the bodies, regarding them 
as “pointlike”; in other words, we shall restrict ourselves to the zero’th approximation m 
the expansion in powers of the ratios of the dimensions a of the bodies to their mutual 
separations 1. 

To solve our problem we must start with the determination, in this same approximation. 
of the weak gravitational field produced by the bodies at distances large compared to thear 
dimensions, but at the same time small compared to the wavelength A of the gravitational 
waves radiated by the system (a << r << A ~ Ic/V). 

To terms of order 1/c’ the field far from the body is given by the expressions obtained im 
the preceding section and denoted there by AY; here we use these expressions in the form 
(105.6a). In § 105 it was tacitly assumed that the field was produced by just one body, 
located at the coordinate origin. But since the field AQ? is a solution of the linearized 
Einstein equations, the principle of superposition holds for it. Thus the field far from a 
system of bodies is obtained by simply summing the fields of each of them; we write the 
field in the form 


hi =- + 968, (106.1) 


e=0, ho=+o, (106.2) 
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where 


g 
a Ir — rol 





g(r) = 


is the Newtonian gravitational potential of a system of point objects (r, is the radius vector 
to the body with mass m,). The expression for the line element with the metric tensor 
(106.1)—(106.2) is: 


ds? = (1 + 2 o) c? dt? — (-- -2 6] (dx? + dy? + dz’). (106.3) 
C 


We note that first order terms containing @ appear not only in goo but also in ggg; in § 87 
it was already stated that, in the equations of motion of the particle, the correction terms in 
Sap give quantities of higher order than the terms coming from goo; as a consequence, of this, 
by a comparison with the Newtonian equations of motion we can determine only goo. 

As will be seen from the sequel, to obtain the required equations of motion it is sufficient 
to know the spatial components hgg to the accuracy (~ 1/c* ) with which they are given in 
(106.1); the mixed components (which are absent in the Ic? approximation) are needed to 
terms of order 1/c?, and the time component hoo to terms in 1/c*. To calculate them we turn 
once again to the general equations of gravitation, and consider the terms of corresponding 
order in these equations. 

Disregarding the fact that the bodies are macroscopic, we must write the energy-momentum 
tensor of the matter in the form (33.4), (33.5). In curvilinear coordinates, this expression is 
rewritten as 


c dx? 


-2 ds ka 


[for the appearance of the factor 1/4/—g , see the analogous transition in (90.4)]; the summation 
extends over all the bodies in the system. 
The component 





* S- r) (106.4) 





3 
y MaC g2 
Too = » \-8 E% ra 5 Or = ra) 
in first approximation (for galilean g;z) is equal to x m,c’6(r—Yr,); in the next approximation, 
we substitute for g from (106.3) and find, after a simple computation: 








To = È mc? (1+ Sh 2) ô(r — r,), (106.5) 
a c? ta 
where v is the ordinary three-dimensional velocity ( v” = dx%/df) and @, is the potential of the 
field at the point r,. (As yet we pay no attention to the fact that ¢, contains an infinite part— 
the potential of the self-field of the particle m,; concerning this, see below.) 
As regards the components Tg, Toa of the energy-momentum tensor, in this approximation 


it is sufficient to keep for them only the first terms in the expansion of the expression 
(106.4). 


Tag = z Ma Vaa Vapô (r — Tq); 
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Toa = — 2 MaC VaT — r3). (106.6) 


Next we proceed to compute the components of the tensor Rj. The calculation is conveniently 
done using the formula Ry, = g’" Rime With Ring given by (92.1). Here we must remember 
that the quantities hap and hog contain no terms of order lower than 1/c*, and hog no terms 
lower than 1/c*; differentiation with respect to x? = ct raises the order of smallness of 
quantities by unity. 

The main terms in Roo are of order 1/c*; in addition to them we must also keep terms of 
the next non-vanishing order 1/c*. A simple computation gives the result: 














In this computation we have still not used any auxiliary condition for the quantities hg. 
Making use of this freedom, we now impose the condition 
ony 4 Ağ 
ox® ~ De ot 


as a result of which all the terms containing the components hog drop out of Roo. In the 
remaining terms we substitute 








=0, (106.7% 


2 1 
n=- 058, hw = o+ o(-7}. 
c c c 
and obtain, to the required accuracy, 


w= 5 Aho + = Ad — 4 (Vo), (106.8) 


where we have gone over to three-dimensional notation. In computing the components Roe 
it is sufficient to keep only the terms of the first nonvanishing order—1/c>. In similar 
fashion, we find: 


1 h 13 hË  ı hg rng han 
0a 2€ Btdx8 +2 Ox%9x8 2c Otax* Oa 
and then, using the condition (106.7): 








3 0° 
Row => L Ahoa + 7 ee (106.9) 
Using the expressions (106.5)—(106.9), we now write the Einstein equations 
82k 1 
Resa (Ta - zear), (106.10 


The time component of equation (106.10) gives: 
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5 
Aly + + p40 - 4 (Vo) = SE E mcf + L + sv ) 8l — r,); 
c c -cf a c 2c 
making use of the identity 
AVO)? = 2A(¢") — 4g 
and the equation of the Newtonian potential 
Ag =4nk È m&r - r3), (106.11) 
we rewrite this equation in the form 
2 42\ _ 8ak Oa 3v 
A | ho - 9? |= Um, 1+ + > | O(r - ra). (106.12) 
c C a c 2c 
After completing all the computations, we have replaced @, on the right side of (106.12) by 
1 , Mp 
9a = kd Ir, — rpl 


Le. by the potential at the point r, of the field produced by all the bodies except for the body 
m, the exclusion of the infinite self-potential of the bodies (in the method used by us, which 
regards the bodies as pointlike) corresponds to a “renormalization” of their masses, as a 
result of which they take on their true values, which take into account the field produced by 
bodies themselves.t 
The solution of (106.12) can be given immediately, using the familiar relation (36.9) 











At = ~ 476(r) 
We thus find: 
_2¢ 267 2k y Mah — 3k y Mava 
hoo = a ta ee eo (106.13) 
The mixed component of equation (106.10) gives: 
162k 1 0°96 
Alog = — 2 2 ma Von (¥ — ta) ~ 35 Oe (106.14) 


The solution of this linear equation ist 


+ Actually, if there is only one body at rest, the right side of the equation will have simply (81k/c?)m,O(r 
—T,), and this equation will determine correctly (in second approximation) the field produced by the body. 

ł In the stationary case, the second term on the right of equation (106.14) is absent. At large distances 
from the system, its solution can be written immediately by analogy with the solution (44.3) of equation 
443.4) l 


hoa = 2k (M xn) 
cr 





¢where M = Í r x ptvdV = Ý m,r, X V4 is the angular momentum of the system), in agreement with formula 
4105.19). 
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h — åk Ma Vaa _ I orf 
(eC a r-radd c? tax” 
where f is the solution of the auxiliary equation 
km, 
Af=o=- he 


Using the relation Ar = 2/r, we find: 
f=- Z E m,lr - ri, 


and then, after a simple computation, we finally obtain: 





how = É Ma [7 Vaa X (Va Da Meals (106.151 


2e a r-r 
where n, is a unit vector along the direction of the vector r — r4. 

The expressions (106.1), (106.13) and (106.15) are sufficient for computing the required 
Lagrangian to terms of second order. 

The Lagrangian for a single body, in a gravitational field produced by other bodies amd 
assumed to be given, is 


a = — MaC — MaC |: + hoo + 2hog — va — Ma 4 + hog —— 2 


va ve" 
a c 


2 


Expanding the square root and dropping the irrelevant constant —/m,c", we rewrite thus 


expression, to the required accuracy, as 





_ MV Ma Vi 2 hoo Va hoo hoo 
Li = + MaC [BP + hoa E + ghy hog vey — g t I7" . 


(106.16 


Here the values of all the h are taken at the point r,; again we must drop terms which 
become infinite, which amounts to a “renormalization” of the mass m, appearing as a 
coefficient in L,. 

The further course of the calculations is the following. The total Lagrangian of the svsucmm 
is, of course, not equal to the sum of the Lagrangians L, for the individual bodies, but masg 
be constructed so that it leads to the correct values of the forces f, acting on each of tm 
bodies for a given motion of the others. For this purpose we compute the forces f, by 


differentiating the Lagrangian L,: 
oL 4 
f, = 2 
° ( or J 7 


a 





the differentiation is carried out with respect to the running coordinate r of the “field poin” 
in the expressions for h,,). It is then easy to form the total Lagrangian L, from which ale 
the forces f, are obtained by taking the partial derivatives OL/or,. F 
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Omitting the simple intermediate computations, we give immediately the final result for 
the Lagrangian: 


TEER ge) 4 g Reti p Ey iam _ 








a 2 b CF gp a 8c? a b 2ra 
-EE Eae ay, vpt (Va: na )(V na )] — rE 2 Emeriss (106.17) 
ab 4C*Fay © 2era 


where ra = Ir, — rl, na is a unit vector along the direction r, — r,, and the prime on the 
summation sign means that we should omit the term with b = a or c = a. 


PROBLEMS 


1, Find the action function for the gravitational field in the Newtonian approximation. 


Solution: Using the g; from (106.3), we find from the general formula (93.3), G = (2/c+)\(V@, so that 
the action for the field is 


The total action, for the field plus the masses distributed in space with density y, is: 


y2 
S= ff [A -no-ip Vo | aver (1) 


One easily verifies that variation of S with respect to @ gives the Poisson equation (99.2), as it should. 
The energy density is found from the Lagrangian density A (the integrand in (1)] by using the general 
formula (32.5), which reduces in the present case (because of the absence of time derivatives of ọ in A) to 
changing the signs of the second and third terms. Integrating the energy density over all space, where we 
substitute uQ = (1/42k) gA@ in the second term and integrate by parts, we finally obtain the total energy of 


field plus matter in the form 
BY 1 gg) 
Í | 2 gak VP | av 


Consequently the energy density of the gravitational field in the Newtonian theory is W = —(1/82k)(Vo)’.4 
2. Find the coordinates of the centre of inertia of a system of gravitating bodies in the second approximation. 


Solution: In view of the complete formal analogy between Newton’s law for gravitational interaction and 
Coulomb’s law for electrostatic interaction, the coordinates of the centre of inertia are given by the formula 











2 
_ 1 2, _Pa_ km, ẹṣ, mp 
R-E Erme tam 2 z ms 





= XL) m,c? + Pa _ kta y my 
a 2m, 2 b Fal’ 


t The equations of motion corresponding to this Lagrangian were first obtained by A. Einstein, L. Infeld 
and B. Hoffmann (1938) and by A. Eddington and G. Clark (1938). 

+ To avoid any misunderstanding, we state that this expression is not the same as the component (8) foo 
of the energy-momentum pseudotensor (as calculated with the gz from (106.3)); there is also a contribution 
to W from (-g) Ti- 
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which is analogous to the formula found in Problem 1 of § 65. 

3. Find the secular shift of the perihelion of the orbit of two gravitating bodies of comparable mass 
(H. Robertson, 1938). 

Solution: The Lagrangian of the system of two bodies is 


v vi 
pa, mh , mm Eri, + oir (mv + m2 V3) 





2 2 
imm k?mıma (m; + m2) 
+ aei, By +D- v- nn d- aeaa ™.. 


Going over to the Hamiltonian function and eliminating from it the motion of the centre of inertia (see 
problem 2 in § 65), we get: 


2 4 
zeb (Lad) mmm Pe 1,1|- 
2 mı m2 r 8c mi m3 





k (m _ m k?mım (m; + m2) 
2c?r [3p (= + m4 1p? + (p: m? |+ 2c?°r? , (i 


where p is the momentum of the relative motion. 
We determine the radial component of momentum p, as a function of the variable r and the parameters 


M (the angular momentum) and & (the energy). This function is determined from the equation #= & (in 
which, in the second-order terms, we must replace p° by its expression from the zero’th approximation): 
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The further course of the computations is analogous to that used in § 98. Having determined p, from the 
algebraic equation given above, we make a transformation of the variable r in the integral 


S, -Í pidr, 


so that the term containing M? is brought to the form M?/r. Then expanding the expression under tee 
square root in terms of the small relativistic corrections, we obtain: 


2,22 
_ B 2 Sk*mypmy \ 1 
s=f fav [a -Knin ) Ia 


[see (101.6)], where A and B are constant coefficients whose explicit computation is not necessary. 
As a result we find for the shift in the perihelion of the orbit of the relative motion: 





62k? mimz _ 6ak(m, +m) 


õp = ceM? — cal-e?) 

Comparing with (101.7) we see that for given dimensions and shape of the orbit, the shift in the perihelam . 
will be the same as it would be for the motion of one body in the field of a fixed centre of mass m; + amy 

4. Determine the frequency of precession of a spherical top, performing an orbital motion in the gravitatianall 

field of a central body that is rotating about its axis. | 

Solution: In the first approximation the effect is the sum of two independent parts, one of which is reini | 


i 


Pr E 


§ 106 THE EQUATIONS OF MOTION, SECOND APPROXIMATION 367 


to the non-Newtonian character of the centrally symmetric field (H. Weyl, 1923) and the other to the 
rotation of the central body (L. Schiff, 1960). 

The first part is described by an additional term in the Lagrangian of the top, corresponding to the second 
term in (106.17). We write the velocities of individual elements of the top (with mass dm) in the form v = 
V+ xr, where V is the velocity of the orbital motion, œ is the angular velocity, and r is the radius vector 
of the element dm relative to the centre of the top (so that the integral over the volume of the top f r dm = 
0). Dropping terms independent of œw and also neglecting terms quadratic in œ, we have: 


50L = ee Í 2V AXT dm, 
c 


where m’ is the mass of the central body, R = IRọ + ri is the distance from the centre of the field to the 
element dm, Rọ is the radius vector of the centre of inertia of the top. In the expansion 1/R = 1/Ro — (n - r/ 
RŽ) (where n = Ro/Rp) the integral of the first term vanishes, while integration of the second term is done 
using the formula 


Í Xaxg dm = 515 ap 


where J is the moment of inertia of the top. As a result we get: 





where M = Jo is the angular momentum of the top. 
The additional term in the Lagrangian, due to the rotation of the central body, can also be found from 
(106.17), but it is even simpler to calculate it using formula (1) of the problem in § 105: 


50 1= 2k | M OXOR i, 
c 


where M’ is the angular momentum of the ccentral body. Expanding, 
1 
Re RET Re Fn) 
and performing the integration, we get: 


51 = —K_ [M M’- 3(n- M)(n-M’)}. 
ce Rs 





Thus the total correction to the Lagrangian is 





3km’ k , , 
6L=-M-Q, Q= FaR VOX caps a(n M) -Mh 


To this function there corresponds the equation of motion 


M _ 
at =QxM 


[see equation (2) of the problem in § 105]. This means that the angular momentum M of the top precesses 
with angular velocity Q, remaining constant in magnitude. 


CHAPTER 13 


GRAVITATIONAL WAVES 


§ 107. Weak gravitational waves 


Just as in electrodynamics, in the relativistic theory of gravitation the finite velocity of 
propagation of interactions results in the possibility of the existence of free gravitational 
fields that are not linked to bodies—gravitational waves. 

We consider the weak gravitational field in vacuum. As in § 105, we introduce the tensor 
hy, describing a weak perturbation of the galilean metric: 


Bin = By + hin. (107.1) 
Then, to terms of first order in the hz, the contravariant metric tensor is: 

gk = gh ~ hë, (107.2) 
and the determinant of the tensor gx: 

g = gO +h), (107.3) 


where h = hj; all operations of raising and lowering tensor indices are done with the 
unperturbed metric g®. 

As already pointed out in § 105, the condition that the h; be small leaves the possibility 
of arbitrary transformations of reference system of the form x” = x’ + &', with small &'; then 


z= hg- 2 - St. (107.4) 


Using this arbitrariness of gauge for the tensor h, we impose on it the supplementary 
condition 





=0, yt=h}- 4 8th, (107.5) 


after which the Ricci tensor takes the simple form (105.11): 





Rg = 4 O hig (107.6) 





where L] denotes the d’ Alembertian operator: 





2 
O=- Im(0) 20x! Ox™ = A lad . 
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e conditions (107.5) still do not fix a unique choice of reference frame: if certain hig 
usfy these conditions, then so will the Aj, of (107.4), if only the &‘ are solutions of the 


uéi =0. (107.7) 


Equating (107.6) to zero, we thus find the equations for the gravitational field in vacuum 
the form 











hk =0. (107.8) 


his is the ordinary wave equation. Thus gravitational fields, like electromagnetic fields, 
opagate in vacuum with the velocity of light. 

Let us consider a plane gravitational wave. In such a wave the field changes only along 
e direction in space; for this direction we choose the axis x! = x. Equation (107.8) then 
changes to 





2 2 
(2 -4 2) ht =0, (107.9) 


the solution of which is any function of t + x/c (§ 47). 

» Consider a wave propagating in the positive direction along the x axis. Then all the 
qu tities hk are functions of ¢ — x/c. The auxiliary condition (107.5) in this case gives 
y- yl = 0, where the dot denotes differentiation with respect to t. This equality can be 
pate crated by simply dropping the sign of differentiation—the integration constants can be 
et equal to zero since we are here interested only (as in the case of electromagnetic waves) 
the varying part of the field. Thus, among the components y* that are left, we have the 


VIEW VYD W3= V3. WO= VO. (107.10) 
As we pointed out, the conditions (107.5) still do not determine the system of reference 
iquely. We can still subject the coordinates to a transformation of the form x” = x + 
Xt- x/c). These transformations can be employed to make the four quantities we, ws, 
v5, y3, y3 vanish; from the equalities (107.10) it then follows that the components yt, y}, 
Wy}, y? also vanish. As for the remaining quantities y3, y2, — y3, they cannot be made to 
anish by any choice of reference system since, as we see from (107.4), these components 
o not change under a transformation & = & (t — x/c). We note that y= y} also vanishes, and 
erefore yt = hÉ. 
Thus a plane gravitational wave is determined by two quantities, h»; and Ay. = — h33. In 
er words, gravitational waves are transverse waves whose polarization is determined by 
symmetric tensor of the second rank in the yz plane, the sum of whose diagonal terms, A22 
hy, is zero. 
For the two independent polarizations we may choose the cases in which one of the two 
antities h3; and 4 (hy — h33) differs from zero. These two polarizations are distinguished 
om one another by a rotation through 7/4 in the yz plane. 
Let us calculate the energy-momentum pseudotensor in a plane gravitational wave. The 
wmponents r* are second-order quantities; we must calculate them neglecting terms of still 
igher order. Since, when A = 0, the determinant g differs from g =- 1 only by terms of 
second order, we can, in the general formula (96.9), set git is = g” 1=— hi* For a plane wave 
I the other nonzero terms in ¢’* are contained in the term 
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1 gil gh egg 1g m= thi he 


in curly brackets in (96.9) (as is easily shown by choosing one of the axes of a galileam 
system of reference along the direction of propagation of the wave). Thus, 


tř = 





À gk 

Ean q fhn (107.11) 
The energy flux in the wave is given by the quantities — cgt“ = cP®, In a plane wave, 

propagating along the x! axis, in which the nonzero quantities hz and hn = — hz; depemd 

only on the difference t — x/c, this flux is also along x! and is equal to 





ct! = = E [hg + (h2 — ha3)°]. (107.14 


As initial conditions for the arbitrary field of a gravitational wave we must assign fowr 
arbitrary functions of the coordinates: because of the transversality of the field there are jum 
two independent components of hgp, in addition to which we must also assign their first time 
derivatives. Although we have made this enumeration here by starting from the properties 
of a weak gravitational field, it is clear that the result, the number 4, cannot be related to thi 
assumption and applies for any free gravitational field, i.e. for any field which is not associated 
with gravitating masses. 


PROBLEMS 
Determine the curvature tensor in a weak plane gravitational wave. 
Solution: Calculating Rij, from (105.8), we find the following nonzero components: 
~ Ro2o2 = Rozos = — Riva = Ronn = Rosai = Raia =O, 
Rooo3 = ~ Riazi = — Ro3i2 = Roos = H, 
where we use the notation - 
o=- thy = = thy, H=- thn. 


In terms of the three-dimensional tensors Agg and Bgg in (92.15), we have: 


0 0 0 0 0 0 + 
Aag =|0 -0 H|, Bæø=j0 H ol. x 
0 HL o 0 o -u m 


By a suitable rotation of the x’, x° axes, we can make one of the quantities o or 4 vanish (at a given pail 
of four-space); if we make o vanish in this way, we reduce the curvature tensor to the degenerate Pesan 


type II (type N). 


b 
§ 108. Gravitational waves in curved space-time a 


Just as we have treated the propagation of gravitational waves “on the background” 
flat space-time, we can Consider weak perturbations relative to an arbitrary (nong 
“unperturbed” metric gx ) Also anticipating other possible applications, we shall write 
necessary formulas in a more general form. 
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Again taking the g; in the form (107.1), we find the first order correction to the Christoffel 
symbols expressed in terms of the hj: 


Di? = Ahi + hi,- he), (108.1) 


which can be verified by direct calculation (here, as in the sequel, all tensor operations of 
raising and lowering of indices, and covariant differentiation, are done with the nongalilean 


metric g{”). We find for the corrections to the curvature tensor: 


RO um = Ahing + higa- hra — Alton hirm + Pad. m) (108.2) 
The corrections to the Ricci tensor are then 
ROG = RO = 4(hl + hig- hg a- hig). (108.3) 
The corrections to the mixed components of the Ricci tensor are obtained from the relations 
RAO pe RO = (RO + ROGO — h°), 
so that . 
ROD, = PORO, — HER, (108.4) 
The exact metric in vacuum must satisfy the exact Einstein equations R = 0. Since 
(0) 


the unperturbed metric gj, satisfies the equations R,, = 0, we find for the perturbation, 
R®, = 0, i.e., 


hiaat hli — Many — Feige = 0- (108.5) 


In the general case of arbitrary gravitational waves, simplification of this equation to a 
form like (107.8) is not possible. This can, however, be done in the important case of waves 
of high frequency: when the wavelength A and the oscillation period A/c are small compared 
to the characteristic distances L and times L/c over which the “background field” changes. 
Each differentiation of a component h;g increases the order of the quantity by a factor L/A 
relative to derivatives of the unperturbed metric g®. If we limit the accuracy to terms of the 
two highest orders [(L/AY and (L/A)] we can interchange the orders of differentiation; in 


fact, the difference 
hig- Pigg = Am RO ia — hf” RO mi 


is of order (L/A)°, whereas each of the expressions hl, and hj, contains terms of both 
higher orders. Imposing on hy, the supplementary conditions 


Whe =0 (108.6) 
[analogous to (107.5)], we get the equation 
hig’! = 0 . (108.7) 


which generalizes (107.8). 

For the reasons given in § 107, the condition (108.6) does not fix a unique choice of 
coordinates. They can still be subjected to a transformation x" = x' + &', where the small 
quantities &' satisfy the equation Erk = 0. These transformations can be used, in particular, 
to impose on the h; the condition h = hj =0. Then w* = h}, so that the h* are subjected 
to conditions 
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hk, =0, A=0. (108.8 


After this the set of admissible transformations is reduced to the requirement é^; = 0. 

The pseudotensor t” contains, in addition to the unperturbed part O, terms of various 
orders in the h,,. We arrive at an expression analogous to (107.11) if we consider the 
quantities /* averaged over regions of four-space with dimensions large compared to A bua 
small compared to L Such an averaging (which we denote by the angular brackets (...)) 
does not affect the ge ) and annihilates all quantities that are linear in the rapidly oscillating 
quantities hz. Of the quadratic terms, we preserve only the terms of higher (second) order 
in 1/A; these are the terms quadratic in the derivatives h;,; = h; x. 

To this accuracy, all terms in t* that are expressed as four-divergences can be dropped. ia 
fact, the integrals of such quantities over a region of four-space (the region of averaging) ame 
transformed by Gauss’ theorem, as a result of which their order of magnitude in VAs 
reduced by unity. In addition, those terms drop out which vanish because of (108.7) ame 
(108.8) after integration by parts. Thus, integrating by parts and dropping integrals of fowr- 
divergences, we find: 


Ch" php.) = — <h" hp n) =0 
(hi hi") = — (hint) =0. 


As a result the only second-order terms that remain are 


(18) = = maa lho hg"). (108.99 


We note that to this same accuracy, (t/)° = 

Since it has a definite energy, the rA ionala wave is iteself the source of some additiomsi 
gravitational field. Like the energy producing it, this field is a second-order effect in the ig. 
But in the case of high- frequency gravitational waves the effect is significantly strengthemedk 
the fact that the pseudotensor f* is quadratic in the derivatives of the h; introduces the large 
factor A. In such a case we may say that the wave itself produces the background field am 
which it propagates. This field is conveniently treated by carrying out the averaging descrileal 
above over regions of four-space with dimensions large compared to À. Such an averagam 
smooths out the short-wave “ripple” and leves the slowly varying background metric (RA. 
Isaacson, 1968). , 

To derive the equation determining this metric, we must, in expanding the Rx, keep ast: 


only linear terms but also quadratic terms in hy: Rig = RO + RY + R®. As already poimand 


out, the averaging does not affect the zero-order terms. Thus, the averaged field equations 
(Rip = 0 take the form 






RO = — (R), (108. 1} 


where we should keep only terms of second-order in 1/A in RY . They are easily found 
the identity (96.7). The terms quadratic in h; that arise on the right side of this identity, 
have the form of a four-divergence, vanish (to the accuracy considered) when the av 
is done, and there remains 


87k 


((R* — tg*R)®) =- — (tO | 
c 
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or, since (7*?)) = 0, to this same accuracy: 


(R®) = = _ Sak (1), 
Finally, using (108.9), we get eq. (108.10) in the final form 
Ry = 1 (an he). (108.11) 


If the “background” is produced entirely by the waves themselves, (108.11) and (108.7) 
must be solved simultaneously. An estimate of the expressions on both sides of (108.11) 
shows that in this case the radius of curvature of the background metric, which is of order 
L, is related to the wavelength A and the order of magnitude of its field h by L? ~ h?/A?, i.e. 
AIL ~h. 


§ 109. Strong gravitational waves 


In this section we shall consider the solution of the Einstein equations which is a generalization 
of the weak, plane gravitational wave in a flat space-time (I. Robinson and H. Bondi, 1957). 
We shall look for a solution in which, in a suitable reference frame, all the components of 
the metric tensor are functions of a single variable, which we call x° (without, however, 
prejudging its character). This condition still permits coordinate transformations of the form 


x > x% 4 Hx") , (109.1) 
xL > 6x) , (109.2) 
where ¢°, $° are arbitrary functions. 

The character of the solution depends essentially on whether we can make all the go 
vanish by using the three transformations (109.1). This can be done if the determinant | gag! 
+ 0. In fact, under the transformation (109.1), g0¢ > Zoa + Sap oF (where the dot denotes 
differentiation with respect to x°); if | Zop! + 0, the system of equations 

Boa + Bagh” = 0 


determines the $/(x°) that accomplish the required transformation. Such a case will be 
treated in § 117; here we shall be interested in the solution in which 


| Gag! = 0. (109.3) 

In this case there is no reference system in which all the go, = 0. Instead, however, the four 
transformations (109.1)-(109.2) can be used to make 

801=1, 800 = 802 = 803 = 0. (109.4) 


Here the variable x? has “lightlike” character: for dx™ = 0, dx? + 0, the interval ds = 0; we 
shall denote the variable x° chosen in this way by x? = n. Under the conditions (109.4) the 
line element can be written in the form 


ds? = 2dx! dn + gy(dx* + g°dx (dh + g’dx'). (109.5) 


Throughout this section, the indices a, b, c, ... take on values 2, 3; g,,(7) can be regarded 
as a two-dimensional tensor. Calculation of the quantities R,, leads to the following field 
equations: 


Rap = — tga goag’ =0. 
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It then follows that g,. g€ =0, or g° =0, i.e. g° = const. We can, therefore, by a transformation 
x4 + gfx! — x°, bring the metric to the form 


ds? = 2dx! dn + ga (Mdi dw. (109.6) 


The determinant —g of this metric tensor coincides with the determinant |g,s|, while the 
only nonzero Christoffel symbols are the following: 


a _lya i 21 
Ijo = 2K Vay = Kab 
where we have introduced the two-dimensional tensor Kap = a», Ka = g’°K,,. Of all the 


components of the Ricci tensor, the only one that does not vanish identically is Roo, so that 
we have the equation 


Ro = - ix? - letri = 0. (109.7) 


Thus, the three functions go2(7), g23(7), 833(7) must satisfy just one equation. Therefore 
two of them can be chosen arbitrarily. It is convenient to write (109.7) in another form 
writing the ga, in the form 


Sa =- X lab» \Yaoi = 1. (109.8) 


Then the determinant -g = igal = 7‘, and substitution in (109.7) gives, after simple 
transformations, 


X+ LV ac¥ MV ay DX =0 (109.9) 


(y is the two-dimensional tensor reciprocal to Y4). If we assign arbitrary functions Ya mp 
(related to one another through the relation Iys! = 1) these equations determine the functiom 
xn). 

We thus arrive at a solution containing two arbitrary functions. It is easy to see that it i 
a generalization of the case considered in § 107 of a weak plane gravitational wave propagating 
in one direction.+ The latter is obtained if we make the transformation 


—f+x ,1_t=x 
n= n° 


and set Yq, = Sap + hap() (where the ha, are small quantities, subject to the condition Az # 
h33 = 0) and y = 1; a constant value of ¥ satisfies (109.9) if we neglect small second-order | 
terms. : 
Suppose that a weak gravitational wave of finite extent (a “wave packet”) is passing som ; 
point x. At the beginning of the passage we have has = 0, 7 = 1; at the end of the passage we 
again have hz, = 0, fylde = 0, but the inclusion of second order terms in (109.9) leads am | 
the appearance of a nonzero negative value of Oy/dt: 


__1f (Hay 
xia- | ( se) dco 


(the integral is taken over the time of passage of the wave). Thus, after the wave has 
y= 1 -const - t, and after a finite time interval, y changes its sign. But vanishing of x 












+ A solution of similar character in a larger number of variables is given in I. Robinson and A. T 
Phys. Rev. Lett. 4, 431 (1960); Proc. Roy. Soc. A 265, 463 (1962). 
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vanishing of the metric determinant g, i.e. a singularity in the metric. This singularity, 
however, is not physical in character; it is related only to the unsatisfactory nature of the 
reference frame, “spoiled” by the passing gravitational wave, and can be eliminated by a 
suitable transformation; after passage of the gravitational wave, the space-time does actually 
become flat again. 

This can be shown directly. If we measure the variable n from its value corresponding to 
the singular point, 7 = n, so that 


ds? = 2dn dx! — [dry + (dP. 
After the transformation 
meray, nx’ =z, x= o- ee 
we get 
ds? = 2dn dé — dy” — dz’, 
and the substitution n = (t + x)/ V2 , €=(t-x)/ 2 finally brings the metric to galilean form. 
This property of the gravitational wave—the creation of a fictitious singularity, is, of 


course, not related to the fact that the wave is weak; it also applies to the general solution 
of (109.7); just as in the example considered, near the singularity 7 ~ N, i.e. -8 ~ nit 


PROBLEM 


Find the condition for a metric of the form 
ds? = dê — de ~ dy? — d? + f(t — x, y, O(at — dx)? 
to be an exact solution of the Einstein equations for a field in vacuum (A. Peres, 1960). 


Solution: The Ricci tensor is calculated most simply in the coordinates u = (t — x)/ V2,v=(t+x/ V2, 
y, z, in which 
ds? = — dy? - d? + 2du dv + 2flu, y, 2) du’. 
Aside from gm = 33 = — 1, the only nonzero components of the metric tensor are guu = 2f, Suv = 1; then 
g" = — 2f, g" = 1, while the determinant g = — 1. A direct calculation with (92.1) gives for the nonzero 
components of the curvature tensor: 
_ 2f __ of __ of 
vn “Oy?” ce oi Rua- Fre 





R 


The only nonzero component of the Ricci tensor is R,„= Af, where A is the Laplacian in the coordinates y, z. 
Thus the Einstein equation is Af = 0, i.e. the function f (t — x, y, z) must be harmonic in the variables y, z. 

If f is independent of y and z, or linear in them, there is no field—the space time is flat (the curvature 
tensor vanishes). The function f(u, y, z) = yfi) + 46? — 2) fau), which is quadratic in y and z, 
corresponds to a plane wave propagating in the positive x direction; the curvature tensor in such a field 
depends only on t-x: 


Ryuzu = -fi(u), Tyuyu = — Roun = - fw). 
+ This can be shown using (109.7) in precisely the same way as in § 97 for the analogous three- 


dimensional equation in the synchronous reference frame. Just as there, the appearance of a fictitious 
singularity is related to the crossing of coordinate curves. 
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Corresponding to the two possible polarizations of the wave, the metric contains two arbitrary functions 


Aw) and fru). 


§ 110. Radiation of gravitational waves 


Let us consider next a weak gravitational field, produced by arbitrary bodies, moving with 
velocities small compared with the velocity of light. 

Because of the presence of matter, the equations of the gravitational field will differ from 
the simple wave equation of the form T A¥ = 0 (107.8) by having, on the right side of the 
equality, terms coming from the energy-momentum tensor of the matter. We write these 
equations in the form 


(110.15 


and where tt denotes the auxiliary quantities which are obtained upon going over from the 
exact equations of gravitation to the case of a weak field in the approximation we are 
considering. It is easy to verify that the components T? and T8 are obtained directly from 
the corresponding components 7;* by taking out from them the terms of the order of 


magnitude in which we are interested; as for the components TB. they contain along with 
terms obtained from the Ty’, also terms of second order from Rf- 46F RF 


The quantities y* satisfy the condition (107.5) dw*/dc* = 0. From (110.1) it follows thas 
this same equation holds for the t?: 


atk 5 
PP 0. (110.2) 
This equation here replaces the general relation Tir =0. 

Using the equations which we have obtained, let us consider the problem of the energy 
radiated by moving bodies in the form of gravitational waves. The solution of this problema 
requires the determination of the gravitational field in the “wave zone”, i.e. at distances 
large compared with the wavelength of the radiated waves. 

In principle, all the calculations are completely analogous to those which we carried out 
for electromagnetic waves. Equation (110.1) for a weak gravitational field coincides in form 
with the equation of the retarded potentials (§ 62). Therefore we can immediately write ms 
general solution in the form 


k__ Ak k dV 
visza | i), eR (110.38 


t From eqs. (110.1) we can again obtain the formulas (106.1)-(106.2) that were used in § 106 for de 
weak constant field far from bodies. In the first approximation we neglect terms with second time derivatives 


(containing 1/c?), and of all the components of t, only Te = ue remains. The solution of the equatioms 
Aw® = 0, Awe =0, Ay? = 167k u/c? that vanishes at infinity is yÊ = 0, we =0, y? = 4¢/c, where ow 
the Newtonian gravitational potential; cf. (99.2). One then finds for the tensor hk = yi - iyôf the vahses 
(106.1)—(106.2). 
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Since the velocities of all the bodies in the system are small, we can write, for the field at 
large distances from the system (see §§ 66 and 67), 





ko 4k k 
Y; = OR, f (ti ), to dV, (110.4) 
where Rj is the distance from the origin, chosen anywhere in the interior of the system. From 
now on we shall, for brevity, omit the index ¢ — (Ro/c) in the integrand. 

For the evaluation of these integrals we use equation (110.2). Dropping the index on the 
TĚ and separating space and time components, we write (110.2) in the form 


IT ey OT ao _ IT oy IT 
ax’ əx? = 0, Ox’ əx! =0. (110.5) 














Multiplying the first equation by xÊ, we integrate over all space, 
B 
a Bay Woy Boe HTayx") 
oxo f ToX dV = f Oxt xP dV= Ox’ dV — TopdV . 


Since at infinity Tą = 0, the first integral on the right, after transformation by Gauss’ 
theorem, vanishes. Taking half the sum of the remaining equation and the same equation 
with transposed indices, we find 


f Tap dV =- } oa f (Taox’ + Tox”) dV, 


Next, we multiply the second equation of (110.5) by x5, and again integrate over all space. 
An analogous transformation leads to 


35 f Tox” xP dV = — f (Too XP + Tgox°) AV. 
Comparing the two results, we find 
1 g? 
f Tap dV= 7 HA f To x7 xP dV. (110.6) 


Thus the integrals of all the Tag appear as expressions in terms of integrals containing only 
the component Too. But this component, as was shown earlier, is simply equal to the 
corresponding component To of the energy-momentum tensor and can be written to sufficient 
accuracy [see (99.1)] as: 


Too = Lc”. (110.7) 
Substituting this in (110.6) and introducing the time 7 = lc, we find for (110.4) 


2k_ o? 
Yop = TR oF f ux*x’dV. (110.8) 

At large distances from the bodies, we can consider the waves as plane (over not too large 
regions of space). Therefore we can calculate the flux of energy radiated by the system, say 
along the direction of the x! axis, by using formula (107.12). In this formula there enter the 
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components hy3 = Yo3 and hn — h33 = Yaz — Y3. From (110.8), we find for them the 
expressions} 


2k . 2k . . . 
hz = - ——— Dz, hn — hz = — ——— (Dy, - D 110.9 
23 3c4R,  ” 22 — hss 304 Ry (Dz — D33) ( ) 


(the dot denotes time differentiation), where we have introduced the mass quadrupole tensor 
(99.8): 


Dag = Í UGX xP — Sgr) dV. (110.10) 
As a result, we obtain the energy flux along the x! axis in the form 
Bn- By Y 
c= A (5>) + Ba (110.11) 


The flux of energy into an element of solid angle in the given direction is then obtained by 
multiplying by Rĝ do. 

The two terms in this expression correspond to the radiation of waves of two independent 
polarizations. To write them in invariant form (independent of the choice of the direction of 
radiation) we introduce the three-dimensional unit polarization tensor ĉap Of the plane 
gravitational wave, which determines the nonzero components of hog (in the gauge for the 
hy, in which hog = hog = h = 0). The polarization tensor is symmetric and satisfies the 
conditions 


€oa=9, Cagng=0, eogeag= l, (110.12) 


where n is a unit vector in the direction of propagation of the wave. 
Using this tensor we can write the intensity of radiation of a given polarization into solid 
angle do in the form 


dl = ak (Dapeag)? do. (110.13) 


This expression depends implicitly on the direction of n through the transversality condition 
€og ng = 0. The total angular distribution for all polarizations is gotten by summing (110.13) 
over polarizations, or, what is equivalent, averaging over polarization and multiplying by 2 
(the number of independent polarizations). The averaging is done using the formula 


Copeys = 7 NaNgnyns + (Ngngb5 + nynsd5og) ~ 
— (NghyOgg + Ngn,Ogs5 + Nang dgy + ngns5q,) — 
— Oy66y5 + (SayOps+ 5g,5a8) (110.14) 


(the expression on the right is a tensor formed from the unit tensor and the components of 
the vector n; it has the required symmetry in its indices, it gives unity on contraction on pairs 
of indices œ, yand p, ô, and vanishes after scalar multiplication with n). 

The result is 

+ The tensor (110.8) does not satisfy the conditions under which formula (107.12) was derived. However, 


the transformation of reference frame that brings the hy to the required gauge does not affect the values of 
the components of (110.9) that are used here. 
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d= |48 245 52 Bg d 110.15: 

T= sone z. epNoM pg) +5 Dog apVayl phy |do. ( -1 

The total radiation in all directions, i.e., the energy loss of the system per unit time 

(-d# Idt), can be found by averaging di/do over all directions and multiplying the result 

by 47. The averaging is easily performed using the formulas given in the footnote on 
p. 205, and gives 


dé _ k wy 
dt ~ 45¢) P 
We note that the radiation of gravitational waves is a fifth order effect in 1/c. This fact. 


together with the smallness of the gravitational constant k, makes the usual effects extremely 
small. 





(110.16) 


PROBLEMS 


1. Two bodies, attracting each other according to Newton’s law, move in circular orbits (around) their 
common centre of inertia). Determine the average (over a rotation period) of the intensity of radiation of 
gravitational waves and its distribution in polarization and direction. 


Solution: Choosing the coordinate origin at the centre of inertia, we have for the radius vectors of the two 
bodies: 


m2 mi 


r, = ——r, Ñ=- 
1 mtem > ? m + Mm 





r, r="r-hh. 


The components of the tensor Dog are (if the xy plane coincides with the plane of motion): 
Da = ur cos? w-1), Dy = ur(3 sin? y- 1), 
Dy = 3ur cos ysin y, Dg=- ur, 
where H = mym/(m, + m), wis the polar angle of the vector r in the xy plane. For circular motion r = const, 
. 3 

and w=r ?/k(m+m2) =. 

We assign the direction of n by the polar angle @ and azimuth ¢, with the polar axis z perpendicular to 
the plane of the motion. Let us consider the two polarizations for which: (1) e9g = 1/ V2; (2) egg =~ 99 = 
1/./2 . Projecting the tensor Dap on the directions of the spherical unit vectors eg and ey, calculating with 


formula (110.13) and averaging over the time, we find the result for these two cases and for the sum J = 
i + I: 


di, — ku? @®r* a al, _ ku?w®r4 2 a2 
To = one 4 cos’ 0, do © one (1 + cos’ 0)*, 
> 26,4 
AT (1+ 6 cos? 0 + cos* 0), 

nC 


and after integrating over all directions: 


dé, 32ku?@or* _32kîm?m;(m, +m) fi _ 5 
dt ~ 505 T 5cñr5 Rh 7 





[for calculating the total intensity J alone, we should, of course, have used (110.16)]. 
The loss of energy from the radiating system leads to a gradual (secular) approach of the two bodies. 
Since &- = —km,mz)/2r, the velocity of approach is 


380 GRAVITATIONAL WAVES § 110 
j= 2r? dé _ 64k? mym3(m + m2) 
“ kmm dt ~ 5c5r? ' 
2. Find the average (over a rotation period) of the energy radiated in the form of gravitational waves by 
a system of two bodies moving in elliptical orbits (P. C. Peters and J. Mathews).+ 
Solution: In contrast to the case of circular motion, the distance r and the angular velocity vary along the 


orbit according to the laws 


— e? a 
a-e) ipecosy, E = +1 fem, +m) a -e2)]?, 
r dt r? 


where e is the eccentricity and a is the semimajor axis of the orbit (cf. Mechanics, § 15). A quite lengthy 
calculation using (110.16) gives: 


d£ _ 8k4 m2 m3(m, + m2) 4 2. 22 
-J= Isasa e (1 +e cos y)? [12(1 +e cos y)* + e* sin*w], 


In averaging over the period of rotation, the integration over t is replaced by integration over y, and gives 
the result: 


-7 7 5005 a- 
We note the rapid increase in intensity of radiation with increasing eccentricity of the orbit. 


3. Determine the time-averaged rate of loss of angular momentum from a system of bodies in stationary 
motion and emitting gravitational waves. 


Solution: For convenience of writing formulas, we temporarily regard the body as consisting of discrete 
particles. We represent the average rate of loss of energy of the system as the work of the “frictional forces” 
f acting on the particles: 


—=Zf-v a0 
(we omit the index labelling the particles). Then the average rate of loss of angular momentum is given by 


dM, 
dt 





=E @XP)a= È egg, Xphy (Q 


(cf. the derivation of formula (75.7)). To determine f, we write 





dé _ k coo Ter _ k A no) 
dt ~~ cs PaePap =~ ggs Pas Pap - 





(where we have used the fact that the average values of total time derivatives vanish). Substituting Des = 
Lm(3X_q Vg + 3Xg Va — 2r - VOgg) and comparing with (1), we find: 














2k Ter 7 
di =~ Ase CrP po Pw = — Gaes Cbr Pps Pay . 3 
45c 45c 


+ For the angular, polarization, and spectral distributions of this radiation, cf. Phys. Rev. 131, 435 (1963) 


ho eh gcse ee pe ee! 
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4. For a system of two bodies moving in elliptical orbits, find the average loss of angular momentum per 
unit time. 

Solution: A calculation with formula (3) of the preceding problem, analogous to that done in problem 2, 
gives the result: 


IM, 32k?m?m}.Jm+m 1 ( 7 :) 
~-n gl . 
3 


For circular motion (e = 0) the values of £ and M are, as they should be, related by 2 = Mo. 


CHAPTER 14 


RELATIVISTIC COSMOLOGY 


§ 111. Isotropic space 


The general theory of relativity opens new avenues of approach to the solution of problems 
related to the properties of the universe on a cosmic scale. The new remarkable possibilities 
which arise are related to the non-galilean nature of space-time (first noted by Einstein in 
1917). . 

Before proceeding to a systematic construction of relativistic cosmological models, we 
make the following comment concerning the basic field equations from which we Start. 

The requirements formulated in § 93 as conditions for determining the action for the 
gravitational field will still be satisfied if we add a constant term to the scalar G, i.e. if we 
set 





Se = -Terk f (G+2A)J-24dQ, 


where A is a new constant (with dimensions cm7’). Such a change leads to the appearance 
in the Einstein equations of an auxiliary term Ag: 


Smk 
Ra — $ Rgi = a Th + Agi. 


If one ascribes a small value to the “cosmological constant” A, the presence of this term will 
not significantly affect gravitational waves over not too large regions of space-time, but it 
will lead to the appearance of new types of “cosmological solutions” which could describe 
the universe as a whole.+ At the present time, however, there are no cogent and convincing 
reasons, observational or theoretical, for such a change in the form of the fundamental 
equations of the theory. We emphasize that we are talking about changes that have a profound 
physical significance: introducing into the Lagrange density a constant term which is generally 
independent of the state of the field would mean that we ascribe to space-time a curvature 
which cannot be eliminated in principle and is not associated with either matter or gravitational 
waves. All of the remaining presentation in this section is therefore based on the Einstein 
equations in their classical form without the “cosmological constant”. 

We know that the stars are distributed over space in a very nonuniform manner; they are 
concentrated into separate star systems (galaxies). But in studying the universe on a “large 


+ In particular, one can now have stationary solutions which do not occur for A = 0. It was precisely for 
this reason that the “cosmological term” was introduced by Einstein before the discovery by Friedmann of 
nonstationary solutions of the field equations—cf. below. 
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scale” one should disregard “local” inhomogeneities produced by the condensation of matter 
into stars and star systems. Thus, by the mass density we should understand the density 
averaged over regions of space whose dimensions are large compared to the distances 
between galaxies. 

The solutions of the Einstein equations considered later (in §§ 111-114), the so-called 
isotropic cosmological model (first discovered by A. A. Friedmann in 1922), are based on 
the assumption of homogeneity and isotropy of the distribution of matter in space. Existing 
astronomical data do not contradict such an assumption,+ and at present there is every 
reason to believe that in general terms the isotropic model gives an adequate description not 
only of the present state of the universe but also of a significant part of its evolution in the 
past. We shall see below that the main feature of this model is its nonstationarity. There is 
no doubt that this property (“the expanding universe”) gives a correct explanation of the 
phenomenon of the red shift, which is fundamental for the cosmological problem (§ 114). 

At the same time it is clear that, by its very nature, the assumption of homogeneity and 
isotropy of the universe can have only an approximate character, since these properties 
surely are not valid if we go to a smaller scale. We shall turn to the question of the possible 
role of inhomogeneities of the universe in various aspects of the cosmological problem in 
§§ 115-119. 

The homogeneity and isotropy of space mean that we can choose a world time so that at 
each moment the metric of the space is the same at all points and in all directions. 

First we take up the study of the metric of the isotropic space as such, disregarding for the 
moment any possible time dependence. As we did previously, we denote the three-dimensional 
metric tensor by Yap, i.e. we write the element of spatial distance in the form 


dP = Yap dx*dx?, (111.1) 


The curvature of the space is completely determined by its three-dimensional curvature 
tensor, which we shall denote by Pos in distinction to the four-dimensional tensor Rym. In 
the case of complete isotropy, the tensor Pas must clearly be expressible in terms of the 
metric tensor Yag alone. It is easy to see from the symmetry properties of Pins that it must 
have the form: 


Papy = M Yer p5— YoY yp)» (111.2) 
where / is some constant. The Ricci tensor Pyg = Pop is accordingly equal to 
Pop = 2AYog (111.3) 
and the scalar curvature 
P=6A. (111.4) 


Thus the curvature properties of an isotropic space are determined by just one constant. 
Corresponding to this there are altogether three different possible cases for the spatial 
metric: (1) the so-called space of constant positive curvature (corresponding to a positive 
value of A), (2) space of constant negative curvature (corresponding to values of A < 0), and 
(3) space with zero curvature (A = 0). Of these, the last will be a flat, i.e. euclidean, space. 

To investigate the metric it is convenient to start from geometrical analogy, by considering 
the geometry of isotropic three-dimensional space as the geometry on a hypersurface known 


+ We have in mind data on the distribution of galaxies in space and on the isotropy of the so-called 
background radio radiation. 
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to be isotropic, in a fictitious four-dimensional space.t Such a space is a hypersphere; the 
three-dimensional space corresponding to this has a positive constant curvature. The equation 
of a hypersphere of radius a in the four-dimensional space x1, x2, X3, x4, has the form 


x? +x? exp +x} =a’, 
and the element of length on it can be expressed as 
dl? = dx? + dx} + dx} + dx}. 


Considering x1, x2, X3 as the three space coordinates, and eliminating the fictitious co- 
ordinate x, with the aid of the first equation, we get the element of spatial distance in the 
form 


(x,dx, + x2dxz + x3dx3)” 


2 2 2 2 


dl? = dx? + dx + dx} + 
a? — x? - x3 -xá 


(111.5) 


From this expression, it is easy to calculate the constant À in (111.2). Since we know 
beforehand that Pag has the form (111.3) over all space, it is sufficient to calculate it only 
for points located near the origin, where the Yag are equal to 


Xažg 





Yap = Sag + a 

Since the first derivatives of the Yg, and consequently the quantities A% , vanish at the 
origin, the calculation from the general formula (92.7) turns out to be very simple and gives 
the result 


aet. (111.6) 
a 


We may call the quantity a the “radius of curvature” of the space. We introduce in place 
of the coordinates x,, X2, x3, the corresponding “spherical” coordinates r, 6, @. Then the line 
element takes the form 


dr? 
1- 
a? 
The coordinate origin can of course be chosen at any point in space. The circumference of 
a circle in these coordinates is equal to 27r, and the surface of a sphere to 47r°. The “radius” 
of a circle (or sphere) is equal to 





+ r° (sin? Odo? + d0? ). (111.7) 


r 
dr , 
f — = asin (r/a), 
yl — r?/a? 
0 
that is, is larger than r. Thus the ratio of circumference to radius in this space is less than 


20. 
Another convenient form for the dÊ in “four-dimensional spherical coordinates” is obtained 


+ This four-space is understood to have nothing to do with four-dimensional space-time. 
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by introducing in place of the coordinate r the “angle” y according to r = a sin y (% goes 
between the limits 0 to 2).t Then 


dÊ = a’[dy? + sin? y(sin? 0 dë + dé). (111.8) 


The coordinate y determines the distance from the origin, given by ay. The surface of a 

sphere in these coordinates equals 47a’ sin? y. We see that as we move away from the origin, 

the surface of a sphere increases, reaching its maximum value 47a” at a distance of 2a/2. 

After that it begins to decrease, reducing to a point at the “opposite pole” of the space, at 

distance ma, the largest distance which can in general exist in such a space [all this is also 

clear from (111.7) if we note that the coordinate r cannot take on values greater than a]. 
The volume of a space with positive curvature is equal to 


2m 


-i 


a? sin? y sin Ody d0 dọ. 


Dt 


so that 
V=20 a. (111.9) 


Thus a space of positive curvature turns out to be “closed on itself”. Its volume is finite 
though of course it has no boundaries. 

It is interesting to note that in a closed space the total electric charge must be zero. 
Namely, every closed surface in a finite space encloses on each side of itself a finite region 
of space. Therefore the flux of the electric field through this surface is equal, on the one 
hand, to the total charge located in the interior of the surface, and on the other hand to the 
total charge outside of it, with opposite sign. Consequently, the sum of the charges on the 
two sides of the surface is zero. 

Similarly, from the expression (96.16) for the four-momentum in the form of a surface 
integral there follows the vanishing of the total four-momentum P’ over all space. Thus the 
definition of the total four-momentum loses its meaning, since the corresponding conservation 
law degenerates into the empty identity 0 = 0. 

We now go on to consider geometry of a space having a constant negative curvature. From 
(111.6) we see that the constant À is negative if a is imaginary. Therefore all the formulas for 
a space with negative curvature can be immediately obtained from the preceding ones by 
replacing a by ia. In other words, the geometry of a space with negative curvature is 
obtained mathematically as the geometry on a four-dimensional pseudosphere with imaginary 
radius. 

Thus the constant A is now 


A= (111.10) 


_L 

a?’ 
and the element of length in a space of negative curvature has, in coordinates r, 0, @, the 
form 


+ The “cartesian” coordinates x,, x2, x3, x4 are related to the four-dimensional spherical coordinates a, 0, 
, x by the relations: 


x =a sin y sin 0 cos ¢, x, =a sin % sin @ sin 6, 


x, = asin y cos 9, x4= acos 7X. 
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2 
di? = “_ + r? (sin? Odo? + a0”), (111.11) 


145 
a 


where the coordinate r can go through all values from 0 to æ. The ratio of the circumference 
of a circle to its radius is now greater than 27. The expression for dÊ corresponding to 
(111.8) is obtained if we introduce the coordinate y according to r = a sinh y (x here goes 
from 0 to æ). Then 

dP = a’ {dx + sinh? (sin? O¢° + d0?)}. (111.12) 


The surface of a sphere is now equal to 47a? sinh? y and as we move away from the origin 
(increasing 7), it increases without limit. The volume of a space of negative curvature is. 
clearly, infinite. 


PROBLEM 


Transform the element of length (111.7) to a form in which it is proportional to its euclidean expression 
(conformal-euclidean coordinates). 


Solution: The substitution 


leads to the result: 





2 .\-2 
dl? = f + nA ) (dr? + rè d0? + r? sin? 0. dọ? ). 
a 


§ 112. The closed isotropic model 


Going on now to the study of the space-time metric of the isotropic model, we must first 
of all make a choice of our reference system. The most convenient is a “co-moving” reference 
system, moving, at each point in space, along with the matter located at that point. In other 
words, the reference system is just the matter filling the space; the velocity of the matter in 
this system is by definition zero everywhere. It is clear that this reference system is reasonable 
for the isotropic model—for any other choice the direction of the velocity of the matter 
would lead to an apparent nonequivalence of different directions in space. The time coordinate 
must be chosen in the manner discussed in the preceding section, i.e. so that at each momens 
of time the metric is the same over all of the space. 

In view of the complete equivalence of all directions, the components gog of the metric 
tensor are equal to zero in the reference system we have chosen. Namely, the three components 
Zoa can be considered as the components of a three-dimensional vector which, if it were 
different from zero, would lead to a nonequivalence of different directions. Thus ds” must 
have the form ds? = goo(dx°)’ — dÊ. The component goo is here a function only of x”. 
Therefore we can always choose the time coordinate so that goo reduces to 1. Denoting it by 
ct, we have 


ds? = e d? — dP. (112.15 
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This time t is the synchronous proper time at each point in space. 

Let us begin with the consideration of a space with positive curvature; from now on we 
shall, for brevity, refer to the corresponding solution of the Einstein equations of gravitation 
as the “closed model’. For dl we use the expression (111.8) in which the “radius of curvature” 
a is, in general, a function of the time. Thus we write ds? in the form 

ds? = e dt? — a*(t) {dy + sin? y(d0? + sin? 0 - dg*)}. (112.2) 


The function a(t) is determined by the equations of the gravitational field. For the solution 
of these equations it is convenient to use, in place of the time, the quantity 7 defined by the 
relation 

c dt = a dn. (112.3) 
Then ds* can be written as 
ds = a(n) {drf — dx’ — sin? y(d0* + sin? 0 - d@”)}. (112.4) 


To set up the field equations we must begin with the calculation of the components of the 
tensor R; (the coordinates X, x, x7, x° are 1, x, 0, ¢). Using the values of the components 
of the metric tensor, 


2 2 2 cin? 2 an2 y cin2 
go =A, gu =-4, gn =a’ sin’ XY, 833 =— a° sin“ y sin’ 0, 


we calculate the quantities Tj): 
9 _ a’ 0 _ a a _ a’ sa 0 L ra ĊĈ. 
T= 5, Th =- Tip = 2g. Th T$ = 0, 


where the prime denotes differentiation with respect to 7. (There is no need to compute the 
components py explicitly.) Using these values, we find from the general formula (92.7): 


3 (a? —aa’’). 


R? = 
0 
aî 


From the same symmetry arguments as we used earlier for the goq, it is clear from the start 
that Rog = 0. For the calculation of the components R we note that if we separate in them 


the terms containing only gag (i.e. only the T py) these terms must constitute the components 


of a three-dimensional tensor — Pe, whose values are already known from (111.3) and 
(111.6): 


RB =-Ph+...=-468+..., 
a 


where the dots represent terms containing goo in addition to the gag. From the computation 
ef these latter terms we find: 


RB = -Loed +a’? +aa’’)68, 
a 
that 
— RO a 6 s, 
R= R + R =—-—7(a+ a"). 
a 


Since the matter is at rest in the frame of reference we are using u“ = 0, u? = 1/a, and we 
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have from (94.9) TP = €, where € is the energy density of the matter. Substituting these 
expressions in the equation 


1 87k 
RI -ZRET T? 
we obtain: 
8mk , 
=< €= = (a? +a’). (112.5) 


Here there enter two unknown functions € and a; therefore we must obtain still another 
equation. For this is convenient to choose (in place of the spatial components of the field 
equations) the equation TŻ; = 0, which is one of the four equations (94.7) contained, as we 
know, in the equations of gravitation. This equation can also be derived directly with the 
help of thermodynamic relations, in the following fashion. 

When in the field equations we use the expression (94.9) for the energy-momentum 
tensor, we are neglecting all those processes which involve energy dissipation and lead to an 
increase in entropy. This neglect is here completely justified, since the auxiliary terms which 
should be added to 7; in connection with such processes of energy dissipation are negligibly 
small compared with the energy density £, which contains the rest energy of the material 
bodies. 

Thus in deriving the field equations we may consider the total entropy as constant. We 
now use the well-known thermodynamic relation df = T dS — p dV, where & S, V, are the 
energy, entropy, and volume of the system, and p, T, its pressure and temperature. At 
constant entropy, we have simply d£ = — p dV. Introducing the energy density € = 4/V we 
easily find 


d 
de = -e+ p) 


The volume V of the space is, according to (111.9), proportional to the cube of the radius of 
curvature a. Therefore dV/V = 3da/a = 3d(In a), and we can write 


de 
= 3d (ln a), 
p ( ) 


3ma=-f de 
pE 


(the lower limit in the integral is constant). 

If the relation between € and p (the “equation of state” of the matter) is known, then 
equation (112.6) determines £ as a function of a. Then from (112.5) we can determine 7) in 
the form 





or, integrating, 





+ const (112.6) 


d 
a 3a Eo -1 
C 


Equations (112.6)-(112.7) solve, in general form, the problem of determining the metric in 
the closed isotropic model. 
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If the material is distributed in space in the form of discrete macroscopic bodies, then to 
calculate the gravitational field produced by it, we may treat these bodies as material particles 
having definite masses, and take no account at all of their internal structure. Considering the 
velocities of the bodies as relatively small (compared with c), we can set € = ic”, where u 
is the sum of the masses, of the bodies contained in unit volume. For the same reason the 
pressure of the “gas” made up of these bodies is extremely small compared with €, and can 
be neglected (from what we have said, the pressure in the interior of the bodies has nothing 
to do with the question under consideration). As for the radiation present in space, its 
amount is relatively small, and its energy and pressure can also be neglected. 

Thus, to describe the present state of the Universe in terms of this model, we should use 
the equation of state for “dustlike” matter, 


€= uc’, p=0. 


The integration in (112.6) then gives pia? = const. This equation could have been written 
immediately, since it merely expresses the constancy of the sum M of the masses of the 
bodies in all of space, which should be so for the case of dustlike matter.t Since the volume 
of space in the closed model is V = 277a°, const = M/27°. Thus 





pia? = const = es (112.8) 
Substituting (112.8) in equation (112.7) and performing the integration, we get: 
a= a (1 — cos 1), (112.9) 
where the constant 
ay = 2kM l 
Bre? 


Finally, for the relation between t and 7 we find from (112.3): 
t= en - sin 1). (112.10) 


The equations (112.9)—(112.10) determine the function a(t) in parametric form. The function 
a(t) grows from zero at t= 0 (7 = 0) to a maximum value of a = 2a, which is reached when 
t = Map/c(n = 7), and then decreases once more to Zero when t = 2rage(N = 27). 

For ņ << 1 we have approximately a = agn?/2, t = agt’/6c, so that 


2 1/3 
a= (>) 123, (112.11) 
The matter density is 
1 8 x 10° 
=-— = 1H 112.12 
H= nke t? ( ) 


(where the numerical value is given for density in gm - cm” and t in sec). We call attention 


+ To avoid misunderstandings (that might arise if one considers the remarks in § 111 that the total four- 
momentum of a closed universe is zero), we emphasize that M is the sum of the masses of the bodies taken 
one by one, without taking account of their gravitational interaction. 
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to the fact that in this limit the function u(t) has a universal character in the sense that it does 
not depend on the parameter ao. 

When a — 0 the density u goes to infinity. But as u — œ the pressure also becomes large. 
so that in investigating the metric in this region we must consider the opposite case of 
maximum possible pressure (for a given energy density €), i.e. we must describe the matter 
by the equation of state 


p= 


wim 


(see the footnote on p. 93). From formula (112.6) we then get: 
cta? 


Ea? = const = Sk (112.13) 


(where a, is a new constant), after which equations (112.7) and (112.3) give the relations 
. ay 
a=a, sin, t= — cos N). 


Since it makes sense to consider this solution only for very large values of £ (i.e. small a). 
we assume n << 1. Then a = an, t = a,77°/2c, so that 


a= .2a,ct. (112.14) 


Then 
5 


c 32k? P 





(which again contains no parameters). 

Thus, here too a — 0 for t — 0, so that the value ¢ = 0 is actually a singular point of the 
space-time metric of the isotropic model (and the same remark applies in the closed model 
also to the second point at which a = 0). We also see from (112.14) that if the sign of t is 
changed, the quantity a(t) would become imaginary, and its square negative. All four components 
gin (112.2) would then be positive, and the determinant g would be positive. But sucha 
metric is physically meaningless. This means that it makes no sense physically to continue 
the metric analytically beyond the singularity. 


§ 113. The open isotropic model 


The solution corresponding to an isotropic space of negative curvature (“open model’) is 
obtained by a method completely analogous to the preceding. In place of (112.2), we now 
have 


d? = e dt” — a(t){dx’ + sinh’ y(d0? + sin? 0 d@”)}. (113.1) 
Again we introduce in place of t the variable 7, according to c dt = a dn; then we get 
ds’ = a(n) {dn? — dx — sinh’ y(d@ + sin? @ - dò}. (113.29 


This expression can be obtained formally from (112.4) by changing n, 7, a respectively to 
in, iz, ia. Therefore the equations of the field can also be gotten directly by this same sub- 
situation in equations (112.5) and (112.6). Equation (112.6) retains its previous form: 
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_ de 
3na = f E+p + const, (113.3) 
while in place of (112.5), we have 
87k , 
es (a > — a’). (113.4) 


Corresponding to this we find, instead of (112.7) 


da 

=t | e, 113.5 

"==] ak a 1 CS 
3c4 


For material in the form of dust, we find:+ 


a = a(coshn — 1), t= <0 (sinh n — n), (113.6) 
3c? 
3 
Ha" = Fag (113.7) 


The formulas (113.6) determine the function a(t) in parametric form. In contrast to the 
closed model, here the radius of curvature changes monotonically, increasing from zero at 
t= 0 (7 = 0) to infinity for t > œ (7 —> œ). Correspondingly, the matter density decreases 
monotonically from an infinite value when t = 0 (when 7 << 1, the monotonic decrease is 
given by the same approximate formula (112.12) as in the closed model). 

For large densities the solution (113.6)-(113.7) is not applicable, and we must again go to 
the case p = €/3. We again get the relation 





€a* = const = (113.8) 


+ We note that, by the transformation 
r= Ae” sinh y, ct=Ae" cosh y, 
Aen = Ve2r?-r?, tanh y= Z. 
the expression (113.2) is reduced to the “conformal-galilean” form 
ds? = fir, Dic? d? -dr - r(d0? + sin” Ode). 
Specifically, in the case of (113.6), setting A equal to aọ/2, 


4 
ds? = í — TE] [c? dt? — dr? — r? (d0? + sin? Od? )] 
24e T -r 


(V. A. Fock, 1955). For large values of ye?t? —r? (which correspond to 7 >> 1), this metric tends 
toward a galilean form, as was to be expected since the radius of curvature tends toward infinity. 

In the coordinates r, 0, @, T, the matter is not at rest and its distribution is not uniform; the distribution 
and motion of the matter turns out to be centrally symmetric about any point of space chosen as the origin 
of coordinates r, 0, @. 
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and find for the function a(t): 
: ay 
a=a,sinhn, t= ~~ (cosh -— 1) 


or, when 7 << 1, 


a= act (113.9) 


[with the earlier formula (112.15) for €(t)]. Thus in the open model, also, the metric has a 
singularity (but only one, in contrast to the closed model). 

Finally, in the limiting case of the solutions under consideration, corresponding to am 
infinite radius of curvature of the space, we have a model with a flat (euclidean) space. The 
interval ds? in the corresponding space-time can be written in the form 


ds? = c? d? — B(t\(dx + dy’ + dô) (113.10) 


(for the space coordinates we have chosen the “cartesian” coordinates x, y, Z). The time- 
dependent factor in the element of spatial distance does not change the euclidean nature of 
the space metric, since for a given ¢ this factor is a constant, and can be made unity by a 
simple coordinate transformation. A calculation similar to those in the previous paragraph 
leads to the following equations: 


87k 3 (dby de 
me AR. 3inb= — | -S + const 
For the case of low pressures, we find 


UB? = const, b= const 2. (113.11) 





For small t we must again consider the case p = £/3, for which we find 
eb* = const, b = const Vt. (113.12) 


Thus in this case also the metric has a singular point (t = 0) 

We note that all the isotropic solutions found exist only when the matter density is differema 
from zero; for empty space the Einstein equations have no such solutions. We also mention 
that mathematically they are a special case of a more general class of solutions that contaim 
three physically different arbitrary functions of the space coordinates (see the problem). 


PROBLEM 
Find the general form near the singular point for the metric in which the expansion of the space proceeds 
“quasihomogeneously”, i.e. so that all components Yag = — ggg (in the synchronous reference system) tema 
+ For € = 0 we would get from (113.5) a = age" = ct [whereas the equations (112.7) are meaningless 
because the roots are imaginary]. But the metric 
d? = è d? -°P {dx + sinh? yd" + sin? @ d¢”)} 
can be transformed by the substitution r = ct sinh y, T= t cosh y, to the form 
ds = edt — dr - P(de’ + sin’ 6 dẹ’), 


i.e. to a galilean space-time. 
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to zero according to the same law. The space is filled with matter with the equation of state p = 83 (Œ. ML 
Lifshitz and I. M. Khaiatnikov, 1960). 


Solution: We look for a solution near the singularity (t = 0) in the form: 
Yop = taap + Phapt..., li 
where agg and bag are functions of the (space) coordinatest; below, we shall set c = 1. The reciprocal tensor 


1S 


ye = tas — pe ; 
where the tensor a“? is reciprocal to aap While bP = a™aPb g; all raising and lowering of indices and 
covariant differentiation is done using the time-independent metric lap 

Calculating the left sides of equations (97.11) and (97.12) to the necessary order in I/t, we get 


3 1, _ ak 2 
-g7 tgb =g ECG + D, 


327k 
(b. a = bÊ g) == 3 Eig Uo 





1 
2 
(where b = bý. Also using the identity 


l=u,u' = u? - luauga%, 


we find: 


3 _ b t? 
Bake = 77-7 "a= -F lba — bhg) (2) 
The three-dimensional Christoffel symbols, and with them the tensor Pag, are independent of the time in 
the first approximation in 1/t; the Pag coincide with the expressions obtained when calculating simply with 
the metric agg. Using this, we find that in equation (97.13) the terms of order f? cancel, while the terms 
~l/t give 


PÊ +3 b +3 ôfb =0, 
from which 
b =- FPL + DEP, (3) 
(where P = a”'P py); In view of the identity 
Pipa bPa =0 
[see (92.10)] the relation 
bég = $b. 


is valid, so that the u, can be written in the form: 
2 
= g b, a: (4) 


+ The Friedmann solution corresponds to a special choice of the functions aap, Corresponding to a space 
of constant curvature. 
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Thus, all six functions agg remain arbitrary, while the coefficients bag of the next term in the expansion 
(1) are determined in terms of them. The choice of the time in the metric (1) is completely determined by 
the condition ¢ = 0 at the singularity; the space coordinates still permit arbitrary transformations that do not 
involve the time (which can be used, for example, to bring agg to diagonal form). Thus the solution contains 
all together three “physically different” arbitrary functions. 

We note that in this solution the spatial metric is inhomogeneous and anisotropic, while the density of the 
matter tends to become homogeneous as t — 0. In the approximation (4) the three-dimensional velocity w 
has zero curl, while its magnitude tends to zero according to the law 


v= Va vgy”? ~ P. 


§ 114. The red shift 


The main feature characteristic of the solutions we have considered is the nonstationary 
metric; the radius of curvature of the space is a function of the time. A change in the radius 
of curvature leads to a change in all distances between bodies in the space, as is already seen 
from the fact that the element of spatial distance dl is proportional to a. Thus as a increases 
the bodies in such a space “run away” from one another (in the open model, increasing a 
corresponds to 7 > 0, and in the closed model, to 0 < 7) < 7). 

From the point of view of an observer located on one of the bodies, it will appear as if all 
the other bodies were moving in radial directions away from the observer. The speed of this 
“running away” at a given time ż is proportional to the separation of the bodies. 

This prediction of the theory must be compared with a fundamental astronomical fact— 
the red shift of lines in the spectra of galaxies. If we regard this as a Doppler shift, we arrive 
at the conclusion that the galaxies are receding, i.e. at the present time the Universe is 
expanding.t 

Let us consider the propagation of a light ray in an isotropic space. For this purpose it is 
simplest to use the fact that along the world line of the propagation of a light signal the 
interval ds = 0. We choose the point from which the light emerges as the origin of coordinates 
x, 9, ġ. From symmetry considerations it is clear that the light ray will propagate “radially”. 
i.e. along a line @= const, @ = const. In accordance with this, we set d8 = dọ = 0 in (112.4 
or (113.2) and obtain ds* = a’(dr’ — dy’). Setting this equal to zero we find dy = + dy or. 
integrating, 


X=+7 + const. (114.1) 


The plus sign applies to a ray going out from the coordinate origin, and the minus sign to a 
ray approaching the origin. In this form, equation (114.1) applies to the open as well as to 
the closed model. With the help of the formulas of the preceding section, we can from this 
express the distance traversed by the beam as a function of the time. 

In the open model, a ray of light, starting from some point, in the course of its propagation 
recedes farther and farther from it. In the closed model, a ray of light, starting out from the 
initial point, can finally arrive at the “conjugate pole” of the space (this corresponds to a 
change in 7 from 0 to 7); during the subsequent propagation, the ray begins to approach the 


+ The conclusion that the bodies are running away with increasing a(t) can only be made if the energy 
of interaction of the matter is small compared to the kinetic energy of its motion in the recession: this 
condition is always satified for sufficiently distant galaxies. In the opposite case the mutual separations ef 
the bodies is determined mainly by their interactions; therefore, for example, the effect considered hem 
should have practically no influence on the dimensions of the nebulae themselves, and even less so on the 
dimensions of stars. 
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initial point. A circuit of the ray “around the space”, and return to the initial point, would 
correspond to a change of 7 from 0 to 27. From (114.1) we see that then 7 would also have 
to change by 27, which is, however, impossible (except for the one case when the light starts 
at a moment corresponding to 7 = 0). Thus a ray of light cannot return to the starting point 
after a circuit “around the space”. 

To a ray of light approaching the point of observation (the origin of coordinates), there 
corresponds the negative sign on 7) in equation (114.1). If the moment of arrival of the ray 
at this point is {(1o), then for 7) = No we must have y = 0, so that the equation of propagation 
of such rays is 


L=M- 1. (114.2) 


From this it is clear that for an observer located at the point y = 0, only those rays of light 
can reach him at the time nọ), which started from points located at “distances” not exceeding 
x = no 

This result, which applies to the open as well as to the closed model, is very essential. We 
see that at each given moment of time ¢(7)), at a given point in space, there is accessible to 
physical observation not all of space, but only that part of it which corresponds to y < 7. 
Mathematically speaking, the “visible region” of the space is the section of the four-dimensional 
space by the light cone. This section turns out to be finite for the open as well as the closed 
model (the quantity which is infinite for the open model is its section by the hypersurface 
t = const, corresponding to the space where all points are observed at one and the same 
time t). In this sense, the difference between the open and closed models turns out to be 
much less drastic than one might have thought at first glance. 

The farther the region observed by the observer at a given moment of time recedes from 
him, the earlier the moment of time to which it corresponds. Let us look at the spherical 
surface which is the geometrical locus of the points from which light started out at the time 
t(n — x) and is observed at the origin at the time #(7)). The area of this surface is 4ma°(n — 
X) sin’ y (in the closed model), or 47a°(n — y) sinh? y (in the open model). As it recedes 
from the observer, the area of the “visible sphere” at first increases from zero (for y = 0) and 
then reaches a maximum, after which it decreases once more, dropping back to zero for 7 
= n (where a(n — 7) = a(0) = 0). This means that the section through the light cone is not 
only finite but also closed. It is as if it closed at the point “conjugate” to the observer; it can 
be seen by observing along any direction in space. At this point € — œ, so that matter in all 
stages of its evolution is, in principle, accessible to observation. 

The total amount of observed matter is equal in the open model to 


n 
Moos = an | ua?’ sinh? y- dy. 
0 


Substituting La? from (113.7), we get 


3c7 ay. 
Mobs = z (sinh 7 cosh n — n). (114.3) 
This quantity increases without limit as 7 — œ. In the closed model, the increase of Mops is 


limited by the total mass M; in similar fashion, we find for this case: 





Moss = Men — sin N cos n). (114.4) 
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As n increases from 0 to 7, this quantity increases from 0 to M; the further increase of My. 
according to this formula is fictitious, and corresponds simply to the fact that in a “contracting” 
universe distant bodies would be observed twice (by means of the light “circling the space” 
in the two directions). 

Let us now consider the change in the frequency of light during its propagation in an 
isotropic space. For this we first point out the following fact. Let there occur at a certain 
point in space two events, separated by a time interval dt = (1/c) a(n) dn. If at the moments 
of these events light signals are sent out, which are observed at another point in space, then 
between the moments of their observation there elapses a time interval corresponding to the 
same change d7 in the quantity 7 as for the starting point. This follows immediately from 
equation (114.1), according to which the change in the quantity 7) during the time of propagation 
of a light ray from one point to another depends only on the difference in the coordinates y 
for these points. But since during the time of propagation the radius of curvature a changes. 
the time interval t between the moments of sending out of the two signals and the moments 
of their observation are different; the ratio of these intervals is equal to the ratio of the 
corresponding values of a. 

From this it follows, in particular, that the periods of light vibrations, measured in terms 
of the world time z, also change along the ray, proportionally to a. Thus, during the propagation 
of a light ray, along its path, 


@a = const. (114.5) 


Let us suppose that at the time (7) we observe light emitted by a source located at a 
distance corresponding to a definite value of the coordinate y. According to (114.1), the 
moment of emission of this light is n — 7). If © is the frequency of the light at the time 
of emission, then from (114.5), the frequency @ observed by us is 


a(n ~ x) 
a(n) ` 
Because of the monotonic increase of the function a(n), we have @ < @p, that is. a 

decrease in the light frequency occurs. This means that when we observe the spectrum of 
light coming toward us, all of its lines must appear to be shifted toward the red compared 
with the spectrum of the same matter observed under ordinary conditions. The “red shift” 
phenomenon is essentially the Doppler effect of the galaxies “running away” from each 
other. 

The magnitude of the red shift measured, for example, as the ratio @/@ of the displaced 
to the undisplaced frequency, depends (for a given time of observation) on the distance at 
which the observed source is located [in relation (114.6) there enters the coordinate y of the 
light source]. For not too large distances, we can expand a(7 — 7) in a power series in y. 
limiting ourselves to the first two terms: 


= Wo (114.6) 





o a'(n) 

Oo toa a(n) 
(the prime denotes differentiation with respect to 7). Further, we note that the product vat mp 
is here just the distance | from the observed source. Namely, the “radial” line element is 
equal to dl = a dy; in integrating this relation the question arises of how the distance is % 
be determined by physical observation. In determining this distance we must take the values 
of a at different points along the path of integration at different moments of time (integratios 
for n = const would correspond to simultaneous observation of all the points along the path, 
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which is physically not feasible). But for “small” distances we can neglect the change in a 
along the path of integration and write simply / = ay, with the value of a taken for the 
moment of observation. 

As a result, we find for the percentage change z in the frequency the following formula: 


-8-0 __H 
z= o TT l, (114.7) 
where we have introduced the notation 
_ 4) _ 1da 
H=ec a(n) = adi (114.8) 


for the so-called “Hubble constant”. For a given instant of observation, this quantity is 
independent of /. Thus the relative shift in spectral lines inust be proportional to the distance 
to the observed light source. 

Considering the red shift as a result of a Doppler effect, one can determine the corresponding 
velocity v of recession of the galaxy from the observer. Writing z = w/c, and comparing with 
(114.7), we have 


v= HI (114.9) 


(this formula can also be obtained directly by calculating the derivative v = d(ay)/dt. 

Astronomical data confirm the law (114.7), but the determination of the value of the 
Hubble constant is hampered by the uncertainty in the establishment of a scale of cosmic 
distances suitable for distant galaxies. The latest determinations give the value 


H = 0.8 x 107 yr! = 0.25 x 107!” sec", (114.10) 
1/H = 4 x 10” sec = 1.3 x 10! yr. 


It corresponds to an increase in the “velocity of recession” by 75 km/sec for each megaparsec 
distance. + 
Substituting in equation (113.4), € = uc? and H = ca‘/a’, we get for the open model the 
following relation: 
2 8ak 
=H? -3 h (114.11) 
Combining this equation with the equality 
_ c sinh 7 
— a (cosh 7 — 1)” 


N yl 3 
cosh 5 = Har (114.12) 


For the closed model we would get: 


2 
ew. (114.13) 


N|3 


c 
= — coth 
a 


, 


we obtain 


f There also exist estimates leading to a smaller value of H, corresponding to an increase of the velocity 
of recession by 55 km/sec in each megaparsec; then 1/H = 18 x 10° yr. 
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ne | 3 
cos z = H Saku” (114.14) 


Comparing (114.11) and (114.13), we see that the curvature of the space is negative or 
positive according as the difference (87k/3)4 — h? is negative or positive. This difference 
goes to zero for UW = Hg, where 


_ 3H? 
Mi = Sak ` 


With the value (114.10), we get 4, = 1 x 10%? g/cm’. In the present state of astronomical 
knowledge, the value of the average density of matter in space can be estimated only with 
very low accuracy. For an estimate, based on the number of galaxies and their average mass, 
one now takes a value of about 3 x 10°! g/cm’. This value is 30 times less than 44 and thus 
would speak in favour of the open model. But even if we forget about the doubtful reliability 
of this number, we should keep in mind that it does not take into account the possible 
existence of a metagalactic dark gas, which could greatly increase the average matter density. 

Let us note here a certain inequality which one can obtain for a given value of the quantity 


c sinh 7) 
ao (cosh n — 1)?’ 


(114.15) 


H. For the open model we have H = 


and therefore 


sinh 7(sinh n — n) 


ao, 
= — (sinh — = 
t=- (sinh n- 1) = “Fr cosh  — D? 


Since 0 < 7 < œ, we must have 


2 1 
3H <'< (114.16) 


Similarly, for the closed model we obtain 


te sin n(n — sin N) 
H(1 — cos n)? ` 


To the increase of a(n) there corresponds the interval 0 < 7) < 7, therefore we get 


2 
O<t<an- (114.17) 


Next we determine the intensity J of the light arriving at the observer from a source 
located at a distance corresponding to a definite value of the coordinate y. The flux density 
of light energy at the point of observation is inversely proportional to the surface of the 
sphere, drawn through the point under consideration with centre at the location of 
the source; in a space of negative curvature the area of the surface of the sphere equals 
Ana’ sinh’ y. Light emitted by the source during the interval dt = (1/e) a(n — pdn will reada 
the point of observation during a time interval 


a(n) 


d n- 


= La(nyan. 
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Since the intensity is defined as the flux of light energy per unit time, there appears in I a 
factor a(n — 7)/a(n). Finally, the energy of a wave packet is proportional to its frequency 
[see (53.9)]; since the frequency changes during propagation of the light according to the 
law (114.5), this results in the factor a(n — 7)/a() appearing in J once more. As a result, we 
finally obtain the intensity in the form 


a*(N~ x) 
I= t ———_—__.. 114.18 
cons a(n) sinh? y ( ) 
For the closed model we would similarly obtain 
2 _— 
I = const 2) . (114.19) 
a* (n) sin’ 7 


These formulas determine the dependence of the apparent brightness of an observed object 
omits distance (for a given absolute brightness). For small y we can set a(n — %) ~a(n), and 
then J ~ 1/a*(n)77 = 1/0, that is, we have the usual law of decrease of intensity inversely as 
the square of the distance. 

Finally, let us consider the question of the so-called proper motions of bodies. In speaking 
of the density and motion of matter, we have always understood this to be the average 
density and average motion; in particular, in the system of reference which we have always 
used, the velocity of the average motion is zero. The actual velocities of the bodies will 
undergo a certain fluctuation around this average value. In the course of time, the velocities 
of proper motion of the bodies change. To determine the law of this change, let us consider 
a freely moving body and choose the origin of coordinates at any point along its trajectory. 
Then the trajectory will be a radial line, @= const, @ = const. The Hamilton-Jacobi equation 
(87.6), after substitution of the values of gik, takes the form 


=| -|= = 0. . 
(5) (3) + m'ca (n) (114.20) 
Since y does not enter into the coefficients in this equation (i.e., y is a cyclic coordinate), the 


conservation law S/d% = const is valid. The momentum p of a moving body is equal, by 
definition, to p = OS/al = S/a ox. Thus for a moving body the product pa is constant: 


pa = const. (114.21) 


Introducing the velocity v of proper motion of the body according to 


p= mV 
a 
c? 
we obtain 
— = const. (114.22) 
1% 
c? 


The law of change of velocity with time is determined by these relations. With increasing a, 
the velocity v decreases monotonically. 
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PROBLEMS 


1. Find the first two terms in the expansion of the apparent brightness of a galaxy as a function of its red 
shift; the absolute brightness of a galaxy varies with time according to an exponential law, I aps = const - e~ 
(H. Robertson, 1955). 


Solution: The dependence on distance y of the apparent brightness of a galaxy at the “instant” n, is given 
(for the closed model) by the formula 


2 
T= const. erto 2 N= 1) 
a* (n) sin? x 
We define the red shift as the relative change in wavelength: 


_A-Ay _ O)-@ _ a(ny—a(n-X) 
z= = = L 
Ao o a(n- x) 
Expanding J and z in powers of y [using the functions a(n) and ¢(7) from (112.9) and (112.10)] and then 
eliminating y from the resulting equations, we find the result: 





where we have introduced the notation 


2 Bel. 


1= TF cos ~ H 


For the open model, we get the same formula with 


- 2 -4 
1= IF cohn ih <1. 


2. Find the leading terms in the expansion of the number of galaxies contained inside a “sphere” of given 
radius, as a function of the red shift at the boundary of the sphere (where the spatial distribution of galaxies 
is assumed to be uniform). 


Solution: The number N of galaxies at “distances” < y is (in the closed model) 
Zz 
N = const - Í sin? y dy = const- ¥?. 
0 


Substituting the first two terms in the expansion of the function y (z), we obtain: 
N = const - z? |i -2 Q2+q)z . 
In this form the formula also holds for the open model. 


§ 115. Gravitational stability of an isotropic universe 


Let us consider the question of the behaviour of small perturbations in the isotropic model. 
i.e. the question of its gravitational stability (E. M. Lifshitz, 1946). We shall restrict our 
treatment to perturbations over relatively small regions of space—regions whose linear 
dimensions are small compared to the radius a.t 


+ A more detailed presentation of this question, including the investigation of perturbations over regions 
whose size is comparable to a, is given in Adv. in Physics 12, 208 (1963). 
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In every such region the spatial metric can be assumed to be euclidean in the first 
approximation, i.e. the metric (111.8) or (111.12) is replaced by the metric 


dÊ = a(ny(dx? + dy? + dz), (115.1) 


where x, y, z are cartesian coordinates, measured in units of the radius a. We again use the 
parameter 7) as time coordinate. 

Without loss of generality we shall again describe the perturbed field in the synchronous 
reference system, i.e. we impose on the variations ôg;g of the metric tensor the conditions 
Ôgo0 = 680g = 0. Varying the identity gauut = 1 under these conditions (and remembering 
that the unperturbed values of the components of the four-velocity of the matter are u? = 
1a, u% = 0,+ we get goou°du° = 0, so that du° = 0. The perturbations ôu” are in general 
different from zero, so that the reference system is no longer co-moving. 

We denote the perturbations of the spatial metric tensor by hag = ÔYap = — Og ag. Then by? 
= — h, where the raising of indices on hag is done by using the unperturbed metric Yap. 

In the linear approximation, the small perturbations of the gravitational field satisfy the 
equations 

87k 
ORE — 56,5R = Tr ôT. (115.2) 

In the synchronous reference system the variations of the components of the energy- 

momentum tensor (94.9) are: 


TË = -8főp, STS =a(p + e)du%, STE = ôE. (115.3) 


Because of the smallness of de and dp, we can write dp = (dp/de)de, and we obtain the 
relations: 


TÊ = -68 ae 6T?. (115.4) 


Formulas for 6R* can be gotten by varying the expression (97.10). Since the unperturbed. 
metric tensor Yap = a’ 6g, the unperturbed values are 


26 2a’ 2a’ 
xap =“ Yap = a Yap: Ke = z ôf, 





where the dot denotes differentiation with respect to ct, and the prime with respect to 7. The 
perturbations of xg, and xÊ = oyy” are: 
l; r 
Ôx op = hog = q B> xh = -AP xoy + YP hoy = hf = 1 he >, 

where h =7 PY hoy. For the euclidean metric (115.1) the unperturbed values of the three- 
dimensional PÊ are zero. The variations PÊ are calculated from formulas (108.3)—(108.4): 
it is obvious that PË is expressed in terms of the dygg just as the four-tensor OR is 
expressed in terms of the dg,,, all tensor operations being done in the three-dimensional 


space with the metric (115.1); because this metric is euclidean, all the covariant differentiations 
reduce to simple differentiations with respect to the coordinates x” (for the contravariant 


+ In this section we denote unperturbed values of quantities by letters without the auxiliary superscript. 
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derivatives we must still divide by a’). Taking all this into account (and changing from 
derivatives with respect to ¢ to derivatives with respect to 7), we get, after some simple 
calculations: 


pB___1l cpr. 8B , ph. BY _ pB 1 p” a’, __al rsp 
BRa =- zz ha y + hy, a= ha, y — Ra) - zaha BP - —h'ôh, 


3 2a3 
1 a’ 
R? = — n â a h’ 
dRo 2a? 2a? 
__ 1 pa _paßby 
BRE = (he — hg Y, (115.5) 


(h =h2). Here both the upper and lower indices following the comma denote simple 
differentiations with respect to the x” (we continue to write indices above and below only to 
retain uniformity of the notation). 

We obtain the final equations for the perturbations hê by substituting in (115.4) the 
components ôT} , expressed in terms of the 67;‘ according to (115.2). For these equations 
it is convenient to choose the equations obtained from (115.4) for œ+ p, and those obtained 
by contracting on a, p. They are: 


» Qa’. w 
(ah thet hh- hk the + hg =0, aB, 


Leng: toh phi + 3E) +h +h! AE + 3E) =0. (115.6) 


The perturbations of the density and matter velocity can be determined from the knowa 
hê using formulas (115.2)(115.3). Thus we have for the relative change of the density: 





ôE _ ct o_1 ___ct Ba a, 2a’), 
z = Sake (ars -— Lan) = si BT h: at ah ) : (115.7) 

Among the solutions of equations (115.6) there are some that can be eliminated by a 
simple transformation of the reference system (without destroying the condition of 
synchronism), and so do not represent a real physical change of the metric. The form of such 
solutions can be established by using formulas (1) and (2) in problem 3 of § 97. Substituting 
the unperturbed values Yag = a dog, we get from them the following expressions for fictitious 
perturbations of the metric: 


d , 
ha = forn f A © fodh + (fa +f? a), (115.8) 


where the fo, fy are arbitrary (small) functions of the coordinates x, y, z. 

Since the metric in the small regions of space we are considering is assumed to be 
euclidean, an arbitrary perturbation in such a region can be expanded in plane waves. Using 
x, y, z for cartesian coordinates measured in units of a, we can write the periodic space factor 
for the plane waves in the form e™'7, where n is a dimensionless vector, which represents 
the wave vector measured in units of 1/a (the wave vector is k = n/a). If we have a 
perturbation over a portion of space of dimensions ~ /, the expansion will involve waves of 
length A = 2za/n ~ 1. If we restrict the perturbations to regions of size / << a, we automatically 
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assume the number n to be quite large (n >> 27). 

Gravitational perturbations can be divided into three types. This classification reduces to 
a determination of the possible types of plane waves in terms of which the symmetric tensor 
hag can be represented. We thus obtain the following classification: 

1. Using the scalar function 


Q=", (115.9) 


we can form the vector P = nQ and the tensors} 





B 
ob Joto, o8-($a8-M# Jo. asw 
n 


These plane waves correspond to perturbations in which, in addition to the gravitational 
field, there are changes in the velocity and density of the matter, i.e. we are dealing with 
perturbations accompanied by condensations or rarefactions of the matter. The perturbation 
of hê is expressed in terms of the tensors of and PÊ , the perturbation of the velocity is 
expressed in terms of the vector P, and the perturbation of the density, in terms of the scalar 


2. Using the transverse vector wave 
S=se™™, s-n=0, (115.11) 


we can form the tensor (n®S,, + nS); the scalar corresponding to this does not exist, since 
n-S=0. These waves correspond to perturbations in which, in addition to the gravitational 
field, we have a change in velocity but no change of the density of the matter; they may be 
called rotational perturbations. 

3. The transverse tensor wave 


GE = ghe™™, ging =0. (115.12) 


We can construct neither a vector nor a scalar by using it. These waves correspond to 
perturbations of the gravitational field in which the matter remains at rest and uniformly 
distributed throughout space. In other words, these are gravitational waves in an isotropic 
universe. 

The perturbations of the first type are of principal interest. We set 


=A(n) Pe + (NOE, h= HO. (115.13) 
From (115.7) we find for the relative change of the density 
ôE _ ct 2 3a’ , 


The equations for determining À and 4 are gotten by substituting (115.13) in (115.6): 
are yr Ma =0 
ta oe w= 
w+ w£ +3 4 + mAs w(i +3 2). 0. (115.15) 


+ We write upper and lower indices on the components of ordinary cartesian tensors only to preserve 
uniformity of notation. 
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These equations have the following two partial integrals, corresponding to those fictitious 
changes of metric that can be eliminated by transforming the reference system: 


A=-— Hu = const, (115.16) 


d d 3a’ 
aa an? fE, paw |2- 4 (1517 


a a 





[the first of these is gotten from (115.8) by choosing fo = 0, fa = Po; the second by choosing 
fo = Q, fa = 0]. 

In the early stages of expansion of the universe, when the matter is described by the 
equation of state p = €/3, we have a = an, 1) << 1 (in both the open and closed models). 
Equations (115.15) take the form: 


r, 24, n? — 1, 3 , 2n? — 
A +h As w= 9, L + oH + (à+u)=0. (115.18) 


These equations are conveniently investigated separately for the two limiting cases depending 
on the ratio of the large quantities n and 1/7. 

Let us assume first that n is not too large (or that 7 is sufficiently small), so that 
nn << 1. To the order of accuracy for which the equations (115.18) are valid, we find 
from them for this case: 


_ 3G. no _ _2n? n 2 
=F rofin} u=- 3 Cyn + Cy L-a" >. 


where C}, C, are constants; solutions of the form (115.16) and (115.17) are excluded (in the 
present case these are the solution with 2 = — = const and the one with A+ u~. 
Calculating Se/e from (115.14) and (112.15), we get the following expressions for the 
perturbations of the metric and the density: 


3C 
hg = PE + Co(QG + P), 


2 
ect Cn’ )Q for p=% n<<ż. (115.19) 

The constants C, and C, must satisfy conditions expressing the smallness of the perturbatiom 
at the time no of its start: we must have ne << 1 (so that A << 1 and u << 1) and dele << 
1. As applied to (115.19) these conditions give the inequalities C1 << 1, C2 << 1. 

In (115.19) there are various terms that increase in the expanding universe like differem 
powers of the radius a = a;n. But this growth does not cause the perturbation to become 
large: if we apply formula (115.19) for an order of magnitude to 7 ~ 1/n, we see that 
(because of the inequalities found above for C, and C) the perturbations remain small evem 
at the upper limit of application of these formulas. 

Now suppose that n is so large that 77 >> 1. Solving (115.18) for this condition, we fiad 
that the leading terms in À and u are:t 


+ The factor 1/1? in front of the exponential is the first term in the expansion in powers of 1/n7. To fiad 
it we must consider the first two terms in the expansion simultaneously [which is justified within the Hus 
of accuracy of (115.18)]. 





wm” 
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a= -Ë = const- L enn, 
2 n 


We then find for the perturbations of the metric and the density: 





B __ C (pf By gin ôe _ Coin 
ha = Gage (Pa 200e O, = gOS 
f _é 1 
or p=3, 7K<N< 1, (115.20) 


where C is a complex constant satisfying the condition IC | << 1. The presence of a periodic 
factor in these expressions is entirely natural. For large n we are dealing with a perturbation 
whose spatial periodicity is determined by the large wave vector k = n/a. Such perturbations 
must propagate like sound waves with velocity 


u= 2P _ -E 
d(elc?) 43` 


Correspondingly the time part of the phase is determined, as in geometrical acoustics, by the 
large integral J ku dt = nn/V3. As we see, the amplitude of the relative change of density 
remains constant, while the amplitude of the perturbations of the metric itself decreases like 
a in the expanding universe. t 

Now we consider later stages of the expansion, when the matter is already so rarefied that 
we can neglect its pressure (p = 0). We shall limit ourselves to the case of small 7), corresponding 
to that stage of the expansion when the radius a was still small compared to its present value, 
but the matter was already quite rarefied. 

For p = 0 and 7) << 1, we have a = ao1?/2, and (115.15) takes the form: 





a” 4 + n? — 
As 2M As p) =O, 


” 4 , n? — 
u +h’ + z (A+ H)=0. 


The solution of these equations is 





2 
A+ m=2C), i-u=2m( 2), 


Also calculating ĝe/e by using (115.14) and (112.12), we find: 


2n* C3 


hé = CPE + OE) + 2 R2 - 04) for << 7 


+ It is easy to verify that (for p = €/3) nn ~L/A, where L ~ u/./ké/c” . It is natural that the characteristic 
length L, which determines the behaviour of perturbations with wavelength 1 << a, contains only hydrodynamic 
quantities—the matter density e/c” and the sound velocity u (and the gravitational constant k). We note that 
there is a growth of the perturbations when A >> L [in (115.19)]. 
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2n*C, 1 


hÊ = Ci nen (PE - QË) + 7 (PË - QÊ) for = << 1<<1, (115.21) 





We see that de/e contains terms that increase proportionally with a.t But if n7 << 1, then 
Sele does not become large even for 7 ~ 1/n because of the condition C; << 1. If, however, 
nn >> 1, then for 7 ~ 1 the relative change of density becomes of order Cn”, while the 
smallness of the initial perturbation requires only that Cin? né << 1. Thus, although the 
growth of the perturbation occurs slowly, nevertheless its total growth may be considerable, 
so that it becomes quite large. 

One can similarly treat perturbations of the second and third types listed above. But the 
laws for the damping of these perturbations can also be found without detailed calculations 
by starting from the following simple arguments. 

If over a small region of the matter (with linear dimensions /) there is a rotational perturbation 
with velocity Sv, the angular momentum of this region is ~ (ec?)P - L- v. During the 
expansion of the universe / increases proportionally with a, while £ decreases like a? (in the 
case of p = 0) or like a“ (for p = €/3). From the conservation of angular momentum, we 
have 


d6v=const for p=€13, ôv ~+ for p = 0. (115.22) 


Finally, the energy density of gravitational waves must decrease during the expansion of 
the universe like a^. On the other hand, this density is expressed in terms of the perturbation 
of the metric by ~ k? (h8)*, where k = n/a is the wave vector of the perturbation. It then 
follows that the amplitude of perturbations of the type of gravitational waves decreases with 
time like 1/a. 


§ 116. Homogeneous spaces 


The assumption of homogeneity and isotropy of space determines the metric completely 
(leaving free only the sign of the curvature). Considerably more freedom is left if one 
assumes only homogeneity of space, with no additional symmetry. Let us see what metric 
properties a homogeneous space can have. 

We shall be discussing the metric of a space at a given instant of time t. We assume that 
the space-time reference system is chosen to be synchronous, so that ¢ is the same synchronized 
time for the whole space. 

Homogeneity implies identical metric properties at all points of the space. An exact 
definition of this concept involves considering sets of coordinate transformations that transform 
the space into itself, i.e. leave its metric unchanged: if the line element before transformation is 


dÊ = Yog(x!, X, x7) dx® dx?, 
then after transformation the same line element is 


+ A more detailed analysis taking into account the small pressure p(é) shows that the possibility of 
neglecting the pressure requires that one satisfy the condition uņn/c << 1 (where u = cj dp/dé is the small 
sound velocity); it is easy to show that in this case also it coincides with the condition A/L >> 1. Thus. 
growth of the perturbation always occurs if AIL >> 1. 
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with the same functional dependence of the yg on the new coordinates. A space is homogeneous 
if it admits a set of transformations (a group of motions) that enables us to bring any given 
point to the position of any other point. Since space is three-dimensional the different 
transformations of the group are labelled by three independent parameters. 

Thus, in euclidean space the homogeneity of space is expressed by the invariance of the 
metric under parallel displacements (translations) of the cartesian coordinate system. Each 
translation is determined by three parameters—the components of the displacement vector 
of the coordinate origin. All these transformations leave invariant the three independent 
differentials (dx, dy, dz) from which the line element is constructed. 

In the general case of a noneuclidean homogeneous space, the transformations of its group 
of motions again leave invariant three independent linear differential forms, which do not, 
however, reduce to total differentials of any coordinate functions. We write these forms as 


e dx”, (116.1) 


where the Latin index (a) labels three independent vectors (coordinate functions); we call 
these vectors a frame. 

Using the forms (116.1) we construct a spatial metric invariant under the given group of 
motions: 


dl? = Nap (eg dx1 (eg? dx?) , | (116.2) 
i.e. the metric tensor is 
Yop = Nea ey” - (116.3) 


where the coefficients 7,,, which are symmetric in the indices a and b, are functions of the 
time. 

Thus we arrive at a “triad” representation of the spatial metric using a triple of coordinate 
vectors; all the formulas obtained in § 98 are applicable to this representation. The choice 
of basis vectors is dictated by the symmetry properties of the space and, in general, these 
basis vectors are not orthogonal (so that the matrix Nas is not diagonal). 

As in § 98, along with the triple of vectors e{f? we introduce the reciprocal triple of 
vectors €)» for which 


en ey” = 6°, eR ey = OF. (116.4) 


In the three-dimensional case, the relation between the two vector triples can be written 
explicitly: 


1 .e 3 1.6 i laa 2 
ex) =e xe®, eg =7e” xe, eg =e xe®, (116.5) 
where 
v= lel =e-e® x e®, 


and ea) and e should be regarded as cartesian vectors with components ef) and en 


respectively. The determinant of the metric tensor (116.3) is 
y=nv, (116.6) 


where 7) is the determinant of the matrix Nap- 
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The invariance of the differential forms (116.1) means that 








eb (x)dx® = eb? (x’)dx’®, (116.7) 
where the ¢“ on the two sides of the equation are the same functions of the old and new 
| +B 
coordinates, respectively. Multiplying this equation by efa’), setting dx’? = 2z y ax", 
x 
and comparing coefficients of the same differentials dx”, we find 
ax'B (a 
a = eP (xe{® (x). (116.8) 


These equations are a system of differential equations that determine the functions x(x) for 
a given frame.+ In order to be integrable, the equations (116.8) must satisfy identically the 
conditions 


02x78 _ o2x’6 
Ox%Ax! x! xE 


Calculating the derivatives, we find 


defa x’) 8 


; def, x’) 
ax’ (b) 


, de (x) de x) 
Oe Se 


ea’) Popod a| ae ax? 


Multiplying both sides of the equations by e (ael (xep (x’) and shifting the 
differentiation from one factor to the other by using (116.4), we get for the left side: 


def, (x’) de? (x) BP (x’) de P(x’) 
, (d , (c , , , B ô 
ep x) S etx) Oe Te (2) | = ely (a ebay (2) | a5 me BT 


and for the right, the same expression in the variable x. Since x and x’ are arbitrary, these 
eXpressions must reduce to constants: 


de) det; 
xË ~~ ax 





et ely) = Ca. (116.9) 


The constants C°,, are called the structure constants of the group. Multiplying by elo we 
can rewrite (116.9) in the form 


+ For a transformation of the form x’? = x + EP, where the EP are small quantities, we obtain from (116.8) 
the equations 


0&8 _ y 2a) (a) 
ana =€ ay ea (116.8a) 





The three linearly independent solutions of these equations, EP (b = 1, 2, 3), determine the infinitesimal 


transformations of the group of motions of the space. The vectors Eh are called the Killing vectors. (Cf. 
the footnote on p. 291). 
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Y Y 
a elb B dela) 


-rc Y } 
Eca) Ox — Elb) xb =C abl(.)- (116.10) 


These are the required conditions for homogeneity of the space. The expression on the left 
side of (116.9) conicides with the definition of the quantities A°,, (98.10), which are therefore 
constants. 

As we see from their definition, the structure constants are antisymmetric in their lower 
indices: 

C'ab = — Cha: (116.11) 
We can obtain still another condition on them by noting that (116.10) can be written in the 
form of commutation relations . 


[X,, Xp] = XoXo — XXa = Co abXe (116.12) 
for the linear differential operatorst 


2 
ax” 
Then the condition mentioned above follows from the identity 
[[Xa, Xp], Xe] + Xv; Xe], Xa] + [Xe Xa], Xo] = 0 
(the Jacobi identity), and has the form: 
C abC fee + C8 gC ea + C8caC “ep = 0. (116.14) 


It is a definite advantage to use, in place of the three-index constants C$, a set of two- 
index quantities, obtained by the dual transformation 


C'ab = Cabgc™, (116.15) 


where espe = €% is the unit antisymmetric symbol (with e123 = + 1). With these constants the 
commutation relations (116.12) are written as - 


e™X,X, = C%X,. (116.16) 


The property (116.11) is already taken into account in the definition (116.15), while property 
(116.14) takes the form 


Xa = ef) (116.13) 


Epe “IC™ = 0. (116.17) 


We also mention that the definition (116.9) for the quantities C°? can be written in vector 
form: 


C% = Leoy x ef), (116.18) 


+ In the mathematical theory of continuous groups (Lie groups) the operators X, satisfying conditions 
of the form (116.12) are called the generators of the group. We mention, however (to avoid confusion when 
comparing with other presentations), that the systematic theory usually starts from operators defined using 
the Killing vectors: 


a fe] 
X,= Efo) xe 
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where the vector operations are again carried out as if the coordinates x“ were cartesian. 

The choice of the three frame vectors in the differential forms (116.1) (and with them the 
operators X,) is, of course, not unique. They can be subjected to any linear transformation 
with constant coefficients: 


eca) = AZ ey. (116.19) 


The quantities 7,, and C” behave like tensors with respect to such transformations. 

The conditions (116.17) are the only ones that the structure constants must satisfy. But 
among the constants admissible by these conditions, there are equivalent sets, in the sense 
that their difference is related to a transformation of the type (116.19). The question of the 
classification of homogeneous spaces reduces to determining all nonequivalent sets of structure 
constants. This can be done, using the “tensor” properties of the quantities Cc”, by the 
following simple method (C. G. Behr, 1962). 

The unsymmetric “tensor” C” can be resolved into a symmetric and an antisymmetric 
part. We denote the first by n™, and we express the second in terms of its “dual vector” aç: 


CH =n” + e™ a, (116.20) 
Substitution of this expression in (116.17) leads to the condition 
n?a,=0. (116.21) 
b 


By means of the transformations (116.19) the symmetric “tensor” n*’ can be brought to 
diagonal form: let n4, n2, n3 be its eigenvalues. Equation (116.21) shows that the “vector” a, 
(if it exists) lies along one of the principal directions of the “tensor” n”, the one corresponding 
to the eigenvalue zero. Without loss of generality we can therefore set a, = (a, 0, 0). Then 
(116.21) reduces to an, = 0, i.e. one of the quantities a or nı must be zero. The commutation 


relations (116.12) take the form: 
[X1, Xo] = — aX + 3X3, 
[X2, X3] = my Xj, (116.22) 
[X3, X1) = nX + aX3. 


The only remaining freedom is a change of sign of the operators X, and arbitrary scale 
transformations of them (multiplication by constants). This permits us simultaneously to 
change the sign of all the n, and also to make the quantity a positive (if it is different from 
zero). We can also make all the structure constants equal to +1, if at least one of the 
quantities a, m, n3 vanishes. But if all three of these quantities differ from zero, the scale 
transformations leave invariant the ratio a7/njn3.t 

Thus we arrive at the following list of possible types of homogeneous spaces; in the first 
column of the table we give the roman numeral by which the type is labelled according to 
the Bianchi classification (L. Bianchi, 1918): 


+ Strictly speaking, to conform to the “tensor” properties of the C® we should introduce a factor Jn in 
the definition (116.15) (cf. the remarks in § 83, which describe how the antisymmetric unit tensor must be 
defined with respect to arbitrary transformations of coordinates). We shall not, however, enter on these 
details here: for our purpose we can extract the law of transformation of the structure constants directly 
from eqs. (116.22). 

+ The parameter a runs through all positive values. The corresponding types are actually one-parameter 
families of different groups. Their assignment to types VI and VII is a matter of convention. 
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Type a nd n® n® 
I 0 0 0 0 
il 0 1 0 0 
VII 0 1 1 0 
Vh 0 1 -1 0 
IX 0 1 1 1 
Vill 0 1 1 -1 
V 1 0 0 0 
IV 1 0 0 1 
VI, a 0 1 1 
Ill (a = 1) 

a 0 1 -1 

VI,(a + D! 





Type I is euclidean space; all components of the spatial curvature tensor vanish (cf. 
formula (116.24) below). In addition to the trivial case of a galilean metric, this also includes 
the time-dependent metric that will be considered in the next section. 

Type IX contains, as a special case, the space of constant positive curvature. It is obtained 
if, in the line element (116.2), we set nap = Ô,p/4À, where A is a positive constant. In fact, 
calculating from (116.24) with Cl! = C?? = C’? = 1 (the structure constants for type IX) gives 


Pray) = 45 ap and so 
b 
Pop = Prayoyex eg d= 2AY op, 


which just corresponds to such a space [cf. (111.3)]. 

In analogous fashion the space of constant negative curvature is contained as a special 
case in type V. Setting nap = 6,,/A and calculating Piao) from (116.24) with cC? =- 0 = 
1, we get 


Pray = — 26,» Pog = —2AYop, 


which corresponds to a constant negative curvature. 

Finally, we show how the Einstein equations for a universe with a homogeneous space 
reduce to a system of ordinary differential equations containing only functions of the time. 
To do this we must resolve the spatial components of four-vectors and four-tensors along the 
triad of basis vectors of the space: 


Riaxb) = Ropeayetyy> Roça) = Roata; ul = ure, 


where all these quantities are now functions of t alone; the scalar quantities, the energy 
density £ and the pressure of the matter p, are also functions of the time. 

According to (97.11)-(97.13), the Einstein equations in the synchronous frame are expressed. 
in terms of three-dimensional tensors xg and Pag. For the first we have simply 


*%ayb) = Tab» xi) = Nacn” (116.23) 


(the dot denotes differentiation with respect to £). The components of Prap) can be expressed 
in terms of the quantities 14, and the structure constants of the group by using (98.14). After 
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replacing the three-index symbols AZ = C by two-index symbols C® and various 
transformations} we get: 


PÈ) = an {20%C.4 + CC” Cy + CCa C4 a(Coat C) + 


+ "Cte? ~ 20% Cay]}. (116.24) 
Here, in accordance with the general rule, 
C = NaC”, Cab = Nacpa C. 


We also note that the Bianchi identities for the three-dimensional tensor Pagin the homogeneous 
space take the form 


Pepa + PaCo = 0. (116.25) 


The final expressions for the triad components of the Ricci four-tensor are:{ 


0 (a) (b), (a) 
Ry = ~ 3% (a) — F% (a) (b> 
Roy = ~ZH {py (C? ca — 82 C7 ac), 
(b) 1 (b) _ p) 
RÈ =- = (nxi - PG) (116.26) 


We emphasize that in setting up the Einstein equations there is thus no need to use explicit 
expressions for the basis vectors as functions of the coordinates. 


§ 117. The flat anisotropic model 


The adequacy of the isotropic model for the description of the later stages of evolution of 
the universe is in itself no reason for expecting that it will be equally suited for the description 
of early stages of the evolution, near the time singularity. This question will be discussed in 
detail in § 119, but in this and the following sections we shall, as a preliminary, consider 
solutions of the Einstein equations that also have a time singularity, but of an essentially 
different type from the Friedmann singularity. 

We shall look for solutions in which, for a suitable choice of reference frame, all components 
of the metric tensor are functions of a single variable, the time x° = ¢.§ Such a question 
was already considered in § 109, where, however, we treated only the case when the determinant 
1 Zqgl = 0. As was shown in § 109, in such a case, we can, without loss of generality, set all 
the 800 = 0. 

By a transformation of the variable t according to {800 dt — dt, we can then make go 
equal to unity, so that we obtain a synchronous reference system, in which 


Zo =1, 800=9, ap=— Yap ®. (117.1) 
+ In which we use the formulas 

NadNocNep C8 = Nea» Carpe! = CEOE - 5765. 
+ The covariant derivatives 8, zy which enter in R®, are transformed using the formulas derived in the 


footnote on p. 315. 
§ To simplify writing of formulas, we set c = 1 in §§ 117-118. 
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We can now use the Einstein equations of gravitation in the form (97.11)—(97.13). Since 
the quantities Y,g, and with them the components of the three-dimensional tensor Kyg= Yap , 
do not depend on the coordinates x”, Rog = 0. For the same reason, Pag = 0, and as a result 
the equations of the gravitational field in vacuum reduce to the following system: 


%2 + }xhx3 =0, (117.2) 
-L (Jy x8) =0 (117.3) 


From equation (117.3) it follows that 


JY xE = 248, (117.4) 


where the ab are constants. Contracting on the indices œ and B, we then obtain 


from which we see that y= const - *. Without loss of generality we may set the constant 
equal to unity (simply by a scale change of the coordinates x); then Ag = 1. Substitution 
of (117.4) into equation (117.2) now gives the relation 


AGAR = (117.5) 


which relates the constants AŻ. 
Next we lower the index B in equations (117.4) and rewrite them as a system of ordinary 
differential equations: 


Yap = 2 ALY yp- (117.6) 


The set of coefficients A} may be regarded as the matrix of some linear substitution. By a 
suitable linear transformation of the coordinates x, (or, what is equivalent, of g; p 82p 
3g), we can in general bring this matrix to diagonal form. We shall denote its principal 
values (roots of the characteristic equation) by pj, P2, p3, and assume that they are all real 
and distinct (concerning other cases, cf. below); the unit vectors along the corresponding 
principal axes are n”, n® and n®. Then the solution of equations (117.6) can be written in 
the form 


Yop = g?r ngng + £72 ngn + 1773 none (117.7) 


(where the coefficients of the powers of ¢ have been made equal to unity by a suitable scale 
change of the coordinates). Finally, choosing the directions of the vectors n®, n®, n® as 
the directions of our axes (we call them x, y, z), we bring the metric to the final form (E. 
Kasner, 1922): 


ds? = dt? — t?” dx? — tP? dy? — 1??3 dz”. (117.8) 
Here pı, pz and p; are any three numbers satisfying the two relations 


PitPot+P3=l, p? t+pe+pz=1 (117.9) 
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[the first of these follows form —g = f, and the second—from (117.5)]. 

The three numbers py, p and p; obviously cannot all have the same value. The case where 
two of them are equal occurs for the triples 0, 0, 1 and — 1/3, 2/3, 2/3. In all other cases the 
numbers py, p2 and p; are all different, one of them being negative and the other two 
positive. If we arrange them in the order pı < po < p3, their values will lie in the intervals 


-4<ps0, O<ps%, 245p;S1. (117.10) 


Thus the metric (117.8) corresponds to a flat homogeneous but anisotropic space whose 
total volume increases (with increasing t) proportionally to ¢; the linear distances along two 
of the axes (y and z) increase, while they decrease along the third axis (x). The moment t = 
0 is a singular point of the solution; at this point the metric has a singularity which cannot 
be eliminated by any transformation of the reference system where the invariants of the 
four-dimensional curvature tensor vanish at infinity.+ 

The metric (117.8) is an exact solution of the Einstein equations for empty space. But near 
the singular point, for small 7, it remains an approximate solution (to terms of highest order 
in 1/t) even for the case of matter uniformly distributed in space. How and how fast the 
matter density changes is then determined simply by its equations of motion in the given 
gravitational field, while the influence of the matter back on the field is negligible. As t > 
co, the matter density tends to infinity—in accordance with the physical character of the 
singularity (cf. problem 3). 


PROBLEMS 


1. Find the solution of equations (117.6) corresponding to the case where the characteristic equation of 
the matrix AÊ has one real (p3) and two complex (pı, 2 = p’ + ip”) roots. 


Solution: In this case the parameter x°, on which all the quantities depend, must have spacelike character; 
we denote it by x. Correspondingly, we must now have go = -1 in (117.1). Equations (117.2)-(117.3) are 
not changed. 

The vectors n™, n® in (117.7) become complex: n@ = (n’ + in”)/ V2 , where n’, n” are unit vectors. 
Choosing the axes x!, x”, x? along the directions n’, n”, n®, we obtain the solution in the form 


— 811 = 8 = x?” cos (2r In ž), gn = ~ x?” sin (2r In =), 
833 =-x°P3,  -g = -800 |gapl = x7, 


+ The only exception is the case where p; = pz = 0, p3 = 1. For these values we simply have a flat space- 
time; by the transformation ¢ sinh z = ¢, t cosh z = T we can bring the metric (117.8) to galilean form. We 
also make reference to a paper that gives a variety of exact solutions of various types for the Einstein 
equations in vacuum, depending on a larger number of variables. B. K. Harrison, Phys. Rev. 116, 1285 
(1959). 

A solution of the type of (117.8) also exists in the case where the parameter is spacelike; we need only 
make the appropriate changes of sign, for example, 


ds? = x?” dt? — dx? — x?” dy? — x? ?3 dz?, 


However, in this case there also exist solutions of another type, which occur when the characteristic 
equation of the matrix ab in equations (117.6) has complex or coincident roots (cf. problems 1 and 2). For 
the case of a timelike parameter ¢, these solutions are not possible, since the determinant g in them would 
not satisfy the necessary condition g < 0. 
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where a is a constant (which can no longer be eliminated by a scale change along the x axis, without 
changing other coefficients in the expressions given). The numbers, p;, po, p3 again satisfy the relations 
(117.9), where the real number p; is either > -1/3 or > 1. 


2. Do the same for the case where two of the roots coincide (p3 = p3). 


Solution: We know from the general theory of linear differential equations that in this case the system 
(117.6) can be brought to the following canonical form: 





. 2p . 2p . 2p À 
gn = = 8i 82a = 82a: 83a = 2 + 82a: a=2,3 





where A is a constant. If A = 0, we return to (117.8). If A + 0, we can put A = 1; then 
gy = —x7?!, Bo, = Agx7??, g3, = bax?” + agx’ Inx. 
From the condition 253 = 832, we find that a) = 0, a3 = by. By an appropriate choice of scale along the ad 
and x? axes, we finally bring the metric to the following form: 
ds? = —dx? — x?P! (dx!) + 2.x??? dx? dx? + x??? In xa (dx?)’. 
The numbers p;, p, can have the values 1, 0 or -1/3, 2/3. 


3. In the neighbourhood of the singular point ¢ = O find the law of variation with time of the density of 
matter distributed uniformly in the space with metric (117.8). 


Solution: Neglecting the back influence of the matter on the field, we start from the hydrodynamic 
equations of motion 





| OR ti 
(os ejat Se te) = op uju* oe o) 


contained in the equations Té «= 0 (cf. Fluid Mechanics, § 125). Here ois the entropy density; near the 


singularity we must use the ultrarelativistic equation of state, p = €/3, and then o ~ et 


We denote the time factors in (117.8) by a= t”, b = t”2, c = t™ . Since all quantities depend only on 
the time, and ./-g = abc, eqs. (1) give 











d 3/4) de _ 
ai (abcugé”") = a = 0. 
Then 
abcuoe* = const, (2) 
ua£" = const. (3) 


According to (3) all the covariant components Ha are of the same order of magnitude. Of the contravariant 
components, the largest (for t — 0) is u? = u/c”. Keeping only the largest terms in the identity uju' = 1, we 
therefore get u2 = uzu? = (us)*/c’, and then, from (2) and (3): 


a? Ya ~ va 


E~ WF: 5 


or 
E~ ptr +p2) = tps) , Ug ~ pops) | (4) 


As it should, £ tends to infinity as t —> 0 for all values of p, except p, = 1, in accordance with the fact that 
a singularity in the metric with exponents (0, 0, 1) is not physical. 
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The validity of the approximations used is verified by estimating the components T; that were dropped 
on the right sides of Eqs. (117.2)-(117.3). Their main terms are: 


Ty ~ €u2 ~ rtp), Plex t 20-3) | 
TŽ ~ guzu? ~ t+? P2-P), TÌ ~ guzu? ~ tP) | 


They all actually increase more slowly as t — 0 than the left sides of the equations, which grow like t. 


$ 118. Oscillating regime of approach to a singular point 


Using the model of a universe with a homogeneous space of type IX we shall study the 
time singularity of the metric which has oscillatory character (V. A. Belinskii, E. M. Lifshitz, 
I. M. Khalatnikov, 1968). We shall see in the next section that such a stituation has a very 
general significance. 

We shall be interested in the behaviour of the model near the singularity (which we choose 
as the time origin ¢ = 0). As in the Kasner solution treated in § 117, the presence of matter 
does not affect the qualitative properties of this behaviour. For simplicity we shall therefore 
assume at first that the space is empty. 

We take the quantities 7,,(f) in (116.3) to be diagonal, denoting the diagonal elements by 
a’, b*, c°; we here denote the three frame vectors el, e2, e by 1, m, n. Then the spatial metric 
is written as: 


Yap = dlalg + b’maing + Chang (118.1) 
For a space of type IX the structure constants are: 
c!!! = c= =1 (118.2) 
(and Cly3 = C3 = Cn = 1). 


From (116.26) it can be seen that for these constants and a diagonal matrix Nap, the components 
R? of the Ricci tensor vanish identically in the synchronous reference system. According 
to (116.26), the nondiagonal components Pays) also vanish. The remaining components of 
the Einstein equations give the following system of equations for the functions a, b, c: 


abc): 
cae) = sight [(b? — c°)? - a4], 
(abe). 





abc = Da2bece [(a? - c?)? - bt], (118.3) 


t The frame vectors corresponding to these constants are: 


3 


l= (sin x, — cos x sin x!, 0), m = (cos x’, sin xX sin x!, 0), n = (0, cos x!, 1). 


The coordinates run through values in the ranges 0 < x! < m, 0 < x? < 2m, 0 < x° < 4a. The space is closed, 
and its volume 


Vel Jy dr'dêd® = abc J sin x'dxr'd?di? = 16r abc. 


When a = b = c it goes over into a space of constant positive curvature with radius of curvature 2a. 





§ 118 OSCILLATING REGIME OF APPROACH TO A SINGULAR POINT 417 


(abc): _ 1 2 
abc ` 2a?b?c? Ka- 





b?)? _ c*], 


ä b ë , 
att - = 0. (118.4) 


[Equations (118.3) are the equation set Ri}, = R3, = Rĝ) = 0; equation (118.4) is the equation 
Re = 0. 

The time derivatives in the system (118.3)(118.4) take on a simpler form if we introduce 
in place of the functions a, b, c, their logarithms a, p, y: 


a=e™ b= e?, c= e’, (118.5) 
and in place of t, the variable T: 
dt = abc dt. (118.6) 
Then: 
20,75 (B - cy - at, 
2B 2 = (a? — cy’ b+, (118.7) 
227 = (a? — PÈ- cf; 
I+ B+ Yor= Arbrit Or Yet Brr (118.8) 


where the subscript, t denotes differentiation with respect to t. Adding equations (118.7) 
and replacing the sum of second derivatives on the left by (118.8). we obtain: 


APart Oye + Bre = tat + b* + ct — 2a°b? — 2a’? — 2b). (118.9) 


This relation contains only first derivatives, and is a first integral of the equations (118.7). 
Equations (118.3)—-(118.4) cannot be solved exactly in analytic form, but permit a detailed 
qualitative study in the neighbourhood of the singular point. 
We note first that if the right sides of equations (118.3) or (118.7) were absent, the system 
would have an exact solution, in which 


a~t”, b~t?m, cmth, (118.10) 
where pı, Pm, and p, are numbers connected by the relations 
Pit Pm+ Pn= Pi + Pm + Pa = 1 (118.11) 


[the analog of the Kasner solution (117.8) for a homogeneous flat space]. We have denoted 
the exponents by Pı, Pm Py» Without assuming any order of their size; we shall retain the 
notation Pj, P2, p3 Of § 117 for the triple of numbers arranged in the order p; < p < p; and 
taking on values in the intervals (117.10) respectively. These numbers can be written in 
parametric form as 

l+u u(1 +u) 


—u 
=! = = tu) 8.12 
p(t) p P2 (u) 1+ 5 P3(u) lut u2 ( ) 


l+u+u ut+u 


All the different values of the p,, p2, p3 (preserving the assumed order) are obtained if the 
parameter u runs through values in the range u > 1. The values u < 1 are reduced to this same 
region as follows: 
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1 I I 
(Z| =p\(u), pP (3) = p; (u), plz] = p(u). 


Figure 25 shows graphs of p;, p) and p; as functions of 1/u. 
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We assume that the right sides of (118.7) are small over some time interval, so that they 
can be neglected and we have a “Kasner-like” regime (118.10). Such a situation cannot 
continue indefinitely as t — 0, since some of the terms must be increasing. Thus, if the 
negative exponent belongs to the function a(t) (so that p; = p, < 0), then the disruption of the 
Kasner regime arises from the terms a‘; the other terms will drop off as t decreases. 

Keeping only these terms on the right of (118.7), we get the system of equations 


Or. =—e, Brr=Var= etn. (118.14) 
The solution of these equations should describe the evolution of the metric from the “initial” 
state,t in which it is described by (118.10) with a definite choice of exponents (with p; < 0x: 
let pP; = Pi; Pm = Pr» Pn = P3, SO that 
a=t?, b=t?, c=t?3 
(the proportionality coefficients in these expressions can be set equal to unity without any 


loss of generality in the result obtained below). Since abc = t, tT = ln t + const, the initial 
conditions for (118.14) are formulated in the form 


Qr = Pi» B, = Pn Yr” P3- 


The first of equations (118.14) has the form of the equation of one-dimensional motion of 
a particle in the field of an exponential potential wall, where œ plays the role of the coordinate. 
In this analogy, to the initial Kasner regime there corresponds a free motion with constant 
velocity œ, = pı. After reflection from the wall, the particle will again move freely with the 


+ We recall that we are considering the evolution of the metric as t — 0, so that the initial conditions 
correspond to a later, and not to an earlier time. 
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opposite sign of the velocity: a ,=—p). We also note that from equations (118.14), Œ+ Br 
= const, and Œ; + Y, = const, hence we find that 8, and y, take the values 


B,=P2o+2Pi, Yr= P = 2p. 
Now determining œ, P, y, and then ¢, using (118.6), we find 
etre Pit, eP m elP2+2PT eY m elp3t2 pit f m e(lt2pi)t 


a~t, b~thm, e~t”, 
where 


ro ipil , P2 — 2\p\l 2 P3 — 2\p\l 
P= api? Pm Tapi? PST Api (118.15) 


Thus the action of the perturbation results in the replacement of one Kasner regime by 
another, with the negative power of t shifting from one direction 1 to another m: if we had 
pı<0, then now pm <0. In the course of the shift the function a(t) goes through a maximum, 
and the function b(t) through a minimum: the quantity b(t) which previously decreased, 
begins to increase, the rising function a(t) starts to drop, while c(t) continues to fall off. The 
perturbation itself [the terms a‘ in (118.7)] which were rising, begin to drop and are damped 
out. Further evolution of the perturbation leads in an analogous way to increase of the 
perturbation due to the terms b* in (118.7), another shift of Kasner regime, etc. 

The rule for the shift of exponents (118.15) is conveniently represented by the parametrization 
(118.12): if 


Pi = Pi), Pm = P24), Pn = P3(u), 
then 
pi =Pp:(u — 1), Pm = Pi(u—- 1), Pp = p3(u— 1). (118.16) 


The larger of the two positive exponents remains positive. 

This process of shifting of Kasner regimes is the key to understanding the character of the 
evolution of the metric as we approach the singularity. 

The successive shifts (118.16) with bouncing of the negative exponent between the directions 
l and m continues so long as the integral part of the initial value of u is not exhausted and 
u becomes less than unity. The values u < 1 is transformed into u > 1, according to (118.13); 
at that moment, either p; or pm is negative, while p,, becomes the smaller of the two positive 
numbers (p, = p2). The following series of shifts will now bounce the negative exponent 
between the directions n and 1 or between n and m. For an arbitrary (irrational) initial value 
of u, the process of shifting continues without end. 

In an exact solution the exponents p4, p and p; will, of course, lose their literal meaning. 
We note that the smearing that this produces in the definition of these numbers (and with 
them, the parameter u) although small, makes it meaningless to consider any special (e.g. 
rational) values of u. This is why it is only meaningful to consider those regularities that are 
typical of the general case with irrational u. 

Thus the process of evolution of the model toward the singular point is made up of 
successive series of oscillations, during which the distances along two of the space axes 
oscillate, while they fall off monotonically along the third; the volume drops off according 
to a law that is close to ~ t. In going from one series to the next, the direction along which 
there is a monotonic dropoff of distances shifts from one direction to another. Asymptotically 
the order of these shifts takes on the character of a random process. The order of succession 
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of lengths of successive series of oscillations (i.e. the number of Kasner epochs in each 
series){ also takes on stochastic character. 

The successive series of oscillations crowd together as we approach the singularity. An 
infinite number of oscillations are contained between any finite world time ¢ and the moment 
t = 0. The natural variable for describing the time behaviour of this evolution is not the time 
t, but its logarithm, In ż, in terms of which the whole process of approach to the singular 
point is spread out to — œ. 

In the solution described here we simplified the problem from the very start, assuming that 
the matrix 7,,(t) in (116.3) is diagonal. The inclusion of nondiagonal components of Nap 
does not change the oscillatory character of the evolution of the metric or the law (118.16) 
for the shift of the exponents p), Pm, pn Of successive Kasner epochs. It leads, however, to the 
appearance of an additional property: the shifting of the exponents is also accompanied by 
a change in the directions of the axes to which the exponents apply.¢ 


§ 119. The time singularity in the general cosmological 
solution of the Einstein equations 


It has already been pointed out that the adequacy of the Friedmann model for describing 
the present state of the Universe is no basis for expecting that it is equally suitable for 
describing its early stages of evolution. One may even ask to what extent the existence of a 
time singularity is a necessary general property of cosmological models, or whether it is 
really caused by the specific simplifying assumptions on which the models are based (in 
particular, symmetry assumptions). We emphasize that when we speak of a singularity, we 
have in mind a physical singularity, a place where the density of matter and the invariants 
of the curvature tensor become infinite. 

If the presence of the singularity were independent of these assumptions, it would mean 
that it is inherent not only to special solutions, but also to the general solution of the Einstein 
equations. The criterion of generality of the solution is the number of “physically arbitrary” 
functions contained in it. In the general solution the number of such functions must be 
sufficient for arbitrary assignment of initial conditions at any chosen time [4 for empty 
space, 8 for space filled with matter (cf. § 95)].§ 


+ If the “initial” value of the parameter u is uo = kọ + Xo (where ko is an integer and xo < 1) the length of 
the first series of oscillations will be kọ, while the initial value for the next series will be u, = 1/xọ = ky + 
x1, etc. From this it is easy to conclude that the lengths of successive series will be given by the elements 
ko, ky, ky... of the expansion of up in an infinite (for irrational uo) continued fraction 


1 


uo + ko + 1 


ky + 1 


k3 +... 





ky + 


The succession of values of further elements in such an expansion is distributed according to statistical laws. 

+ Concerning this and other details of the behaviour of homogeneous cosmological models of this type, 
cf. V. A. Belinskii, E. M. Lifshitz and I. M. Khalatnikov, Adv. in Physics 19, 525 (1970); Adv. in Physics, 
31, 639 (1982). 

§ We emphasize that for a system of nonlinear equations, such as the Einstein equations, the notion of a 
general solution is not unambiguous. In principle more than one general integral may exist, each of the 
integrals covering not the entire manifold of conceivable initial conditions, but only some finite part of it. 
The existence of a general solution possessing a singularity does not therefore preclude the existence of 
other general solutions that do not have a singularity. For example, there is no reason to doubt the existence 
of a general solution, without singularities, that describes a stable, isolated body with not too large mass. 
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Finding such a solution in exact form, for all space and over all time, is clearly impossible. 
But to solve our problem it is sufficient to study the form of the solution only near the 
singularity. 

The singularity of the Friedmann solution is characterized by the fact that the vanishing 
of spatial distances occurs according to the same law in all directions. This type of singularity 
is not sufficiently general: it is typical of a class of solutions that contain only three physically 
arbitrary coordinate functions (cf. the problem in § 113). We also note that these solutions 
exist only for a space filled with matter. 

The singularity of oscillatory type, considered in the preceding section, is general in 
character—there exists a solution of the Einstein equations with such a singularity and 
containing the required set of arbitrary functions. We shall briefly describe the way to 
construct such a solution, without going into the details of the calculation.+ 

As in the homogeneous model (§ 118) the regime of approach to the singularity consists 
of successive series of Kasner epochs replacing one another. In the course of each epoch, the 
main terms (in 1/t) in the spatial metric tensor (in the synchronous reference frame) have the 
form (118.1) with functions of the time a, b, c, from (118.10), but the vectors l, m, n are now 
arbitrary functions of the space coordinates (and not definite functions, as in the homogeneous 
model). Now the p;, Pm» Pn are also functions (and not simply numbers), again related by the 
formulas (118.11). The metric constructed in this way satisfies the equations R? =0 and RB 
= 0 for the vacuum field (at least, their leading terms) over a certain finite time interval. The 
equations Rĝ = 0 give rise to three relations (not containing the time) that must be imposed 
on the arbitrary functions of the space coordinates that are contained in the Yap. These 
relations connect ten different functions: three components of each of the three vectors l, m, 
n and one function of the time exponents (since the functions p;, Pm» Pa are connected by two 
conditions (118.11). In determining the number of physically arbitrary functions we must 
also consider that the synchronous reference frame still admits transformations of the three 
spatial coordinates that do not affect the time. Thus the metric contains altogether 10 — 3 - 
3 = 4 arbitrary functions—just the number one should have in the general solution for the 
field in vacuum. 

The replacement of one Kasner regime by another occurs (just as in the homogeneous 
model) because of the presence in three of the six equations RË = 0 of terms which, with 
decreasing ¢, increase more rapidly than the others, thus playing the role of a perturbation 
destroying the Kasner regime. These equations, in the general case, have a form differing 
from (118.14) only in a factor depending on the space coordinates (l - curl I1 -m x n) on 
their right sides (where it is understood that of the three exponents p), Pm Pn» piis negative).¢ 
Since, however, eqs. (118.14) are a system of ordinary differential equations with respect to 
the time, this difference in no way affects their solution or the law that follows from this 
solution concerning the shift of Kasner exponents (118.16), or any of the further conclusions 
presented in § 118.§ 


+ They can be found in V.A. Belinskii, E. M. Lifshitz and I. M. Khalatnikov, Adv. in Physics. 31, 639 
(1982). 

+ For the homogeneous model, this factor coincides with the square of the structure constant CH, and is 
constant by definition. 

§ If we impose on the arbitrary functions in the solution the supplementary condition 1 - curl 1 = 0, the 
oscillations disappear, and the Kasner regime will continue right up to the point t = 0. Such a solution. 
however, contains one function fewer than is required in the general case. 
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The degree of generality of the solution is not reduced if matter is introduced: the matter 
“anscribes” itself on the metric through all of the four new coordinate functions that are 
needed for assigning the initial distribution of its density and its three velocity components. 
The energy-momentum tensor T* of the matter introduces terms in the field equations that 
are of higher order in 1/t than the leading terms (in precise analogy to what was shown in 
problem 3 of § 117 for the plane homogeneous model). 

Thus the existence of a singular point in the time is an extremely general property of 
solutions of the Einstein equations, where the process of approach to the singular point in 
the general case is oscillatory in character.t We emphasize that this character is not related 
to the presence of matter (and therefore not related to its equation of state), and is already 
typical of the empty space-time itself. The singularity of the monotonic, isotropic type, 
typical of the Friedmann solution, and dependent on the presence of matter, has only special 
significance. When we speak of singularities in the cosmological sense, we have in mind a 
singular point that is reached over all the space and not just over some limited part, as in the 
gravitational collapse of a finite body. But the generality of the oscillatory solution gives one 
a basis for assuming that the singularity reached by a finite body in its collapse below the 
event horizon in the comoving reference frame has this same character. 

We have continually spoken of the direction of approach to the singular point as the 
direction of decreasing time; but in view of the symmetry of the Einstein equations under 
time reversal, we could with equal justification speak of approach to the singularity in the 
direction of increasing time. Actually, however, in view of the physical nonequivalence of 
future and past, there is an essential difference between these two cases in the very formulation 
of the question. A singularity in the future can have physical meaning only if it is reachable 
for arbitrary initial conditions assigned at some preceding moment of time. Clearly there is 
no reason why the distribution of matter and field that was reached at some moment in the 
process of evolution of the universe should have corresponded to the precise conditions 
required for the appearance of some particular solution of the Einstein equations. 

Concerning the question of the type of singularity in the past, an investigation based 
solely on some equations of gravitation can hardly give a general answer. It is natural to 
think that the choice of solution corresponding to the real world is related to some profound 
physical requirements, whose establishment on the basis of the existing theory of gravitation 
alone is impossible, and whose explanation will come only as the result of a further synthesis 
of physical theories. In this sense it could in principle turn out that this choice corresponds 
to some particular (e.g. isotropic) type of singularity. 

Finally, it is necessary still to make the following remark. The domain of applicability of 
the Einstein equations in themselves is in no way limited in the region of small distances or 
large densities of matter in the sense that the equations in this limit do not lead to anv 
internal contradictions (in contrast, for example, to the classical equations of electrodynamics). 
In this sense, the investigation of the singularity of the space-time metric on the basis of the 
Einstein equations is entirely correct. There is no doubt, however, that in this limit quantum 
phenomena become important, and we can say nothing about them in the present state of the 
theory. Only in a furture synthesis of the theory of gravitation and quantum theory will it 
become clear which of the results of classical theory remain meaningful. At the same time 


+ The fact that a singular point exists in the general solution of the Einstein equations was first shown bw 
R. Penrose, 1965, by topological methods, which, however, do not enable one to establish the specifie 
analytic character of the singularity. A presentation of these methods and the theorems obtained using thems 
is given in R. Penrose, Structure of Space-Time, W. A. Benjamin, N.Y., 1968. 
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there is no doubt that the very fact of the appearance of a singularity in the solutions of the 
Einstein equations (both in their cosmological aspect and for the collapse of finite 
bodies) has a profound physical meaning. One must not forget that the achievement during 
gravitational collapse of densities so enormous and, yet, still undoubtedly correctly described 
by the classical theory of gravitation, is enough for us to speak of a physically “singular” 
phenomenon. 
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